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ABSTRACT. Absolutely monotonic (A) function of order n are characterized in
terms of n-dimensional totally increasing functions. Applications to n-copulas
are presented.

1. Introduction

Let n be a non-negative integer and let ¢,d be two real numbers such that
¢ < d. Let ¢ be a real function defined in [c,d]. Let ¢ € [¢,d] and h > 0 be such
that ¢ + nh € [¢,d]. The difference of order n and step h of ¢ in t is defined by

ARo(t) = o(t), Apo(t) = Ay~ ot +h) — Ap71(t).
Equivalently,

o) = S0 () ote-+ k).
k=0

If AFg(t) > 0for allt € [e,d], k=0,...,n and h > 0 such that ¢ + kh < d, then

¢ is said to be absolutely monotonic (A) of order n (abbreviated: ¢ is AM (A, n)).

The function ¢ is said to be absolutely monotonic (abbreviated: ¢ is AM) if it is

AM (A, n) for all n.

AM functions were first introduced by Bernstein [1]. He proved that they are
necessarily analytic. A function is absolutely monotonic on the negative real axis,
if and only if it can be represented there by a Laplace—Stieltjes integral with non-
decreasing determining function (see e.g., [2] and [15]). AM functions appeared
first in the construction of n-dimensional distribution functions in connection with
Archimedean n-copulas (see [7]). They were used then in more general multivariate
models: mixtures of powers (see [8] and [4]) and mixtures of max-infinitely divisible
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distributions (see [5]). Absolutely monotonic (D) functions of order n (abbreviated:
AM (D, n) functions), i.e., non-negative functions with non-negative derivatives up
to and including the n-th, appeared recently with certain transformation of n-
copulas (see [9]). If a function is AM (D, n) then it is AM(A,n), but the converse
is not true. For example, a non differentiable convex increasing and non-negative
function is AM (A, 2) but not AM (D, 2).

In this paper, a characterization of AM(A,n) functions is obtained, and it is
shown that for constructing Archimedean n-copulas and the transformed n-copulas
considered in [9] we can use AM (A, n) functions instead of AM(D,n) functions.
In this manner, the multivariate models that can be obtained with these methods
is enlarged.

The rest of the paper is divided into sections as follows. In section 2, totally
increasing functions are introduced. Then a characterization of AM (A, n) functions
in terms of n-dimensional totally increasing functions is obtained. In section 3, we
consider AM (A, n) functions in connection with Archimedean n-copulas and the
transformed n-copulas considered in [9]. Finally, section 4 contains the proofs.

2. A characterization of AM(A’,n) functions

A complete discussion of AM functions can be found in Chapter IV of [16].
For our purpose we only sate the following result.

THEOREM 2.1. [16, Chapter IV, Theorem 6] Let ¢ : [¢,d] — R be AM(A,n)
with n > 1 and let s,t € [c,d] be such that s < t. Then Ak¢(s) < AFg(t) for all
k=0,....,n—1 and all h > 0 such that y + kh < d.

In the sequel we suppose n > 1. In this section we do not use the non-negative
condition for AM (A, n) functions. To simplify exposition, we say that if A¥¢(t) > 0
for all t € [¢,d], h > 0 such that ¢ + nh < d and k = 1,...,n, then ¢ is absolutely
monotonic (A’) of order n (abbreviated: ¢ is AM(A’,n)).

We have that a function ¢ is AM(A’,2) if and only if ¢ satisfies

(2.1) p(t+h)—o(t) >0
for all t € [¢,d] and h > 0 such that t + h € [¢,d], and
(2.2) Gt + 2h) — 26t + h) + ¢(t) =0

for all ¢t € [¢,d] and h > 0 such that t + 2h € [¢,d]. Indeed AM(A’,2) functions
can be characterized in the following alternative manner,
THEOREM 2.2. The function ¢ : [c,d] — R is AM(A’,2) if and only if ¢
satisfies
(2.3) O(ta) — o(t3) — d(t2) + d(t1) = 0
fO’f‘ all tl,tQ,t37t4 € [C, d] such that tl < tg < t4, tl < tg < t4 and t4—t3—t2+t1 Z 0.
PROOF. Suppose first that ¢ is AM(A’,2) and set tq,t9,t3,t4 € [c,d], such

that tl < t2 < t4, tl < t3 < t4 and t4 — t3 — t2 + tl 2 0. Since tl < tg, then
t1 +tq —t3 < tg. Since ¢ is AM(A’,2), from Theorem 2.1 we obtain

Pt +ta —t3) — ¢(t1) < ¢(ta) — H(t3).



A CHARACTERIZATION OF ABSOLUTELY MONOTONIC (A) FUNCTIONS 95

We have t4 —t3 —t3 +t1 > 0 and ¢ is increasing, so

o(t2) < P(t1 + tg — t3).

From these two inequalities we obtain (2.3).

Suppose now that ¢ satisfies (2.3) for all ¢1,t9,¢3,t4 € [¢,d] such that t; < ts <
tg, t1 <tz <tgand ty —t3 —ta+1t; = 0. Let first ¢ € [¢,d] and h > 0 be such that
t+h € e, d]. Setting t; =ty =t and t3 = ¢4 =t + h in (2.3), we obtain (2.1). Let
now ¢ € [c,d] and h > 0 be such that ¢t + 2h € [¢,d]. Setting t; =t, to =t3=1t+h
and ¢4 = ¢+ 2h in (2.3), we obtain (2.2). Thus ¢ is AM(A’,2). O

The above theorem shows that for AM(A’,2) functions we can replace in-
equalities (2.1) and (2.2) (that involve two and three points in [c, d], respectively,
related in a simple manner), by the only inequality (2.3) (that involves four points
in [e,d] related in a more complicated manner). The aim of this section is to ex-
tend Theorem 2.2 for AM(A’,n) functions, with n > 2. To obtain this extension,
we introduce a suitable expression for the needed points in [¢,d]. This is achieved
introducing totally increasing functions.

Let S4,...,S, be partially ordered sets and, for simplicity, we denote with <
the distinct orders. We consider in S7 x --- x S, the partial order of the product,

e., if (a1,...,ap),(b1,...,by) € S1 X -+- x S, then (a1,...,a,) < (b1,...,b,) if
a; < b; for all i € {1,...,n}; and we write (a1,...,a,) < (b1,...,b,) when a; < ;
for all i € {1,...,n}. If A and B are sets, then |A| denotes the cardinality of A
and AN B={zxe€ A:x ¢ B}.

Let H: Sy x -+ xS, — R and let (a,...,a,), (bl,...,bn) € 51 X oo X Sy
be such that (ai,...,a,) < (b1,...,bn). If (a1,...,a,) < (b1,...,b,), then the
H-volume of {a1,b1} x -+ x {an,b,} is given by

(2.4) Vir({ar, b1} x -+ x {an, bu}) =Y sign(er,...,cn)H(cr, ..., cn)
where the sum is taken over all (c1,...,¢,) € {a1,b1} X -+ x {an, by} and
sign(ci,...,cp) = (=D with k= |{i € {1,...,n} : ¢; = a;}|.

If there exists ¢ € {1,...,n} such that a; = b;, then Vy({a1,b1} x- - -x{an,b,}) = 0.
Equivalently, the H-volume of {ay, b1} X+ -x{an, by} is the nth order difference
of H on {ay,b1} x -+ X {an,by,}, ie.,

(25) VH({G’17 bl} X X {G’TL?bn}) = A(a1,---,an)y(ln,...,bn)H(xla cee ,.’En)
= Aahbl s Aan,an(‘rh ceey mn);
where we define the n first order differences of H as
A v H(ze,. . 20) = H(z1,. .., k-1, bk, Thy1, .- ., Tn)
— H(x1, .., X1, Ak, Tht1y- -, Tn)-

Also, by convention, if k = n we set

A(alw-'yanfk);(bl7'~~;bn—k)H(x17 - ,xn) = H(xl, e ,xn).
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DEFINITION 2.1. A function H : S7 X --- X S, — R is said to be n-increasing
if Vg({a1,b1} x -+ x {an,by}) =0 for all (a1,...,a,), (b1,...,b,) € S1 X --- xSy,
such that ((117 . ,an) < (bl, . ,bn)

DEFINITION 2.2. Let m € {1,...,n} and let F : Sy x --- x S, — R. Fis
said to be m-increasing, if the functions obtained fixing any n — m variables are m-
increasing, i.e., if for all m integers k1, ..., k,, such that 1 <k < --- < ky, < m, and
all y; € S; withi € {1,...,n} ~{k1,...,kn}, the function G : Sg, x--- xS — R
given by

G(Thys -y Thp) = F(Y1s oo Uki—15 Thy s Uit 15 s Yk —1s Thips Yk +15 - -2 Yn)

is m-increasing.
Now we introduce n-dimensional totally increasing functions.

DEFINITION 2.3. If F': Sy X---Xx S, — R is m-increasing for allm € {1,...,n},
then F' is said to be totally increasing (abbreviated: F' is TI).

As an immediate consequence of the previous definitions we have,

LEMMA 2.1. Let F : Sy x---xS, — R be n-increasing and let m € {1,...,n—1}.
Then the m-th differences of F' are (n — m)-increasing functions.

LEMMA 2.2. Let F: S1x---xS, — R ben-increasing. Suppose that S; contains
a least element a;, © € {1,...,n}. If F(z1,...,2,) = 0 for all (x1,...,2,) €
Sy X -+ X S, such that x; = a; for at least some i € {1,...,n}, then F is TI.

Using Lemma 2.2, we see that a simple and well known example of T'I functions,
from statistics and probability theory, are n-dimensional distribution functions. It
is important to note that Riischendorf in [11] considered T'I increasing functions
with S; =--- =5, = [0, 1] and he called them A-monotone functions.

AM (A’ n) functions with n > 1, can be characterized in terms of totally
increasing n-dimensional functions. As a first result in this direction we have,

LEMMA 2.3. Letn > 2 and let ¢ : [c,d] — R. Let tg € [c,d] and let h > 0 be
such that to +nh < d. Let S; = {a;,b;} be ordered sets with a; < b;, i € {1,...,n}.
Let F: Sy x -+- xS, — [c,d] be given by

F(xy,...,xn) =to+ {i € {1,...,n} : z; = b;}|h.

Then, for allm € {1,...,n} and all m integers ki, ..., kn, such that 1 < k3 <--- <
ky, < n it holds

(2.6)  Aay, o sany)o(bryonibi) P 0 F (@1, 20)
=AFo(to+ {ie{L,...,n} ~A{kr, ..k} s i = bi}|h)
In particular, ¢ is AM(A',;n) if and only if o F is TI for all such functions F.
Next appears the principal result of this article.

THEOREM 2.3. Let ¢ : [c,d] — R be AM(A',n). If F:S1 x -+ xS, — [¢,d]
is T, then ¢po F is T1.
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The proof of Theorem 2.3 (see Section 4) is of elemental algebraic nature but
it is very involved.

From Theorem 2.3 and Lemma 2.3 it results the following characterization for
AM(A’,n) functions in terms of T'I functions.

THEOREM 2.4. A function ¢ : [¢,d] — R is AM(A',n) if and only if for all TT
functions F' : S1 x --- x S, — [¢,d], the function ¢p o F is T1.

Theorem 2.4 extends Theorem 2.2. Indeed, for n = 2, Theorem 2.4 is a refor-
mulation of Theorem 2.2 in terms of T'I functions.

3. Applications to copulas

An n-copula is the restriction to the unit n-cube [0,1]" of a multivariate dis-
tribution function whose marginals are uniform on [0, 1], more precisely,

DEFINITION 3.1. An n-copula is a function C : [0,1]™ — 0, 1] with the following
properties:
1. C(x1,...,2p)=0ifx; =0forany i =1,...,n.
2. CQ,...,1,x;,1,...,1) ==x; foreach : = 1,...,n and all z; € [0,1].
3. C is n-increasing.

Excellent references about copulas are [6], [10], [12] and [13]. In the sequel,
we suppose n > 2 when we talk about n-copulas. The notion of copula has been
introduced by A. Sklar in response to a question posed by M. Fréchet (see [14]).
Sklar proved that if H is the joint distribution function of n random variables,
Xq,...,X,, and Fy,..., F, are the distribution functions of Xi,...,X,,, respec-
tively, then there exists an n-copula C' such that

(31) H(fhaxn) :C(Fl(xl)aan(xn))

The n-copula C' is uniquely determined on range(F}) x --- x range(F},), so
that C' can be thought of as a description of the way in which a joint distribution
function is related to its 1-dimensional marginals.

Because of (3.1),if we have a collection of n-copulas then we automatically have
a collection of n-dimensional distributions with whatever 1-dimensional marginal
distributions we desire. This is useful in modelling and simulation. Moreover,
n-copulas are invariant under strictly increasing transformations of the random
variables (see e.g., Theorem 6.5.6 in [13]), so they can be used in nonparametric
statistic. Most of the dependence structure properties of an n-dimensional distri-
bution function H are in a associated copula C, which does not depend on the
marginals, and is often easier to handle than the original H. For these facts, it is
very important in statistics to have a great variety of n-copulas. In general, we are
interest in models that can lead to parametric families of multivariate distribution
functions or copulas with close-form cumulative distribution functions, flexible de-
pendence structure and partial closure under the taking the margins (see [6] for
more details).
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Different methods of constructing n-copulas have been proposed (see e.g. Chap-
ter 3 and Chapter 4 in [10]). One of them yields an important class of n-copulas
called Archimedean n-copulas. These n-copulas are of the form

(3.2) Clx, ... xn) = AT 4+ - + Mzn)),

where A : [0,1] — [0,00] is a continuous strictly decreasing function such that
A(1) = 0 and A[=1 is the pseudo-inverse of A given by

1 if0<t<
(3.3) Ay = § A0S
0, fA0)<t< o

The function A that appears in (3.2) is known as an additive generator of C.
Setting () = exp(—A(t)) and =1 (t) = A= (=In(t)), (3.2) can be written as

(3.4) C(z1,...,xn) = gz)[_l](@(azl)--wp(azn)).

The function ¢ that appears in (3.4) is known as a multiplicative generator of
C. The study of Archimedean n-copulas is fundamentally done using (3.2). It is
easy to see that C given by (3.2) satisfies 1 and 2 of Definition 3.1. Condition 3 of
Definition 3.1 requires additional properties of .

THEOREM 3.1. C defined by (3.2) with n = 2 is 2-increasing if and only if
18 CONveL.

A proof of the above theorem can be found in Chapter 4 of [10]. Kimberling
in [7] gives necessary and sufficient conditions for a strict generator A to guarantee
that C given by (3.2) to be n-increasing for all n > 2. Indeed the arguments in [7]
can be used to obtain the following results.

THEOREM 3.2. If C given by (3.2) is n-increasing, then Nl=1(—t) is AM (A, n).
THEOREM 3.3. If \[=H(—t) is AM(D,n), then C given by (3.2) is n-increasing.

Note that in Theorem 3.2 and Theorem 3.3 conditions on A= differ. This fact
and Theorem 3.1 suggest the possibility of replace in Theorem 3.3, the condition
on A=H(—t) of being AM(D,n) by the weaker condition of being AM(A,n). In
fact, using Theorem 2.3, we can prove,

THEOREM 3.4. If \ZU(—t) is AM(A,n), then C given by (3.2) is n-increasing.

From Theorem 3.2 and Theorem 3.4 we obtain the following characterization
of AM(A,n) functions in terms of Archimedean n-copulas.

THEOREM 3.5. A“H(—t) is AM(A,n) if and only if C given by (3.2) is n-
mcreasing.

Now we present the transformed copulas C,,. These copulas are given by

(3.5) Co(x1,. .. x0) = GTNC(p(21), - . ., o(20)),
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where C'is an arbitrary n-copula, ¢ : [0,1] — [0, 1] is a continuous strictly increasing
function such that ¢(1) = 1, and ¢!~ is the pseudo-inverse of ¢ defined by

_ 0, if 0 <t <e(0);
90[ 1](t) — i . SD( )
e M), ifp(0)<t< 1.

If C(xy1,...,2n) = 1 - Ty, then (3.5) is reduced to (3.4), i.e., in this case (3.5)
is the expression for an Archimedean n-copula with multiplicative generator .

Copulas C,, were first considered by Genest and Rivest in [3]. In [9] conditions
that ¢ must satisfy for C, to be an n-copula for every n-copula C are studied and
some properties of n-copulas C, are explored. It is easy to see that C, satisfies
conditions 1 and 2 of Definition 3.1. To guarantee that Cy, is n-increasing ¢ must
satisfy additional properties. If n = 2 and if ¢ is concave then C, is 2-increasing
(see Theorem 2.6 in [9]). In general, if n > 2 and if ¢ is AM(D,n) then C, is
n-increasing (see Theorem 4.7 in [9]).

For copulas C, we have a situation similar to that for Archimedean n-copulas.
We note that to guarantee that C, is n-increasing, the conditions impose to ¢ for
the bivariate case are weaker than for the general case. It is natural to think that
we can consider AM (A, n) functions instead of AM (D, n) functions in the general
case. Indeed, from Theorem 2.3 we obtain,

(3.6)

THEOREM 3.6. Let C be an n-copula. Let ¢ : [0,1] — [0,1] be a continuous
strictly increasing function such that o(1) = 1. If o= is AM(A,n), then C,
given by (3.5) is n-increasing.

In the bivariate case, non differentiable generators yield interest copulas. For
example, if the additive generator of an Archimedean 2-copula C' is piecewise lin-
ear, then C' is singular. In the general case, in this article it has been shown
that AM(A,n) functions can be used instead of AM(D,n) functions to obtain
Archimedean n-copulas and n-copulas C,. Hereafter, all depend on the number
of interest examples of AM(A,n) functions that can be obtained with the aim to
have multivariate models with nice properties. This will be the subject of future
investigations.

4. Proofs

PRrROOF OF LEMMA 2.3. The proof proceeds by finite induction. Suppose m =
1 and consider k € {1,...,n}. By definition of F' we have

Agp @0 F(z1,...,xn) =00 F(x1,...,T5—1,bk, Tht1,-- -, Tn)
—¢o F(x1,. .., X—1, 0k, Tha1,---,Tp)
=¢(to+ ({i e {1,...,n} ~{k} : 2, = b} + 1) h)
—d(to+ [{i € {1,....n} N {k} : z; = bi}|h)
=Aro(to+|{i € {1,...,n} ~{k} : z; = b;}|h)

Thus (2.6) holds for m = 1. Suppose (2.6) is valid for 1 < m < n. Let now m €
{1,...,n}, and consider m integers ki,...,kn such that 1 < k1 < -+ < Ky, < n.
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We have
Aar, o sany,)i(bry iy )P 0 F(@1, 0 20)
= Dagyrmsan,, (kg by, ) Dann, br, @0 F (21,00, 20)
= A(akl7~»-»akm_1)a(bk17---7bkm_1)¢ o F(wky,. .. s Tl 13 Okt s Thegas - - - , Tn)
- A(aklwwak:m,l)’(bklw~abkm,1)¢ o F(mkl, s 3 Ly 15 Ak s Theppygrs - - - ,l‘n)

=AY o(to+ ([{k e {L,...,n} N {k1,. . k) e = b} + 1)R)
— AP o(to+ [{ke{L,...,n} N {ki, ... km} 2k = bp}|R)

=APTIALG(to+ [{k € {1, ... ,n} N {k1, ... k) 2 = b} )

=A7d(to+ [{k € {1,....n}~{k1,....kn} : z) = bi}|R)

This completes the induction procedure. U

To prove Theorem 2.3 we need the following two auxiliary statements. First of
them follows easily from Theorem 2.1.

LEMMA 4.1. Let ¢ : [¢,d] = R be AM(A,n) or AM(A’,n), and let h be such
that 0 < h <d—c. Then A} ¢ : [c,d—h] — R is AM(A,n—1).

LEMMA 4.2. Let n > 2. Let S; = {a;,b;} be ordered sets with a; < b;, i €
{1,...;n}. If F: S1 x -+ xS, — R is k-increasing for k = 1,2 and there exists
je{l,...,n} such that F(by,...,b,) = F(b1,...,bj_1,a5,bj41,...,b,), then

F(xl, . 733‘]‘_1, bj,l‘j+1, e ,In) = F(Il, . ,,Ij_l, aj,$j+1, . 71‘.”),
forallx; € S;, i€ {1,...,n} ~ {4}

PROOF. The proof proceeds by induction on n. Let n = 2. Suppose that j = 2
(the case j = 1 is similar). Thus, F(by,bs) = F(by,as). Since F is k-increasing
for k = 1,2, we have 0 < F(ay,bs) — F(a1,as) < F(by,bs) — F(by,a2) Therefore,
F(ay,be) = F(a1,a9). This verifies the lemma for n = 2.

Suppose n > 3 and the lemma is valid for n — 1. Suppose that j = n (the other

cases are similar). Thus, F(b1,...,b,) = F(b1,...,bn—1,a,). Clearly, the function
F':8 x---x8,_9x8, — R given by

F/(xla v 7xn—2axn) = F(Ila v axn—Q;bn—hxn)

satisfies the hypothesis of the lemma (with j = n). Then, by our supposition

(41) F(l‘l, cen ,:En_g,bn_l, bn) = F(l’l, ey Tp—92, bn_l,an)
for all z; € S;,i € {1,...,n — 2}. Since F is k-increasing for k =1, 2,
(4.2) 0< F(x1,.- -, Tp—2,an_1,bn) — F(x1,...,Zpn_29,0n_1,ay)

< F(xlw"axn—%bn—labn) *F(:rlw",xn—%bn—laan)
for all x; € S;,i € {1,...,n—2}. By (4.1) and (4.2),

(43) F(:Bl; vy Tp—2,0p—1, bn) = F($17 sy T2, an717an)
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for all z; € S;,i € {1,...,n— 2}. By (4.1) and (4.3),
F(x:l? A 71‘771_17 bn) = F(x].’ R 7-7/'1'7,—17 an)
for all z; € S;,i € {1,...,n — 1}. This conclude the induction procedure. O
Now we are in position to prove Theorem 2.3.

PrOOF OF THEOREM 2.3. The proof proceeds by induction on n. For n =1
the theorem is trivially valid. Suppose n > 2 and the theorem valid for n — 1.
Since ¢ is AM(A’,n), then it is AM(A’,n —1). Thus we have,

ASSERTION 1. If Ty, ..., T,—1 are ordered sets and G : Ty X - - X T,_1 — [c,d]
is TI, then po G is T1I.

By Assertion 1, since F' is m-increasing for m € {1,...,n—1}, then ¢o F' is m-
increasing for m € {1,...,n—1}. So, it only remains to see that ¢oF' is n-increasing.

Let (a1,...,an), (b1,...,by) € S1x---Xx S, be such that (a1,...,a,) < (b1,...,by).
Consider the function GZZ defined on S; x --- x S,,_1 by

GZ:/ (@1, oy Tne1) = Dgp b, F(21, .o T0).
Since F is T1, then G%» is TI. We have,

(4.4) Aay,.coan)br,ep) @0 F(1, 00 20)
= A(al,...,an_l),(bl,...,bn_l) |:¢ o F(:I;h sy Ip—1, bn)_ﬁb © F(.’El, vy In—1, an)}
:A(al ..... an—1),(b1,..., bn_l)[¢(F<x17---axnfhan)+G¢b12($17---7xn71))
- (boF(xl,...,xn,l,an)]

There are three cases:

Case 1. GZZ (b1,...,bp—1) = 0. By Lemma 4.2, GZZ (x1,...,2p—1) = 0 for all
x; € Si, i €{1,...,n— 1}. Therefore, by (4.4),

Atay,.cosan), (s )@ © (21, 20) = 0.

Case 2. Gir (by,...,bp—1) = d — c. Since F(z1,...,3,) € [¢,d] and F is 1-
increasing, then F(z1,...,Zp_1,a,) = cfor all x; € S;, i € {1,...,n — 1}. Then,
by (4.4),

Aar,.coan)y(brrbn)® 0 F (21,0 20)
= A(al,...,an,l),(bl,...,bn,ﬂ [d)(F(xla sy Tp—1, bn)) - ¢(C)}
= A(al,...,an,l),(bl,...,bn,l)qs(F(‘rlv <o Tn—1, bn))

By Assertion 1 and the previous equality, since Fj, : Sy X -+ X S,,_1 — [¢,d]
given by Fp (21,...,Tn-1) = F(21,...,Zn_1,by) is TI, then
A(al7--<7a7l)a(b17---abn)¢ © F(I’l, e xn) 2 0.

Case 3. 0 < GZ’; (b1,...ybp—1) < d—c. Set h = GZz(bl,...,b7l_1). By

v

Lemma 4.1, since ¢ : [c,d] — R is AM(A',n), then A}¢ : [c,d — h] — R is
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AM(A,n—1). Since F,, : S1x---XSy_1 — [c,d—h] given by F, (z1,...,ZTpn-1) =
F(z1,...,Zn-1,a,) is TI, then (A} ¢) o F,, is T1. Therefore,

(45) A(al,.“,anfz),(bl,.4.,bn,2) [(ZS(F(:CM'"7In—27bn—1aan) +G b17~'~

H

-1))
7¢OF($17 sy Tp— 27 n—1, n)]
2A(al,.4.,an72)7(b1,4..,bn72)[¢(F(x1,~~ y Tn—25 Qn— 1aan)+Gb" by,...,b ))

_(boF(xla"wxnf%anflvan):l

Since F' and Gf’l":t are T'I, then for all k£ such that 2 < k < n, the function
S1 X --+x 8,1 — R given by

(46) H($1, e ,l’n_l) = F(le, ooy Ty Op—k+1y Tn—k+2, - - - ,xn_l,an)

by
+ Gan (bla RS bn—kaxn—k—Q—la s 7xn—l)a

is T1. Thus, from Assertion 1 and (4.5), we obtain

(4.

H

ASSERTION 2. For 2 < k < n we have

7) A(al ..... ks O —Fot2 50 an—1),(b1,..., by — kb — k2, bn—1)
[(b(F(a:l, ey Tn—k, bn—k+17 Tn—k+25-+-yLn—1, an)
+ GZZ (bl, ceey bn—k+1a Ty k25 - -+ ,.Z‘n_l))
— G0 F(x1,. ., Tk, byt 1, Tkt 2, - - Te1, Gn) |
2 A(al ..... ks O —Jot 250 an—1),(b1,..., by — kb — k2, bn—1)
[qb(F(ml, ooy Tn—ky On—k+1yTn—k+2y - -+ 3 Tn—1, an)
+ ng (b1y -y bp—ky Gkt 15 T ft2, - - - ,.Z‘n_l))
— GO F(T1,. . Tk, Gt 1, Tkt 25 - - Tp—1, )|
To see Assertion 2 we proceed by finite induction. For k& = 2, the function
081 X o X 8,1 — [¢,d] given by (4.6) takes the form

H(Ih e 71'71—1) = F(‘Tl, oo 7xn—27an—17an) + GZT:,(bla .. '7bn—25zn—1)

By Assertion 1, since H is T1, then ¢ o H is T'1. Thus,

(4.

8) A(a1,...,an,_2),(b1,...,bn_Q) [QS(F(:L'D vy Tp—2,0n—1, an) + Gbn b17 e

_¢OF(x17" y Tn—2,0n—1,Q n:l

-1))
)
= A(al n—2),(b1,...,bn—2) [(ZS(F((Eh'"7xn72aan717an) +GZZ(b1; bp—2,0n— 1))
)

_¢OF($1)" sy Tn—2,An— laa/n]

By (4.5) and (4.8),

A(al7...,an,—2)7(b17~~-7bn—2) [¢(F($1’ s T2, baot, an) + GZ:L‘ (bl’ Y bnil))
_(b © F(‘Tlu sy T2, bn*han)]

= A(al,...,an_rz),(bl,...,bn_g) [QS(F(xla sy Tp—2,0n—1, an) + GZZ (bh coybpoa, anfl))

_¢ o F((L‘l, sy In—2, anfhan)}
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This verifies (4.7) for k = 2. Suppose (4.7) is valid for 2 < k < n and rewrite it to
obtain

(4.9) Aay,..

@ (k1) 8n— (k+1)425-8n—1)5 (0150 bn— (k1) :0n— (k4 1)425-,0n—1)
[A(F (1, e (ks 1)s Bne (bt 1)+15 T (k1) 25 - - - > Tre1, O

+ GZ: (bh ceey bn—(k+1)+17 Lp—(k+1)+25 - - - 7xn71))

- (b o F(xh s 7xn—(k+l)7 bn—(k+l)+l7 xn—(k+l)+27 ey Tn—1, an)]
w3 O (k1)1 On— (k1) 4250+ 5@n—1)5(D150 ;b —(kt 1) On— (k1) 42500 —1)
[¢(F($1, e 7xn—(k+1)7 an—(k+1)+17 xn—(k+1)+27 ey In—1, an)

+ GZZ (bla BERE) bn—(k-&-l)-{—la Tp—(k+1)+25- - - 7xn—1))

— @0 F(T1, ., Ty (k1) Gn (k1) +1> Tre (k1) 425 - - - » Tn1, G|
For k + 1, the function H : §1 x --- x S,_1 — [c, d] given by (4.6) takes the form
H(xy,... ;1) = F(21,. .., Zp (g 1)s On— (k1) 41> Troe (kt1)425 - -+ Tn—1, Uy
+ GZZ (b1, ey by (e 1)y Tre (k1) 15+ - s Tre1)
By Assertion 1, since H is T'I then ¢ o H is T'I. Thus,

(410) A

17-~~7an—(k+1)van—(k+1)+27---1an71)a(b17---1bn—(k+1)vbn—(k+1)+21~-7bn71)
[¢(F($1, e 7xn—(k+l)7 an—(k+1)+17 xn—(k+1)+27 ooy Tn—1, an)

+ GZZ (b17 ceey bnf(k+1)+17 :Enf(k+1)+27 ey mnfl))

—¢o F(xy,... y T (k41)s Cn— (k4+1)+1s Tn— (k+1)425 - - - » Tn—1, an)]
> A(al,...,an,(kH),an,<k+1)+2,...,an_l),(bl,...,bn,<k+1),bn,(Hle,...,bn_l)
[(b(F({El, N ,xn_(k+1), an_(k+1)+1, xn_(k+1)+2, ey 1, an)

+ GZ’:L (bl, RN bn—(k+1)a A —(k4+1)+15 Trn—(k+1)4+25 -+ 5 xn,l))
— G0 F(Z1, .y T (k1) Cre (k1) 41> T (ke 1)+25 - -+ > T 15 an)]
From (4.9) and (4.10) we obtain

A(al,..

g (k1) 5@ — (kA1) 4250+ >8n—1)5(D1500n (1) 1On— (kb 1) 4250+ :0n—1)
[¢<F($17 sy Tp—(k+1)5 bnf(k+1)+17 Tn—(k+1)+25--->Tn—1, an)
b.
+ Gaz (bl, A
— (z) e} F(J}l, PN
= A(al,..

’bn*(k+1)+1axnf(k+1)+27 s 7$n—1)>
» Tn—(k+1)> bnf(k+1)+1a Tn—(k+1)+25 -+ Tn—1, an)]
38— (k41) 5@n— (k1) 42300 —1) (01500 — (k1) sOn— (k1) 4250+ ,0n—1)
[QS(F(xl, e Ty (k1) O (k1) 1> Tre (k1)425 - - s Tn—1, An)

+ G(b{; (bl, ceey bn—(k+1)7 A —(k+1)+15 Tn—(k+1)+27 - - - ,xnfl))

- ¢ o F(‘Tla e 7wn7(k+1)7 anf(k+1)+1a m117(]64»1)%»27 ooy Tn—1, an)]
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This shows Assertion 2. Now, by Assertion 2 with & = n, we have
Aas,..;an),(bzybn) [qﬁ(F(bl7 Xoy .oy Tn1,0n) + ng(bh To, ... ,xn,l))
— o F(b1,22,...,Tp_1,0y)]
> DNagran), (o) [0 (F(a1, T2, .o Tty an) + G2 (a1, 22, ..., 2p1))
—¢oF(ay,xa,...,Tn_1, an)]
or equivalently,
Aty an )brnbn ) [O(F (@1, i1, an) + G (21, 201))
—QSOF(ml,...,xn,l,an)] > 0.
Thus, by (4.4),
Aar,san)y(brbn) @0 F(21, .. 20) = 0.

This shows that F' is n-increasing. (]

PROOF OF THEOREM 3.4. Let (a1,...,an),(b1,...,b,) € [0,1]™ be such that
(a1y...,an) < (b1,...,bn). Set B = {a1,b1} x - x {an,b,} and consider the
following two cases:

Case 1. A(0) < oo; or A(0) = oo and a; # 0 for all ¢+ € {1,...,n}. Let
¢ = max{A(z1) + -+ A(zp) : (#1,...,2,) € B}. Clearly ¢ < oo and since X is
decreasing, then the function F': B — [—c¢, 0] given by

F(zy,...,z) = —[Ax1) + - + May)]
is TI. By Theorem 2.3, since A= (—t) is AM(A,n) then Al=U(=F) is TI. In
particular, A\l=1(=F) is n-increasing, and consequently Ve (B) > 0.

Case 2. A(0) = oo and a; = 0 for some ¢ € {1,...,n}. For simplicity, suppose
that a3 = -+ = ay = 0 and a1 > 0,...,a, > 0 for some m € {1,...,n}.
Consider the set

B. ={e,b1} x - x {&,bm} X {@m+1,bms1} X -+ X {an,bn}

where 0 < ¢ < min{by,...,b,}. By case 1, Vo(B:) = 0. Since C is continuous,
Ve (B:) tends to Vo (B) when e tends to 0. Thus, Vo (B) > 0.
From the previous analysis it results that C' is n-increasing. O

PROOF OF THEOREM 3.6. Consider the function F : [0,1]™ — [0, 1] given by
F(z1,...,zn) = Clp(z1),...,0(xn)). Let k € {1,...,n} and let K C {1,...,n}
with | K| = k. For simplicity, suppose K = {1,...,k}. Consider the set

B = {al,bl} X oo X {ak,bk}
where 0 < a; < b; < 1,4 € {1,...,k}. Since ¢ is strictly increasing, then
(plar),...,p(ar)) < (p(b1),...,p(bg)). Consider now the set

B' = {p(a1),o(b1)} x - x {p(ar), o(br)}
Clearly,

Aar,ar)s (i) F (@155 T0) = Ag(ar)pl@n)(b1)nooi)) C (@15, Tn)
By Lemma 2.2, C'is T1. Then A, .. ay),(b1,....00) F (@1, ., 2n) = 0.

.....
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This shows that F is T1. Now, by Theorem 2.3, C,, = ¢l=% o F is TT and, in
particular, is n-increasing. O
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