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MV-closures of Wajsberg hoops and applications

MANUEL ABAD, DIEGO N. CASTANO, AND JOSE PATRICIO DfAZ VARELA

ABSTRACT. In this paper we construct, given a Wajsberg hoop A, an MV-algebra
MV (A) such that the underlying set A of A is a maximal filter of MV (A) and
the quotient MV (A)/A is the two element chain. As an application we provide a
topological duality for locally finite Wajsberg hoops based on a previously known
duality for locally finite MV-algebras. We also give another duality for k-valued
Wajsberg hoops based on a different representation of k-valued MV-algebras and show
the relation to the first duality. We also apply this construction to give a topological
representation for free k-valued Wajsberg hoops.

1. Introduction

Hoops are a particular class H of algebraic structures which were introduced
in an unpublished manuscript by Biichi and Owens in the mid-seventies and
later investigated in [2, 9]. They are partially ordered commutative residuated
integral monoids satisfying a further divisibility condition. Bosbach showed
that H is a variety.

The variety of hoops includes two classes of algebras that are closely related
to familiar algebras of logic: the variety of Brouwerian semilattices, defined
relative to H by the identity x ® z =~ x, and the variety of Wajsberg hoops,
defined relative to H by the axiom (z — y) — y =~ (y — x) — x. It is
known that Brouwerian semilattices are the {A, —, 1}-subreducts of Heyting
algebras, which are the algebraic models of intuitionistic propositional logic,
and Wajsberg hoops are the {®, —, 1}-subreducts (hoop-subreducts) of Wajs-
berg algebras, which are term equivalent to MV-algebras and are the algebraic
models of Lukasiewicz’s many-valued logic.

Wajsberg hoops play a fundamental role in the study of the variety of
hoops. This is clear since, among others, we have the following result: every
subdirectly irreducible hoop A is an ordinal sum A = B & C, where B is
a subalgebra of A and C is a subdirectly irreducible Wajsberg hoop, and
consequently, totally ordered. This theorem is a generalization of the well-
known characterization of subdirectly irreducible Brouwerian semilattices as
the algebras that can be written as B&Cy, where B is a Brouwerian semilattice

Presented by C. Tsinakis.

Received June 5, 2009; accepted in final form April 22, 2010.

2010 Mathematics Subject Classification: Primary: 06D35; Secondary: 06E15, 08B20,
03G25.

Key words and phrases: hoops, Wajsberg hoops, Wajsberg algebras, MV-algebras, Stone
spaces, free algebras.

The second and third authors are partially supported by CONICET.



214 M. Abad, D. Castafio, and J. P. Diaz Varela Algebra Univers.

and Cj is the 2-element hoop. In addition, in a sense that it is made precise in
[2], the variety of all hoops is the join of the powers of the variety of Wajsberg
hoops.

The main aim of this paper is to construct, for a Wajsberg hoop A, an MV-
algebra M'V(A) such that A is a maximal filter of MV (A) and the quotient
MV(A)/A is the two element chain, and to give some applications of this
construction to obtain a topological duality for locally finite Wajsberg hoops.

2. Preliminaries

In this section, we recall some definitions and collect the properties of hoops
and Wajsberg hoops needed in the rest of the paper.

A hoop is an algebra A = (4;®, —, 1) such that (4;®, 1) is a commutative
monoid and the following equations are satisfied:

r—x=l1,

T—(y—2)m(x0y) — 2

TO(r—y)Ryo(y— ).
As shown here and throughout this article, we will make the distinction be-
tween the algebra A (written in boldface) and its underlying set A (written in
italics).

The first systematic study of the structural properties of hoops appeared
in Ferreirim’s thesis [9]. We refer to [2] for a study of hoops and for further
references.

If A =(A;0,—,1) is a hoop, (A;®,1) is a naturally ordered residuated
commutative monoid, where the order is defined by a < b iff a — b =1, and
residuation means that a © b < ¢ if and only if a < b — ¢. Any hoop is a meet
semilattice and the meet is term-definable as a Ab=a ® (a — b).

In the following lemma we collect some properties of hoops.

Lemma 2.1. Let A = (A;®,—,1) be a hoop. For every a,b,c € A, the
following holds:

1—a=a,

a—1=1,

a—b<(c—a)— (c—b),

a<b—a,

a<(a—0b)—b,

a—(b—c)=b— (a—c),

a—b<(b—c)— (a—c),
a<bimpliecsb—c<a—candc—a<c—b.

The variety WH of Wajsberg hoops is defined relative to the variety of hoops
by the axiom

(T) (x—y) —y=(@y—z) >
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The underlying ordering of a Wajsberg hoop is a distributive lattice ordering
[9], and the join is term-definable by a Vb = (¢ — b) — b. The lattice
operations satisfy the following properties, for every a,b,c € A:
(aVd)—c=(a—=c)N(b—c),
c— (aVvb)=(c—a)V(c—b),
(and) —c=(a—c)V(b—c),
c—(aNb)=(c—a)A(c—b).

A hoop A = (4;0,—,1) is cancellative if (A;®,1) is cancellative as a
monoid. Cancellative hoops form a variety, axiomatized relative to hoops by
the equation  ~ y — (z ® y) [2]. Any cancellative hoop is a Wajsberg
hoop, and cancellative hoops are axiomatized relative to Wajsberg hoops by
the equation z ~ x — (x © ).

An MV-algebra is a structure (A; @, —,0) such that (A4;®,0) is a commu-
tative monoid and the identities ——x ~ z, * & =0 =~ =0, =(—~z P y) By ~
—(—y @ ) @ x are satisfied [6]. We will denote the variety of MV-algebras by
MV.

A hoop is bounded if it has a bottom element with respect to the order.
A Wagsberg algebra is a bounded Wajsberg hoop in the enriched language
(®,—,1,0), where 0 is the constant for the bottom element. Wajsberg algebras
and MV-algebras are term-wise equivalent [6, 10]. Indeed, if (A;®,—,1,0) is
a Wajsberg algebra and we define ma = a — 0 and a & b = —a — b, then
(A;®,—,0) is an MV-algebra. Conversely, if (A; @, —,0) is an MV-algebra and
weset 1 =-0,a—b=-a®band a ®b=—(—-a® —b), then (4;0,—,1,0) is
a Wajsberg algebra.

In any Wajsberg hoop A = (4;®, —, 1), we can define

a®b=(a— (a®b)) — 0.

If A has a least element, then it is easily seen that @ is the usual Lukasiewicz
sum, while if A is a cancellative hoop, a ® b =1 for every a,b € A (see [1]).

If V is a variety of MV-algebras, then the class of hoop-subreducts of algebras
in V is a variety of Wajsberg hoops. In particular, WH is the class of hoop-
subreducts of MV-algebras. Furthermore, if A is an MV-algebra, the variety
of hoop-subreducts of V(A) (the variety generated by A) is V(A® ™), where
A®~ denotes the hoop-subreduct of A (see [1]).

A subset F' of a hoop A is called a filter if 1 € F' and also b € F' whenever
a € FFand a — b € F. One can easily show that in a hoop A, FF C A is
a filter if and only if F' is an increasing non-empty subset of A closed under
multiplication.

Hoops are congruence 1-regular. For each congruence relation € on a hoop
A, 1/0 is a filter. Conversely, for any filter F' of A the relation

0 = {(a,b) € A> :a —bb—acF}

is a congruence on A such that F = 1/0r. In fact, the correspondence 6 — 1/6
gives an order isomorphism from the family of all congruences on A onto the
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family of all filters of A, ordered by inclusion. Since any filter F' contains 1
and is closed under —, ®, then it is the universe of a subalgebra F of A. The
bounded distributive lattice of the congruences on A is algebraic, and hence
it is pseudocomplemented. Note that for a bounded Wajsberg hoop A, its
congruences do not depend on the fact that we look at A as an MV-algebra
or a Wajsberg hoop.

An important Wajsberg hoop is the hoop-reduct Lg”w_’ of Chang’s algebra
L, . (see [, p. 474]), with universe

w=lmy) el 2, )y e
U{(Ovy)yeN}U{(la_y) :yEN}7

where N is the set of non-negative integers, and

OLn,w = (070)7 _‘(:C’y) = (1 -7, _y)v

Ly

(1,0) ife+z2>1,
(z,y) ® (z,u) = ¢ (1, min(0,y +u)) ifz+z=1,
(x+2z,y+u) ifx+2<1.
Therefore, the hoop operations become
1L$?: = (1,0),
(0,0) ifoe+z<1,

(#,9) © (z,u) = ~(=(2,y) © =(2,u)) = { (0,max(0,y +u)) ifz+z=1,
(x4+z—1ly+u) ifzt+z>1,

(1,0) ifx < 2,
(x,y) = (z,u) = ~(z,y) ® (z,u) = { (1,min(0,u —y)) ifx =z,
l-z+4+zu—y) ifx>-z

We denote by L2 the subhoop of LS,L;_) whose universe is
L3 ={(1,~y) sy e N}.

LY~ generates the variety of cancellative hoops (see [2]).
The finite chains LS are the hoop-reducts of the MV-chains L,,. The

algebra L,, has universe {0, 1 = n, o, =11 and
0p, =0, ——=1-—= C o 2ol —min@, L+ 2.
n n n non n o on
The hoop operations are then given by
=1, tol-le-L)—maxL+L_1)
n_n n n n o n
Lot i1 L)
n on non
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Agliano and Panti proved in [1] that the non-trivial subvarieties of WH are
finite joins of V/(LS7)’s, V(Lfﬁi’:)’& and V(LY7)’s. These varieties are join
irreducible and the order inclusion between them is given by

’ - iff n is a divisor of m,
V(L) C V(LS ™) iff n is a divisor of

V(EOT) C V(L® ) iff n is a divisor of m,
(LQ’ ) C (L,(?l”w ) iff n is a divisor of m,
(LQ’ ) C V(L) for all m,

V(L) is incomparable with V(LS 7) for all m.

We set MV, = V(L) and WH,, = V (L"), that is, the hoop-subreduct
of MVy. Following [6], we call the algebras in MVy k-valued MV-algebras
(or MV -algebras for short). Likewise, we call the algebras in WH, k-valued
Wagsberg hoops. An equational basis for MV} is given in [6, Corollary 8.2.4,
Theorem 8.5.1]. The same equational basis characterizes WHj. In partic-

ular, k-valued Wajsberg hoops are k-potent, i.e., they satisfy the equation

P

3. MV-closures of Wajsberg hoops

In this section, we construct the announced algebra MV (A) for a given
Wajsberg hoop A and prove the main results of the paper.
Let A = (A;04,—4,14) be a Wajsberg hoop. Let
MV(A) = <A X {Oa 1}7 69mva _‘mvaomv>a
where
Omo := (14,0), “mw(a, i) = (a,1 —1),
(a®ab1) ifi=j=1,
) . (b—4a,1) ifi=1andj=0,
(a,z) Dmo (b,j) = [ .
(a—ab1) ifi=0andj=1,
(a®ab,0) ifi=j=0.
We define Lmw = "moOmo, (av Z) Omo (bvj) = _'mv(_‘mv (a7 Z)®mv _‘mv(baj))»
and (a,1) —mo (0,7) := "o (@, 1) Bme (b, ), as usual. Tt is easily checked that

1mv = (1A> 1)7

Oabl) ifi=j=1,
(a,1) Omy (b, j) =

(a
(
(b—44a,0) ifi=0andj=1,
(a®ab,0) ifi=j=0,
a—abl) ifi=j=1,
a®ab,0) ifi=1andj=0,
a®ab,l) ifi=0andj=1,
b—aal) ifi=j=0.

a—4b,0) ifi=1andj=0,
(a,7) —mo
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From this, it is clear that the map a +— (a,1) is a hoop-embedding from
A into MV (A). In the sequel, we will identify a and (a, 1) for every a € A,
and consider A a subalgebra of the hoop-reduct of MV (A). Note also that if
b = (a,0) for some a € A, then b = —,,,(a,1). Thus we write b = —a. In
this way, we consider MV (A) as the disjoint union of A and =, A = {0 :
a€ A}

The order relation on MV (A) is given by: (a,i) < (b, ) if and only if one
of the following conditions holds:

a<apbfori=j=1,
a®ab=1y4fori=0and j=1,
b<sgafori=j=0.

Observe that if A is a cancellative hoop, then a® b = 14 for every a,b € A,
so in this case, the elements in A are all above the ones in —,,, A.

Our aim now is to show that MV (A) is an MV-algebra. Instead of checking
that MV (A) satisfies the MV-axioms, we give a proof that shows some results
of independent interest.

Let Freeyy(X) be the free MV-algebra over the set X, and let Freeywm(X)
be the free Wajsberg hoop over X. Recall that Wajsberg hoops are the hoop-
subreducts of MV-algebras and note that any term in the language of Wajsberg
hoops is a term in the language of MV-algebras. These two facts imply that
two hoop-terms are equivalent in WH if and only if they are equivalent in MV.
Thus we have that Freewy(X) C Freemy(X).

Let F(X) be the filter generated by X in Freeyy(X). It may be easily
shown that F/(X) U —F(X) is a subuniverse of Freeyy(X), so we must have
F(X)U-F(X) = Freeyvy(X). In addition, we can prove that F(X)N—-F(X) =
(). Therefore, F(X) is a maximal filter which is in fact a subuniverse of the
hoop-reduct of Freeyy(X). We denote the corresponding hoop by F(X). It
is clear that Freewn(X) C F(X). In fact, we have the following result.

Theorem 3.1. Freewy(X) = F(X).

Proof. Consider the set B = Freewn(X) U —Freewn(X) C Freeyv(X).
Clearly 1 € B and B is closed under —. Let us prove that B is closed un-
der @. Observe that for any x,y € Freewn(X):
r@y=(r— (rOy)) —yc Freewu(X) C B,
x®-y=y—x € Freewu(X) C B,
z @y =-(x0y) € ~Freewu(X) C B.

Therefore B is an MV-subuniverse of Freeyy(X) that contains X. Thus
B = Freeyy(X). However, we know that F(X)U —F(X) = Freemv(X),
F(X)N-F(X) =0, Freewn(X) C F(X), and =Freewy(X) C -F(X). This
implies immediately that Freewy(X) = F(X). O

As a consequence we have:
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Corollary 3.2. MV(Freewy(X)) = Freewy(X). In particular, we get
Freeyy (X)/Freewu(X) = L1, and Freewn(X) N —Freewu(X) = 0.

Remark 3.3. It is well known that Freeyy(X) is the MV-algebra of Mc-
Naughton functions over the | X |-cube. If we let e be the vertex of the | X |-cube
all of whose coordinates are 1, it is trivially verified that F(X) consists of all
McNaughton functions f € Freeyy(X) such that f(e) = 1. Thus, as a conse-
quence of the above theorem, we get the representation of the free Wajsberg
hoop within Freepy(X) given in [1, Theorem 3.1].

Let A be a Wajsberg hoop and let f: Freewm(X) — A be an onto homo-
morphism. Define f: Freeyy(X) — MV(A) by

Fla) = {(f(x),l) if 2 € Freewu(X),
(f(—2),0) if x € ~Freewu(X).

Clearly fis a well-defined onto function.

Lemma 3.4. The function f s in fact an MV-homomorphism.

Proof. (a): f(0) = (£(1),0) = (1,0) = Oy

~

(b): f(=2) = =mo(f(2)).
Indeed, if x € FreeWH(X) then
floz) = (f(==2),0) = (£(2),0) = ~mo(f(2), 1) = = ().
Now let x € ﬁFreeWH(X), with z = -y, y € Freewn(X). Then f(—w) =

J/C\(y) = (f(y) 1) and _‘mvf( ) mv(f(_‘x),()) = _‘mv(f(y)’o) = (f(y)’ 1)'
() flz@y) = (@) Bmo [(y).

We have the following four cases:
(cl): Let z,y € Freewn(X). Then f(z @ y) =

(fle@y), 1) = (f2) & F), 1) = (f(2),1) Smo (F),1) = F(2) Smo Fy).
(c2): Let © € Freewn(X) and y € ~Freewy(X), with y = -z and with

z € Freewn(X). Then
fla®y) = fla®-z) = f(z = 2) = (f(z — 2),1) = (f(2) — f(x),1),

while f(z) @mo f(y) = (f(2),1) Smo (f(2),0) = (f(2) = f(2),1).
(c3): Let « € ~Freewn(X) and y € Freewm(X). This is analogous to (¢2).
(c4): Let z,y € ~Freewn(X), i.e., x = ~x1,y = —y1, 1,1 € Freewn(X).
Then

fla@y) = floam & —w) = F=(z1 0 1)) = (fz1 ©91),0)
= (f(21) © f(y1),0) = (f(21),0) @mo (f(11),0) = [ (@) Smor [(1).
From (a), (b) and (c), [ is an onto homomorphism. O

Thus, the following theorem is immediate.
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Theorem 3.5. If A is a Wagsberg hoop, then MV (A) is an MV-algebra.
Moreover, A is a mazimal filter of MV (A) and MV (A)/A = L.

We will see that this construction has a universal property. In fact, we will
show that MV (A) is the MV-algebra freely generated over A.

A subset S of an MV-algebra satisfies the finite product property (fpp for
short), provided 0 cannot be obtained with finite products of elements of S,
that is, the filter generated by S is proper.

Theorem 3.6. Let A be a Wajsberg hoop and B an MV-algebra. Ifh: A — B
is a hoop-homomorphism, there is a unique MV-homomorphism h: MV (A) —
B such that hi 4 =

A—— MV(A)

>)

B

In addition, if h is injective and h[A] has the fpp in B, then h is also
injective.

Proof. For cach a € A we define h(a,1) = h(a) and h(a,0) = —h(a).

Let us see that E(—'"w(a,i)) = —@(a,i) fora e Aandi=0,1. If i =1,
then A(—my(a,1)) = h(a,0) = =h(a) = —h(a,1). If i = 0, then h(-mu(a,0)) =
h(a,1) = h(a) = =—h(a) = —h(a,0).

Now we prove that h((a,i) ®my (b,5)) = h(a,i) ® h(b,j) for a,b € A and

~

i,7=0,1. If i = j = 1, then h((a,1) Do (b,1)) =
ha®b,1) = h(a®b) = h(a) ® h(b) = h(a,1) ® h(b, 1).
Ifi =1, j = 0, we have h((a,1) Gy (b,0)) =
h(b— a,1) = h(b — a) = h(b) — h(a) = h(a) ® —~h(b) = h(a,1) @ h(b,0).

The case i = 0, j = 1 is analogous to the previous one. Finally, if i = j = 0,
we get h((a,0) By (0,0)) = h(a ©b,0) =

~h(a ®b) = ~(h(a) ® k(b)) = =h(a) & —h(b) = h(a,0) & h(b,0).

We also have h(1,0) = —h(1l) = =1 =0. Thus 1 is an MV-homomorphism
such that Z[A = h.

Now assume h is injective and h[A] has the fpp in B. Let (a,i) € MV (A)
such that fAL(a,i) = 1. If ¢ = 1, then h(a) = 1 and, by injectivity of h, a = 1.
If i = 0, then —h(a) = 1, so h(a) = 0, which is impossible by the fpp. This
shows that % is also injective. O

In the last part of the theorem, note that since h[A] is closed under ®, h[A]
has the fpp if and only if 0 & h[A].
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Corollary 3.7. Let h : A1 — Ay be a homomorphism of Wajsberg hoops;
then there is a unique MV-homomorphism h : MV (A1) — MV (Ay) such
that E[Al = h. Moreover, if h is injective, surjective, or bijective, so is h.

We are now able to define a functor M from the category 20 of Wajs-
berg hoops into the category MY of MV-algebras. Given a Wajsberg hoop
A, let M(A) = MV(A), and given a hoop-homomorphism h: A — B, let
M(h): MV (A) — MV (B) be the corresponding MV-homomorphism h from
the last corollary. The functoriality of M may be readily checked.

We claim that M is left adjoint to the forgetful functor U: MY — 200§H.
Indeed, for every Wajsberg hoop A and MV-algebra B, there is a map

A, B HOIl’lgmm(M(A), B) — Homm;, (A, U(B))

given by na s(h) = hl4. By Theorem 3.6, it follows easily that na g is a
bijection. The naturality in A and B is a straightforward computation.

This shows that, given a Wajsberg hoop A, the MV-algebra MV (A) is pre-
cisely the MV-algebra freely generated by A and also guarantees the unique-
ness of this construction up to isomorphism. We thus call MV (A) the MV-
closure of A.

We now proceed to derive some useful properties of the MV-closure.

For any bounded Wajsberg hoop A = (A;®,—, 1) we let Ag = (A; B, —,0)
be the corresponding MV-algebra with least element 0.

Lemma 3.8. If A is a bounded Wagjsberg hoop, then MV (A) =2 Ly x Ag.

Proof. Note that {1}x A is a maximal filter of 11 x Ay and (L1 xAg)/({1} x A)
>~ L. Hence MV (1 x A) 2 L; x Ay, where 1 is the trivial Wajsberg hoop.
Hence MV (A) =2 L; x Ay. O

Corollary 3.9. If A is a finite Wagjsberg hoop, then MV (A) = Ly x Ay.

If A is a Wajsberg hoop or an MV-algebra, we denote by Spec(A) the set
of maximal filters in A.

Lemma 3.10. Let A be a bounded Wajsberg hoop. If M is a maximal filter of
A, then there is a maximal filter M’ of MV (A) such that M'NA = M. More-
over the correspondence M — MNA gives a bijection from Spec(MV (A))\{A}
onto Spec(A).

Proof. It is a consequence of Lemma 3.8, since MV (A) = L; x Ag and the
maximal filters of Ly x Ay are {1} x A and £; x U, where U is a maximal
filter of A. |

A proper filter P in a Wajsberg hoop or MV-algebra A is prime if for
a,b € A, eithera — b€ Porb— aé€ P. Clearly P is prime in A if and only if
A/P is a chain. Observe that this is equivalent to the condition: if a Vb € P
then either a € P or b € P.
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Lemma 3.11. Let P be a prime filter in a Wajsberg hoop A. Then A/P is
bounded if and only if P is not prime in MV (A).

Proof. For every a € A, let [a]p be the class of a in A/P. Observe that the
class of a in MV (A)/P coincides with [a]p. Indeed, [a]p does not contain
elements of the form —¢, ¢ € A: if —¢ is in the class of a in MV (A)/P, then
a— —c€ P CA Buta— —¢=-(a®c), which belongs to =A. Therefore,
MV (A)/P =MV (A/P).

If the chain A /P is not bounded, then A /P is cancellative (see [1, Proposi-
tion 2.1]) and MV (A/P) =2 MV (A)/P is a chain, so P is prime in MV (A).

Conversely, if A/P is bounded, MV (A)/P =2 MV(A/P) = L; x Ay/P,
which is not a chain. So P is not prime in MV (A). O

Let Prim(A) denote the set of prime filters in a Wajsberg hoop or an
MV-algebra A.

Theorem 3.12. Let A be a Wagjsberg hoop and P a prime filter of A. Then
there exists a prime filter P’ of MV (A) such that P’ N A = P. Moreover

the correspondence P' — o(P') = P' N A gives a bijection from the set
Prim(MV (A))\ {A} onto Prim(A).

Proof. Let us see first that ¢ is onto. Let P be a prime filter in A. If P is
prime in MV(A), then it suffices to consider P’ = P. If P is not prime in
MV(A), then by Lemma 3.11, A/P is bounded and there is an isomorphism
f: MV(A)/P — Li x (A/P)y. Let P' = n5'(f~*({(0,1),(1,1)})), where
mp: MV(A) — MV(A)/P is the canonical epimorphism. P’ is a prime filter
of MV (A). Moreover, P’ = P U —C where C is the least element of A/P.
This shows that P C P’ and ¢(P’) = P' N A = P, as was to be proved.

Let us prove that ¢ is injective. Let P a prime filter in A such that P
is prime in MV(A). We have that P C A and A is a maximal filter in
MV(A). But in an MV-algebra, each prime filter is contained in a unique
maximal filter. So if @ is a prime filter such that P C @, then @ C A. If
©(Q) = P, then @ = P. Suppose now that P in not prime in MV(A).
Let @ be a prime filter in MV (A) such that P C Q and QN A = P. Let
P =75 (f71({(0,1),(1,1)})). Tt is easy to see that the only prime filter in
MV (A)/P =2 Ly x Ay/P which does not contain {(0,1),(1,1)} is {1} x A/P.
Since Q # A, flrp[Q]] # {1} xA/P,so P’ C Q. If Q # P’, there is an element
q€Q\ P Since g ¢ P', f(lalr) & {(0,1), (1,1)}. Then f(lglp) = (r. [a]p),
where a € A, a ¢ P. Since (r,[a]p) < (1,[a]p), then (1, [a]p) € f[rp[Q]]. But
then a € QN A, contradicting the fact that QN A = P. Therefore, Q = P’. 0O

4. Applications

4.1. Topological duality for locally finite Wajsberg hoops. In [7] the
authors give a dual equivalence between the category of locally finite MV-
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algebras and a certain category of multisets. We will see that the construction
given in the previous section allows us to derive a topological duality for locally
finite Wajsberg hoops by making minor changes to the corresponding duality
for MV-algebras.

We start by reviewing the duality given in [7].

A supernatural number is a function v: P — {0,1,2,...,00}, where P
stands for the set of positive prime numbers. Given two supernatural numbers
v, i, we write v < p if v(p) < u(p) for each p € P. Tt is clear that < is a
partial order on the set G of supernatural numbers.

We associate with each natural number n a corresponding supernatural
number v, such that v, (p) is the exponent of the prime p in the decomposition
of n as a product of prime powers. Thus, if we identify n with v, it is clear
that G is a generalization of the set of natural numbers and that the partial
order defined on G is an extension of the divisibility relation.

We also define a topology on G whose basis consists of the set G itself
together with the sets U, = {v € G : v > v,,} for each natural number n.

We are now ready to define the category € of multisets. An object in €
or multiset is a pair (X, o), where X is a Stone space and 0: X — G is
a continuous mapping from X into the space of supernatural numbers. A
morphism ¢: (X, o) — (Y, p) is given by a continuous mapping ¢: X — Y
such that p(¢(z)) < o(x) for every z € X.

In [7], the authors find a dual equivalence between the category € and the
category 9MY; ¢ of locally finite MV-algebras. By virtue of the construction of
the MV-closure of a Wajsberg hoop given in the previous section, we may now
modify the previous duality to obtain a corresponding duality for the category
of locally finite Wajsberg hoops.

We define the category €* whose objects are triples (X, o, o), where (X, o)
is a multiset, g € X, and o(xg) = 1. A morphism ¢: (X, 0,z¢) — (Y, p,yo)
is given by a morphism ¢: (X, o) — (Y, p) in the category € such that ¢(z¢) =
Yo-

We also define an auxiliary category SJTQTl*f whose objects are pairs (A, F),
where A is a locally finite MV-algebra and F is a filter of A such that
A/F = L;. In this category, a morphism h: (A, F) — (B,G) is an MV-
homomorphism h: A — B such that h(F) C G.

Following the work in [7], it may be easily shown that the same dual equiv-
alence between the categories € and 9%; s defines a dual equivalence between
the categories € and OMY;;. Hence, it only remains to show that 9V, is
equivalent to 20§);f, the category of locally finite Wajsberg hoops.

Let F: MY, — Wy be the functor such that F((A, F)) is the hoop F
and given a morphism h: (A, F) — (B,G) the morphism F(h): F — G is
simply the restriction of h. .

Conversely, for any locally finite Wajsberg hoop L, let G: 209, — zmm;‘f

be the functor given by G(L) = (MV(L), L), and such that G(f) = f for any
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hoop-homomorphism f (see Corollary 3.7). The local finiteness of MV (L) is
easily derived from the local finiteness of L.

It is now very simple to show that the functors F and G define an equivalence
between the categories 20§;; and smml*f. We have thus proved the following
result.

Theorem 4.1. The categories 2§y and € are dually equivalent.

4.2. Another topological duality for k-valued Wajsberg hoops. It is
easy to derive a topological duality for k-valued MV-algebras as a restriction
of the duality given in the previous section for locally finite MV-algebras. In
fact, as stated in [7], it is immediate that the category 9U, of MV -algebras
is dually equivalent to the full subcategory of € whose objects are multisets
(X, 0) such that o(z) < vy, for every x € X. We will show that this duality is
essentially the same as the one that may be obtained from the representation
of MVy-algebras given in [8]. We start by reviewing this representation and
extending it to a categorial duality.

Given an integer k > 1, by Div(k) we will denote the set of positive divi-
sors of k, and by Div*(k) the proper positive divisors of k, that is, Div*(k) =
{n € Div(k) : n < k}. The set Div(k) has a natural structure of distribu-
tive lattice under the divisibility order, and Div*(k) has a meet semilattice
structure under the inherited order.

Given k > 1, a k-valued Boolean space is a pair (X, p), such that X is
a Boolean space and p is a meet-homomorphism from the lattice of positive
divisors of k into the lattice of closed subsets of X, such that p(k) = X.

If the set £j is equipped with the discrete topology, and (X, p) is a k-
valued Boolean space, then Cy (X, p) denotes the MV -algebra formed by the
continuous functions f from X into £y such that f(p(d)) C £4 for d € Div*(k),
with the algebraic operations defined point-wise. Clearly, for a given clopen
N and characteristic function «yy, the correspondence N +— ~y defines an
isomorphism from Clop(X) onto B(Cy(X, p)), the set of Boolean elements of
Cyk (Xa p)

Given two k-valued Boolean spaces (X1, p1) and (Xo, p2), we say that a
function h: (X1, p1) — (Xo, p2) is a k-valued Stone function if h is continuous
and satisfies the condition h(p1(d)) C p2(d) for d € Div(k).

Let X be the category whose objects are k-valued Boolean spaces and whose
morphisms are k-valued Stone functions, and let 910, be the category whose
objects are k-valued MV-algebras with homomorphisms. We will now extend
the topological representation for MVy-algebras given in [8] to a topological
duality between the categories X and 9UUy,.

For an MV -algebra A let X (A) be the set of homomorphisms x: A — L.
If we consider the set £; endowed with the discrete topology and L,? with the
corresponding product topology, then X (A) C £;! inherits the topology of L.

The sets Wy, = {x € X(A) : x(a) = i} fora e Aand 0 < i <k, form a
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subbasis for the topology on X(A). It is known that X (A) is homeomorphic
to the Stone space of B(A). If we define p(d) = {x € X(A) : x(4) C L4} for
d € Div(k), it is clear that X;(A) = (X (A), p) is a k-valued Boolean space. In
addition, for every homomorphism h: A; — Ao, let Xi(h): (X(A2),pa,) —
(X(A1), pa,) be given by X (h)(x) = x o h for every x € X(As). It may be
proved that X}, is a contravariant functor from 910, into X;.

Conversely, for each k-valued Boolean space (X, p), we define Cy((X, p)) =
Cr(X,p) and for each k-valued Stone function h: (Xi,p1) — (Xa,pa), we
define C(h): Cr(Xa,p2) — Ck(X1,p1) by Cr(R)(f) = f o h for every f €
Ck(Xs2, p2). Then it is easily shown that Cy is a contravariant functor from
X into MY,..

The following lemma is proved in [8, Theorem 1.5].

Lemma 4.2. Given an MVy-algebra A, there exists an isomorphism aa: A —
Cr(Xk(A)) given by aa(a)(x) = x(a) for every x € X(A) and a € A.

We will now derive a similar result for k-valued Boolean spaces. Note that
we refer to isomorphisms in the category X as k-valued homeomorphisms.

Recall that it is possible to define one-variable terms af (z) fori=1,...,k
in the language of MV-algebras such that

ok J\_J 1 ifi+j>k,
t\k) 1 0 otherwise,
for every % € Li. These terms are called Moisil terms [8] and satisfy several
properties collected in the following lemma.

Lemma 4.3. For any MVy-algebra A and any a,b € A:
(a) a € B(A) if and only if a = o¥(a) for some 1 < i < k if and only if
a=o¥(a) forall1 <i <k,

(b) oF is a lattice homomorphism from A into B(A), for each 1 <i <k,
(¢) Uf(af(a)) = af(a) foralll<i,j <k,

(d) o7 (a) < of(a) <--- < of(a),

(e) if oF(a) = oF(b) for all1 <i <k, thena=1b.

We can now state and prove the result analogous to Lemma 4.2 that we
promised above.

Lemma 4.4. Given a k-valued Boolean space (X, p), there ezists a k-valued
homeomorphism dx: (X, p) — Xi(Cr(X,p)) given by ox(x)(f) = f(x) with
every f € Cp(X,p) and v € X.

Proof. Tt is trivially verified that dx is a well-defined mapping from X into
X(C(X, p)).

Let z1,29 € X for 1 # x5. Since X is a totally disconnected topological
space, there exists a clopen N in X such that ;1 € N but zo ¢ N. Consider
the characteristic function vy € Ci(X,p). Then dx(z1)(vn) = yv(z1) =1
but dx (22)(yn) = yn(z2) = 0. This shows that dx is injective.
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Consider h € X(Cx(X, p)), that is, h: Cr(X, p) — Ly is a homomorphism.
We will show that there exists € X such that dx (x) = h. This is equivalent to
showing that there exists x € X such that h(f) = f(z) for every f € Ci(X, p).
First suppose that for every x € X there is a clopen N, in X such that
x € N, and h(yy,) = 0. By compactness, there exist z1,...,2, € X such
that X = Ny, U---UN,, . Therefore,

1 =h(yx) =h(yn,, ® - &N,,) =hlw,,) @ - ©h(yN,,) =0,

a contradiction. This shows that there exists * € X such that for every clopen
N with 2* € N, h(yy) = 1 (recall that h(yy) must be a Boolean element in
L, since vy is a Boolean element in Cy(X, p)). Note also that if N is clopen
and z* ¢ N, then X \ N is also clopen and z* € X \ N, so h(yx\n) = 1 and
h(yn) = 0. This proves that h(yn) = yn(z*) for every clopen N in X. Since
B(Ck(X,p)) = {yv : N € Clop(X)}, we can rephrase the last statement as:
h(f) = f(a*) for every f € B(Cy(X,p)). Now consider an arbitrary element
f € Cr(X,p). For 1 <i <k we have

ot (h(f)) = hof () = o7 (f)(@*) = of (f(z*)).
Hence, h(f) = f(z*), as was to be proved.

We now prove that dx is continuous. Since a subbasis for the topology
on X, (Cr(X, p)) is given by Wy; = {h € X(Cr(X,p)) : h(f) = £} for f €
Cr(X,p) and 0 < i < k, we only need to show that d5' (W) is open in X.
But 6" (Wy;) = f~'(%) which is indeed open in X.

We have thus shown that dx is a continuous bijection. Since the spaces
considered are compact and Hausdorff, it follows immediately that §x is a
homeomorphism.

Let p’ be the meet-homomorphism from Div(k) into the lattice of closed sets
in Xi(Cr(X, p)); p' is given by p'(d) = {x € X(C(X, p)) : Xx(Cr(X, p)) C La}
for d € Div(k).

First we show that dx(p(d)) C p/(d) for every d € Div*(k). In fact, if z €
p(d), then dx(x)(f) = f(x) € Lq for every f € Cr(X,p). So dx(x)(Cr(X, p))
C L4 and 6x(z) € p'(d).

We also have to prove that 6" (p'(d)) C p(d) for every d € Div*(k). To
show that, let x & p(d). Let m be the greatest common divisor of the set
{n € Div(k) : x € p(n)}. Then p(m) = ({p(n) : © € p(n),n € Div(k)}, so
x € p(m). Note that for every n € Div(k) we have xz € p(n) iff m divides n.
Let U = N{X \ p(n) : m does not divide n,n € Div(k)}. Then U is open and
x € U. Since X has a basis of clopen sets, there is a clopen N such that x € N
and N C U. Consider f: X — Lj given by

% if z€ N,
f(z)_{ 0 ifzgN.
Since N is clopen, f is continuous. Let us see that f(p(n)) C L, for every
n € Div*(k). Indeed, if m divides n, then Ly, C Ly, so f(p(n)) C {0, =} C L.
\ p(n

If m does not divide n, then U C X \ p(n), so N C X \ p(n), and thus
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p(n) € X\N. In this case, f(p(n)) = {0} C L,,. This shows that f € Cr(X, p).
Now since # ¢ p(d), m does not divide d and éx(z)(f) = f(z) = L & Lq.
Hence 6x (z) ¢ p'(d), so = & 65" (p'(d)). O

We can now derive the following theorem.

Theorem 4.5. The contravariant functors Cy and Xy define a dual equiva-
lence between the categories Xy and IMY,.

Based on this result and using the MV-closure of a Wajsberg hoop, we
can now derive a topological duality for the category 209 of k-valued Wajs-
berg hoops. To this end, we define the category X; whose objects are triples
(X, p,u), where (X, p) is a k-valued Boolean space and w is a fixed element
in X such that u € p(1). A morphism in X}, between the objects (X1, p1,u1)
and (Xs, po, ug) is simply a k-valued Stone function f: (X1, p1) — (X, p2)
such that f(u;) = ue. Extending the duality given in Theorem 4.5, we may
derive, in a natural way, a dual equivalence between the category X} and the
category MY, i.e., the category whose objects are pairs (A, F'), where A is a
k-valued MV-algebra and F is a maximal filter of A such that A/F = Ly, and
whose morphisms h: (A1, F1) — (Az, F3) are homomorphisms h: A — Ay
such that h(Fy) C Fy. Again, as in the previous section, the category MY, is
easily seen to be equivalent to the category 209, of k-valued Wajsberg hoops
and homomorphisms. Composing both equivalences, we get a dual equiva-
lence between the categories X} and 20§;. We state this result as a separate
theorem.

Theorem 4.6. The categories 2§y, and X7, are dually equivalent.

Now, let €; denote the full subcategory of € whose objects are multisets
(X,0) such that o(x) < vy, for every x € X. Since both categories € and
X are dually equivalent to 91Uy, it follows immediately that € and X} are
equivalent. Analogously, the categories €} and Xj must also be equivalent,
being both dually equivalent to 20§.

For the sake of completeness, we will now describe explicitly the equivalence
between €, and X}, leaving the corresponding equivalence between €} and X7,
as an immediate corollary.

We will define a pair of functors A: €, — X, and B: X, — €, that define
the equivalence mentioned. The proof that these functors define indeed an
equivalence is straightforward.

For every object (X, o) in €, let A(X,0) = (X, p), where p is the function
from Div(k) into the lattice of closed subsets of X given by

pn)={re X :0(x) <vp}.
If f: (X, p) — (X', p') is a morphism in €, it is easy to show that f itself is
also a morphism in Xj. Hence we define A(f) = f.

Conversely, given an object (X, p) in Xy, we define B(X, p) = (X, o), where,
for every x € X, o(x) is the supernatural number corresponding to the greatest
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common divisor of the set {n € Div(k) : = € p(n)}. For each morphism
f:(X,p) = (X', p') in X, we define B(f) = f, since it may be easily shown
that f itself is a morphism in €.

This completes the definition of the equivalence between €5 and Xj.

4.3. Free k-valued Wajsberg hoops. As another application of the MV-
closure for a Wajsberg hoop A, we are going to characterize Freewy, (X),
the free algebra in the variety WHy, over a set X. For finite X, we get the
expression for Freewy, (X) as a product of algebras Ly, extending a result of
A. Monteiro.

Recall that a Boolean algebra B is said to be free over a poset Y C B if
for each Boolean algebra C and for each non-decreasing function f: Y — C|
f can be uniquely extended to a homomorphism from B into C.

The next theorem is proved in [3].

Theorem 4.7. B(Freeyy, (X)) is the free Boolean algebra over the poset
Y ={ok(x):2e€X,i=1,...,k}.

The proof of [3, Lemma 3.6] can be easily adapted to give

Lemma 4.8. Consider the poset Y = {o¥(z) : x € X,i = 1,...,k}. The
correspondence that assigns to each upward closed subset S C'Y the Boolean
ultrafilter Ug generated by the set SU{—y : y € Y\S}, defines a bijection from
the set of upward closed subsets of Y onto the ultrafilters of B(Freepy, (X)).

Given a set X and the poset Y = {0F(x) : z € X,i = 1,...,k}, we define
chains K (x) := {of(z) : j <i <k} for 1 < j < kand 2z € X. Clearly,
Kf(x)NKf(y) =0if x #yand 1 <i,j < k. We also have Y = |J, x KT (2).

Let R be the set of upward closed subsets of Y. Let

_ k -
Chy ={Kj(z):j=1,...,k} U{0}.
For each d € Div*(k) we define the set

C
Hg:{CEC’hx:#TeLd}
where #C denotes the cardinal of the set C.
For each d € Div*(k), we define Rq C Ry, such that S € Rqiff S = (J, .y C
for C, € HY.

We are now able to state the main result of [4].

Theorem 4.9. Freeyy, (X) is isomorphic to the algebra of continuous func-
tions f from the Stone space of the free Boolean algebra over the poset Y =
{oF(z) 12 € X,1 <i <k} into Ly, such that for each d € Div*(k) and each
S e Ry, f(US) € Ly.

We define, for each x € X and any upward closed subset S of Y,

. |0 if of(z) € S,
J25 7 max {ie{l,....k}:0F(z) ¢S} otherwise.



MV-closures of Wajsberg hoops and applications 229

Note that for each z € X, the function Z: Spec(B(Freeyy, (X))) — Ly cor-
responding to x by Theorem 4.9 is defined as follows:

k — jz,S

—

In Section 2 we showed that MV (Freewp (X)) = Freeyy(X). In the same
way we obtain the following result.

2(Us) =

Theorem 4.10. For every k € N, MV (Freewy, (X)) = Freeymy, (X). More-
over, Freewy, (X) = F(X) where F(X) is the filter generated by X within
FI‘eeka (X) .

Combining Theorems 4.9 and 4.10 we get:

Theorem 4.11. Freeywy, (X) is isomorphic to the algebra of continuous func-
tions f from the Stone space of the free Boolean algebra over the poset Y =
{oF(z) : 2 € X,1 < i < k} into £ such that f(Uy) = 1 and for each
d € Div*(k) and each S € Ry, we have f(Us) € Lq.

Proof. Set X = {Z : # € X} and let F(X) be the filter in the functional
representation of Freeyy, (X) given by Theorem 4.9 corresponding to F'(X).

~

Note that for every x € X, Z(Uy ) = 1. Hence f(Uy) =1 for every f € F(X).

Conversely, if f ¢ F(X), then f € —=F(X), so ~f(Uy) = 1 and f(Uy) = 0.

This shows that F(X) is characterized precisely by the fact that f(Uy) =
1. O

For finite X we can obtain an even more concrete characterization for
Freewp, (X). First we state the corresponding result for Freeyy, (X) given
in [4, Theorem 4.1].

Theorem 4.12. If X is finite,

Freeyv, (X) = [ E5*
deDiv(k)

where for each d € Div(k), ag = # (Rd \ Urepiv(a) Rk).

The characterization of finitely generated free k-valued Wajsberg hoops now
follows immediately.

Theorem 4.13. If X is finite,
Freews, (X) = L&' x [ Eg*

deDiv(k)
d#1

Remark 4.14. If #X = r > 1, then Y is a union of r chains of length 2.
Then #Ry = 3" and #R; = 2". It follows that Freeyy,(X) = L¥ x E3 ~%
which is the formula given by A. Monteiro in the early sixties. As a corollary
we obtain Freews, (X) = E2 ~! x £3 2,
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