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Abstract. In this paper we prove that the free pseudocomplemented residuated lattices

are decomposable if and only if they are Stone, i.e., if and only if they satisfy the identity

¬x ∨ ¬¬x = 1. Some applications are given.
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Introduction

The variety of bounded, integral, residuated, lattice-ordered, commutative
monoids (bounded residuated lattices for short) is the algebraic counterpart
of Full Lambek logic without contraction and the subvarieties of the former
correspond to the axiomatic extensions of the latter. In fact, free residuated
lattices are the Lindenbaum algebras of the corresponding extensions. Free
algebras are also important in their own right for their algebraic properties,
e.g. they contain all the equational information of the variety they generate.

A natural approach to understanding the structure of an algebra con-
sists of decomposing it, whenever possible, into a (direct) Boolean product
of indecomposable algebras, thus reducing the problem to the study of those
indecomposable stalks. In particular, the decomposability of a bounded
residuated lattice depends on the existence of Boolean elements in its lattice
reduct (see for example [7], [9], [5] and [4]). In [5] (Theorem 3.1) a repre-
sentation for every bounded residuated lattice as a weak Boolean product of
directly indecomposable algebras is given. In particular free algebras, in any
variety of bounded residuated lattices, are weak Boolean products of inde-
composable algebras. Hence the main objective of this article is the study of
the Boolean skeleton of free algebras in subvarieties of pseudocomplemented
residuated lattices.
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The main result of the paper is (as we announced in the abstract): a free
algebra in a variety of pseudocomplemented residuated lattices is decompos-
able if and only if it is a Stone residuated lattice, i.e., if and only if such
variety satisfies the Stone identity ¬x ∨ ¬¬x = 1. In that case the Boolean
skeleton turns out to be a retract of the free algebra and, in addition, iso-
morphic to the free Boolean algebra. This is done in section 2.

In section 1, we collect previous results of bounded residuated lattices
and we prove that pseudocomplemented residuated lattices are exactly those
bounded residuated lattices whose regular elements form a Boolean algebra.
In the last section, we study some examples, such as the subvariety of Heyt-
ing algebras.

We assume that the reader has some familiarity with residuated lattices
and universal algebra. For residuated lattices we recommend [12], [13] and
[10] and the references given there, and for universal algebra we follow the
nomenclature given in [3].

1. Pseudocomplemented Residuated Lattices

A bounded, integral, residuated, lattice-ordered, commutative monoid, or
bounded residuated lattice for short, is an algebra A = 〈A, ∗,→,∨,∧,0,1〉 of
type 〈2, 2, 2, 2, 0, 0〉 such that:

• 〈A, ∗,1〉 is a commutative monoid,

• L(A) = 〈A,∨,∧,0,1〉 is a bounded lattice with greatest element 1 and
least element 0,

• for any a, b, c ∈ A, a ∗ b ≤ c, iff a ≤ b → c, where ≤ is the order given
by the lattice structure, which is called the natural order of A.

It is well known that bounded residuated lattices form a variety, which
we shall denote RL. Bounded residuated lattices satisfying the equation
x ∗ x = x, or equivalently the equation x ∗ y = x ∧ y, are called Heyting
algebras (see, for instance [14]). We shall represent by H the variety of all
Heyting algebras.

In the next lemma we list, for further reference, some well known prop-
erties which we will use throughout this paper.

Lemma 1.1. The following properties hold true in any bounded residuated
lattice A, where a, b, c denote arbitrary elements of A:

(i) a ≤ b if and only if a → b = 1,
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(ii) a ≤ b → a,

(iii) 1 → a = a,

(iv) (a ∗ b) → c = a → (b → c),

(v) a ∗ (b ∨ c) = (a ∗ b) ∨ (a ∗ c).

On a bounded residuated lattice A we consider the unary operation:

¬x := x → 0, for all x ∈ A. (1.1)

Taking into account that the {→,0,1}-reduct of a bounded residuated lattice
is a bounded BCK-algebra we have (see, for instance, [8] and [11]):

Lemma 1.2. The following identities and quasi-identities hold true in any
residuated lattice:

(a) x ≤ y ⇒ ¬y ≤ ¬x,

(b) ¬x = ¬¬¬x,

(c) x ≤ ¬¬x,

(d) x → ¬y = y → ¬x,

(e) x → ¬y = ¬¬x → ¬y,

(f) ¬¬(x → ¬y) = x → ¬y,

(g) x ∗ ¬x = 0,

(h) ¬(x ∨ y) = ¬x ∧ ¬y.

An involutive residuated lattice (or integral, commutative Girard monoid
[12]) is a bounded residuated lattice satisfying the double negation equation:

¬¬x = x. (1.2)

It follows from (iv) of Lemma 1.1 that in involutive residuated lattices the
operations ∗ and → are related as follows:

x ∗ y = ¬(x → ¬y), x → y = ¬(x ∗ ¬y).

The class of involutive residuated lattices is represented by IRL. Notice that
involutive Heyting algebras coincide with Boolean algebras.

We recall that a pseudocomplemented residuated lattice is a bounded
residuated lattice that satisfies the equation

x ∧ ¬x = 0. (1.3)
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We shall denote by PRL the variety of all pseudocomplemented residuated
lattices.

Let A be a bounded residuated lattice. We define the set of regular
elements of A as follows:

Reg(A) = {a ∈ A : ¬¬a = a} = {¬a : a ∈ A}.
It is easy to see that if we consider the binary terms:

x ∗r y := ¬¬(x ∗ y), x ∨r y := ¬¬(x ∨ y),

then Reg(A) = 〈Reg(A),∧,∨r, ∗r,→,0,1〉 is an involutive residuated lat-
tice (see [8]). Moreover:

Theorem 1.3. A is pseudocomplemented if and only if Reg(A) is a Boolean
algebra.

Proof. Assume that A is in PRL. Then for any a ∈ A, a ∧ ¬a = 0; by
item (h) of Lemma 1.2 and (1.3), we obtain

a ∨r ¬a = ¬¬(a ∨ ¬a) = ¬(¬a ∧ ¬¬a) = ¬0 = 1;

and so, by item (g) of Lemma 1.2 and item (v) of Lemma 1.1, we have:

a ∗r a = (a ∗r a) ∨r (a ∗r ¬a) = a ∗r (a ∨r ¬a) = a ∗r 1 = a.

Then Reg(A) is an involutive Heyting algebra, and so it is a Boolean
algebra.
Now, assume Reg(A) is a Boolean algebra, then for any a ∈ A, since
¬a,¬¬a ∈ Reg(A), we have

a ∧ ¬a ≤ ¬¬a ∧ ¬a = 0,

and so A is pseudocomplemented.

In general, in a pseudocomplemented residuated lattice, the Boolean
algebra of its regular elements is not a subalgebra. The following improves
the results given in [5].

Theorem 1.4. For each A ∈ PRL, the following conditions are equivalent,

(i) Reg(A) is a subalgebra of A,

(ii) A is a Stone residuated lattice, i.e., it satisfies the identity:

¬x ∨ ¬¬x = 1. (1.4)
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Proof. Assume (i). Since Reg(A) is closed under ∨, we have that for
any a ∈ A, ¬a ∨ ¬¬a ∈ Reg(A). Hence, by Theorem 1.3, 1 = ¬a ∨r

¬¬a = ¬¬(¬a∨¬¬a) = ¬a∨¬¬a. Therefore (1.4) holds in A. The converse
implication is proved in [5].

From now on, SRL will denoted the variety of all Stone residuated lat-
tices. Notice that Heyting algebras belonging to SRL are known as Stonean
Heyting algebras (see, for instance [5]).

Examples of Stone residuated lattices are the pseudocomplemented resid-
uated lattices representable by means of a subdirect product of totally or-
dered residuated lattices (pseudocomplemented MTL-algebras). Examples
of these are Gödel algebras and product algebras.

For a residuated lattice A, B(A) stands for the set of all Boolean ele-
ments of A, i.e., the complemented elements of L(A). It is easy to see that
if a ∈ B(A), then ¬a is the only complement of a; in addition, ¬¬a = a,
a ∨ b = ¬a → b and a ∧ b = a ∗ b, for any b ∈ A. Moreover, a ∈ B(A) if and
only if a∨¬a = 1. Then B(A) is the universe of a subalgebra of A, denoted
by B(A), which is the greatest Boolean algebra contained in A.

B(A) is also a subalgebra of Reg(A), but in general they are not equal.
From Theorem 1.4 we deduce:

Lemma 1.5. If A ∈ PRL, then B(A) = Reg(A) if and only if A ∈ SRL.

We recall that an algebra A is called directly indecomposable provided
that it has more than one element and whenever A is isomorphic to a direct
product of two algebras A1 and A2, then either A1 or A2 is the trivial alge-
bra with just one element. It is well known and easy to see that a residuated
lattice A is directly decomposable iff B(A) 6= {0,1} (see for example [13]).

2. Free pseudocomplemented residuated lattices

In this section we will analyze the direct indecomposability of free algebras
in subvarieties of PRL.

Lemma 2.1. Let A ∈ PRL, then the following properties hold true:

(a) A satisfies the Glivenko equation:

¬¬(¬¬x → x) = 1, (2.5)

(b) the map ¬¬ : x 7→ ¬¬x is a homomorphism from A onto Reg(A),
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(c) if A ∈ SRL, then ¬¬ is a retraction.

Proof. (a): Let a ∈ A, then, by item (ii) of Lemma 1.1, we have a ≤
¬¬a → a, and by item (a) of Lemma 1.2, we deduce ¬¬a ≤ ¬¬(¬¬a → a).
Moreover, using again item (ii) of Lemma 1.1 and item (a) of Lemma 1.2, we
have ¬a ≤ ¬¬¬a = ¬¬a → 0 ≤ ¬¬a → a ≤ ¬¬(¬¬a → a). Consequently
¬a ∨ ¬¬a ≤ ¬¬(¬¬a → a), therefore 1 = ¬a ∨r ¬¬a = ¬¬(¬a ∨ ¬¬a) ≤
¬¬(¬¬(¬¬a → a)) = ¬¬(¬¬a → a).
(b) follows from (a), (see [8]).
(c): It follows from the fact that the restriction of ¬¬ to Reg(A) = B(A) is
the identity (cf. [5]).

Given a variety V, F V(X), stands for the |X|-free algebra of V. The next
theorem follows easily from Lemma 2.1 above:

Theorem 2.2. For any subvariety V of PRL, Reg(F V(X)) is the |X|-free
Boolean algebra with ¬¬X = {¬¬x : x ∈ X} as set of free generators.

Corollary 2.3. For any subvariety V of SRL, Reg(F V(X)) ∼= F B(X) and
Reg(F V(X)) is a retract of F V(X).

In what follows we assume that V is a subvariety of PRL and |X| > 0.
Since F V(X) is a quotient of the |X|-term algebra, and each term only
depends on a finite set of variables, then we can suppose, without loss of
generality, that the cardinality of X is finite. Moreover, if t(x1, . . . , xn) is
an n-ary term, t(x1, . . . , xn) stands for its image in F V({x1, . . . , xn}). Let
Xn = {x1, . . . , xn} and In = {1, . . . , n}. For any I ⊆ In, consider the term

aI(x1, . . . , xn) =
∧

i∈I

¬¬xi ∧
∧

i6∈I

¬xi.

The correspondence I 7→ aI(x1, . . . , xn) gives a one-to-one map from P(In),
the power set of In, onto the set of all atoms of the free Boolean algebra
Reg(F V(Xn)). Hence for any b ∈ Reg(F V(Xn)), there exists N ⊆ P(In)
such that

b = ¬¬
( ∨

I∈N

aI(x1, . . . , xn)
)
,

where N = {I ∈ P(In) : aI ≤ b}.
Lemma 2.4. For any J ⊆ In, consider the n-tuple −→x J whose i-th component
is x for i ∈ J , and 1 for i 6∈ J . For any I ⊆ In, we get

aI(−→x J) =





1 if I = In and J = ∅,
¬¬x if I = In and J 6= ∅,
¬x if I = In \ J and J 6= ∅,
0 otherwise.
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Proof. Let us write the term aI(x1, . . . , xn) in the following way:

aI(x1, . . . , xn) =
∧

i∈I∩J

¬¬xi ∧
∧

i∈I\J
¬¬xi ∧

∧

i∈J\I
¬xi ∧

∧

i6∈I∪J

¬xi.

Then

aI(−→x J) =
∧

i∈I∩J

¬¬x ∧
∧

i∈I\J
¬¬1 ∧

∧

i∈J\I
¬x ∧

∧

i6∈I∪J

¬1

=
∧

i∈I∩J

¬¬x ∧
∧

i∈J\I
¬x ∧

∧

i 6∈I∪J

0.

Clearly, if I ∪ J 6= In, aI(−→x J) = 0. Thus we may assume that I ∪ J = In

and that
aI(−→x J) =

∧

i∈I∩J

¬¬x ∧
∧

i∈J\I
¬x.

If I ∩ J 6= ∅ and J \ I 6= ∅, then aI(−→x J) = ¬¬x ∧ ¬x = 0.
If I ∩ J = ∅, then I = In \ J and

aI(−→x J) =
∧

i∈J

¬x.

It follows that aI(−→x J) = 1 if J = ∅ (and I = In) and aI(−→x J) = ¬x if J 6= ∅.
Finally, if J \ I = ∅, then J ⊆ I and

aI(−→x J) =
∧

i∈J

¬¬x.

It follows that aI(−→x J) = 1 if J = ∅ and aI(−→x J) = ¬¬x if J 6= ∅.

Now we can state the main result of the paper.

Theorem 2.5. Let V be a non-trivial subvariety of PRL. Then F V(X) is
directly decomposable if and only if V ⊆ SRL.

Proof. Assume F V(X) is directly decomposable. Then there exists α ∈
FV(X) such that α ∨ ¬α = 1 and α 6= 0,1. We can assume that α =
α(x1, . . . , xn) ∈ FV(Xn), as above. Since α ∈ Reg(F V(X)), there exists
N ⊆ P(In), N 6= ∅,P(In), such that

α(x1, . . . , xn) = ¬¬
( ∨

I∈N

aI

)
.
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We need to prove that ¬x ∨ ¬¬x = 1.

Case 1: Suppose In 6∈ N . Fix K ∈ N and let J = In \K. Since K 6= In,
J 6= ∅ and the previous lemma implies that

aI(−→x J) =
{ ¬x, if I = K,

0, if I ∈ N, I 6= K.

It follows that α(−→x J) = ¬¬(¬x) = ¬x. Therefore, as α ∨ ¬α = 1, we get
¬x ∨ ¬¬x = 1, as desired.

Case 2: Now assume In ∈ N . Choose J ⊆ In such that J 6= In \ I for every
I ∈ N . Observe that this is possible because N 6= P(In). By the previous
lemma we get

aI(−→x J) =
{ ¬¬x, if I = In,

0, if I ∈ N, I 6= In.

Therefore, α(−→x J) = ¬¬x and the equation α ∨ ¬α = 1 turns into Stone’s
equation ¬¬x ∨ ¬x = 1.

This shows that V satisfies the Stone identity.

Finally we can summarize the above results in the next corollary.

Corollary 2.6. For each non-trivial variety V of pseudocomplemented
residuated lattices, the following properties are equivalent:

(i) V is a variety of Stone residuated lattices,

(ii) for some non-empty set X, F V(X) is directly decomposable,

(iii) for some non-empty set X, Reg(F V(X)) = B(F V(X)),

(iv) for some non-empty set X, B(F V(X)) is isomorphic to the |X|-free
Boolean algebra.

In the last corollary, observe that the decomposability of any free algebra
in V or, equivalently, the existence of a non-trivial Boolean element in any
free algebra in V, implies the decomposability of every free algebra in V.

3. Some examples

3.1. Heyting algebras

In this section we apply the results obtained for free-decomposability to
subvarieties of Heyting algebras.
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Let Λ(H) be the lattice of subvarieties of H. Let V1,V2 ∈ Λ(H). The
pair (V1,V2) splits Λ(H) if V1 6⊆ V2 and for any V ∈ Λ(H), either V1 ⊆ V
or V ⊆ V2. It easy to see that V1 is completely join irreducible and V2 is
completely meet irreducible. Hence it is immediate that V1 = V (A), i.e., V1

is the variety generated by some subdirectly irreducible algebra A. Such an
A is called a splitting algebra in H, and V1 = V (A) is called a splitting
variety. The variety V2 is called the cosplitting variety of V1.

In [2, Corollary 3.2] it is proved that if V is of finite type and has EDPC
(equationally definable principal congruences), then every finite subdirectly
irreducible member of V is splitting, and thus splitting algebras in such
varieties are just all finite subdirectly irreducible ones.

Consider the five-element Heyting algebra H5 = 〈{0, a, b, c,1},∧,∨,
→,0,1〉, whose lattice order is given by the Hasse diagram below and whose
residuum is given in Table (H5).

→ 0 a b c 1
0 1 1 1 1 1
a b 1 b 1 1
b a a 1 1 1
c 0 a b 1 1
1 0 a b c 1

Table (H5)

r

r

r

r r
¡

¡
¡

¡

@
@

@
@

0

1

¬b = a b = ¬a

c

〈H5,≤〉
Let SH = SRL∩H, the variety of all Stonean Heyting algebras. We can

easily see that H5 is subdirectly irreducible and H5 6∈ SH (take a ∈ H5 and
note that ¬a ∨ ¬¬a = c 6= 1).

Lemma 3.1. Let A ∈ H. A 6∈ SH if and only if H5 is isomorphic to a
subalgebra of A.

Proof. Suppose that A 6∈ SH. Then there is a ∈ A such that ¬a∨¬¬a 6= 1.
Let B = {0,¬a,¬¬a,¬a ∨ ¬¬a,1}. Then B is a subuniverse of A. Indeed,
clearly B is a sublattice of A. Let us see that B is closed under implication,

• Since ¬a ∧ (¬a → ¬¬a) = 0, we have ¬¬a ≤ ¬a → ¬¬a ≤ ¬¬a. Thus
¬a → ¬¬a = ¬¬a.

• Since ¬¬a ∧ (¬¬a → ¬a) = 0, we have ¬a ≤ ¬¬a → ¬a ≤ ¬a. Thus
¬¬a → ¬a = ¬a.

• (¬¬a ∨ ¬a) → 0 = 0.

• (¬¬a ∨ ¬a) → ¬a = a → ¬(¬¬a ∨ ¬a) = a → 0 = ¬a.
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• (¬¬a ∨ ¬a) → ¬¬a = ¬a → ¬(¬¬a ∨ ¬a) = ¬a → 0 = ¬¬a.

Then B is a subuniverse of A and B is isomorphic to H5.
The converse implication is immediate.

Corollary 3.2. The pair (V(H5),SH) splits Λ(H). Therefore SH is a co-
splitting variety.

Combining Lemma 3.1 and Corollary 2.6 we get the following result.

Corollary 3.3. For any non-trivial variety V ∈ Λ(H), the following con-
ditions are equivalent:

(a) F V(X) is directly indecomposable.
(b) V 6⊆ SH.
(c) H5 is isomorphic to a subalgebra of F V(X).

The pseudocomplemented distributive lattices are the {∧,∨,¬,0,1} sub-
reducts of Heyting algebras (see for example [1]), and they form a variety
that we will denoted by PL. The lattice of subvarieties Λ(PL) is an (ω + 1)-
chain, and for each non-trivial subvariety there is n ≥ 0, such that it is
generated by the algebra Bn = 2n ⊕ 1, the n-atom Boolean algebra with
an element added on the top. Then B0 is the two-element chain (Boolean
algebra) and B1 the three-element chain (the Stone algebra in the termi-
nology of [1]), and B2 is the {∧,∨,¬,0,1}-reduct of H5. The varieties in
Λ(PL) are

T ( V (B0) = B ( V (B1) = SPL ( V (B2) ⊆ . . . ⊆ V (Bω) = PL,

where T is the trivial variety, B is the variety of Boolean algebras, SPL is the
variety of Stone pseudocomplemented distributive lattices (remember that
the Stone equation only involves the operations ¬ and ∨) and V (B2) is the
variety generated by the pseudocomplemented lattice reduct of the Heyting
algebra H5.

As in the case of Heyting algebras and pseudocomplemented residuated
lattices we have the following theorem.

Theorem 3.4. For a variety V ∈ Λ(PL), the following conditions are equiv-
alent:

(a) F V(X) is directly indecomposable,
(b) V 6⊆ SPL,
(c) H5 is isomorphic to a subalgebra of F V(X).

An interesting description for free Stone pseudocomplemented distribu-
tive lattices is given in [6].
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3.2. Distributive non-Stone pseudocomplemented residuated lat-
tices

In this section we exhibit some examples of distributive pseudocomplemented
residuated lattices, which are not Stone residuated lattices.

We recall that a residuated lattice is called distributive when its lattice
reduct is distributive. Since distributivity can be described by means of an
identity, the class DRL of all distributive residuated lattices is a variety. We
also recall that for n > 0, residuated lattices satisfying the equation

(En) xn = xn+1,

are called n-potent. The variety of all n-potent pseudocomplemented resid-
uated lattices will be denoted by PRLn. Moreover, DPRL and DPRLn re-
spectively stand for DRL ∩ PRL and DRL ∩ PRLn.

Consider the distributive lattice L(Dn) = 〈Dn,∧,∨,0,1〉, where

Dn = {1} ∪ {rs : 0 ≤ r, s ≤ n, }

and the lattice order is given by the diagram depicted in Figure 1.
We define the operation ∗ on Dn as follows: for any a, b ∈ Dn

a∗b = b∗a =





a if b = 1

0 if
{

a ∈ {0s : 0 ≤ s ≤ n} and
b ∈ {r0 : 0 ≤ r ≤ n},

0 min{s + s′, n} if
{

a ∈ {0s : 0 ≤ r ≤ n} and
b ∈ {r′s′ : 0 < r′, s′ ≤ n},

min{r + r′, n}min{s + s′, n} if
{

a = rs,
b = r′s′, and 0 < r, s, r′, s′ ≤ n.

For example, in D4 we have 31 ∗ 21 = min{3 + 2, 4}min{1 + 1, 4} = 42,
02 ∗ 11 = 03 and 20 ∗ 31 = 40. It is a straightforward to see that for any
a, b, c ∈ Dn, a∗ (b∨ c) = (a∗ b)∨ (a∗ c), hence since L(Dn) is a finite lattice,
then for any a, b ∈ Dn, a → b = max{c ∈ Dn : a ∗ c ≤ b} exists. And so
Dn = 〈Dn,∧,∨, ∗,→,0,1〉, is a residuated lattice (see, for instance [13] and
[10]). Moreover, it is distributive and n-potent. The reader can verify with
a simple calculation that for any n > 0, V (Dn) ( V (Dn+1). Observe that
for all n > 0, Reg(Dn) is the four element Boolean algebra.
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Figure 1. The lattice reduct of Dn
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(eds.), Non-Classical Logics and their Applications to Fuzzy Subsets: A Handbook on

the Mathematical Foundations of Fuzzy Set Theory, Kluwer, Boston, 1995, pp. 53–106.

[13] Kowalski, T., and H. Ono, Residuated Lattices: An algebraic glimpse at logics with-

out contraction, Japan Advanced Institut of Science and Thechnology, March 2001.
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