ON THE GENERATING FUNCTIONS OF MERSENNE AND
FERMAT PRIMES

PABLO A. PANZONE

ABSTRACT. With the aid of Solomon Golomb formula we give closed formulas for
the generating functions of Mersenne and Fermat primes. A limit-type criteria for
the existence of an infinite number of such primes is given using these generating
functions.

1. INTRODUCTION AND RESULTS.

The arguments given to support conjectures about Mersenne and Fermat primes
are, as far as the author knows, of probabilistic nature (see [2] pgs. 19-28, [3],[8],[9]
and references therein).

The aim of this note is to give exact closed form formulas for the generating
functions of Mersenne and Fermat primes using Solomon Golomb’s formula [4].

We use this generating functions to give limit-type criteria for the existence of
an infinite number of such primes. Our main results are Theorem 1 (generating
functions for Mersenne and Fermat primes), Theorem 2 (criteria for existence of
such primes). Proofs are given in Section 3.

S. Golomb proposed a general method in number theory for dealing with general
conjectures. As an example he used his formula (1.2) to show in [4] a formal proof
of the twin prime conjecture. His proof only lacked a powerful enough abelian the-
orem. Our results are discussed in Section 2 in this spirit with a tentative heuristic
argument. In some sense Golomb’s method may be viewed as a generalization of N.
Wiener proof of the prime number theorem.

We denote the set of Mersenne and Fermat primes by M and F respectively,
that is, primes of the form 2" — 1 and 2" +1 . Thus M = {3,7,31,127,...}
and F = {3,5,17,257,65537,...}. Many Mersenne primes are known but only
five Fermat primes are known (those stated). Observe that the number 3 is both a
Fermat and a Mersenne prime. The following two facts are well-known: if 4 < 2" +1
is prime then n is a power of 2 and if 2" — 1 is prime then n is prime.

This note is self-contained and in Lemma 1 we give a slight generalization of
Golomb’s formula for a special case .

Our notation is as follows. For a natural number m we write m = pi'---p,’
where p; are distinct primes and r; > 1 (we shall use always p for a prime number).
We denote by v(m) a completely additive function i.e. a function defined at
positive integer numbers such that v(a) + v(b) = v(ab). From this one sees that
v(m) =rv(p1)+ ... + rev(pe), v(1) = 0. At the other hand, any function f defined
only at prime numbers may be extended to give a (unique) completely additive
function defining v(1) = 0 and v(m) = r1f(p1) + ... + ref(pe). We write as usual

Research supported in part by Conicet.



2 PABLO A. PANZONE

w(m) = £ and ((s), u(d), A(d) stand for the Riemann-Zeta function, the M&bius
function and the von Mangold function respectively (see [7]). Finally we recall the
definition of theta functions (see [1]),

Os(g) = > ¢, alq) = 0s(—q),

n=—oo

[e.9]

)= Y 0

n=—oo

The following is a slight generalization of Golomb’s formula.

Lemma 1. Let g(n,m) be any complex or real function of the positive integers
n,m and v(d) any completely additive function. Then

/-1
S (5 ; 1)g<j FLm)t

7=0

14
Y udprA(d)glw(d),m) =Y o) H
i=1

dlm:p’{l pzz

0—2

(=2 ,

2 Y vl 1 (" ot 2om)

1<i<j<t =0 J

Example. If we set g(n,m) = 2™ and v(d) any completely additive function then
we get

S u(d) ()@ = (L1)

e T
d‘m:pll "'pzé

—xv?(py),if ¢ =1
= —x(1 —2) (2 (p1) + v2(p2)) + 2220 (p1)v(p2), if £ = 2
a1 = 0) N (D e VA1) + 21— 2) 225 vl (py), L > 2.
If one puts x = 1 one gets Golomb’s formula which is not zero only when ¢ =
1 or 2. Indeed one has

v (p1),if€ =1

oo oud) Ad) =14 2v(p)v(p), if 6 =2 (1.2)
dlm=p}'--py* 0, if¢ > 2.

Using this, one proves the following key lemma:

Lemma 2. Let m = n? — 1, with nodd > 1. Set a,, = > djm H(d) v2(d), where
v(d) is any completely additive function. Then a,, is zero unless the following is
true:

i) m =8 and then ag = —v>*(2).

i) m = (2p+ 1)2 — 1 where p is a Mersenne prime and then a,, = 2v(2)v(p).

ii) m = (2p — 1) — 1 where p is a Fermat prime and then a,, = 2v(2)v(p).

i) m =288 =2°32 =n? — 1 =172 — 1 and then azss = 2v(2)v(3).
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Recall that we denote the set of Mersenne and Fermat primes by M and F
respectively. Using Lemma 2 one can prove the following closed form formulas (we
warn the reader that there is some clash of notation for the variable z used and
theta functions)

Theorem 1. i) Let v(d) be any completely additive function such that v(d) =
O(d*) for some 0 < k. If |z| < 1 then

)2 T+ Y wp) T Y wp) P =

peEM peF
00 ow(d)
SO CR ) S 09
d=3;d odd

where 1 < a1 < ag < az < ... < Ggua)_1 < 2d, Ggua) = 2d+1 are a complete system
of odd solutions of the congruence a®> = 1 modd (d odd).

it) The same hypothesis as in i). If x is the non principal Dirichlet character mod
4, that is x(1) =1, x(2) =0, x(3) = —1, x(4) =0, and |z| < 1, then

32T+ Y wp) 2 =Y w(p) L =

peM peF

00 ( ow(d)
= > G =) (1.4
d=3;d odd

iii) Let r be a fixved real number such that 0 <t <r <1 and v, an anticlockwise

circle of radius r centered at zero. Set H(w) := Y >, h(m)w™; > 70, hm"sl
'(s '(s 03(q)—0

_(CC((S)))/ + (%)2 and G(q) = 3(!1)4q 4(0) _ 1
Then

—log?2 t® + 2log 21og 3 t?% 4 21og 2 Z log p A1) 4 2log 2 Z log p ¢4p(p=1)

peM peF
1 t. dq 1 t. dg
— H(q)G(-)— = — GgH(-)—. 1.5
=5 | BT =5 [ con)T (15)

iv) With the same notation as in i). Let x be the non principal Dirichlet character
mod 4. If d =pi*---p)*, |z| <1, then

S <>+zzlxpz =
2 Yoo Yt e }{Z (1.6)
3<pe F d=3;d odd

Remarks: Notice that in (1.3), (1.4) or (1.6)

a1 + Gouw(@)_g = G2 + Ggu(@)_3 = a3 + Qgu(d)_4 = .- = 2d, (1.7)
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a2""<d)71 == 2d — 17

vV 2d + 1 S ai.
This last inequality shows, for example, that > 5% ;4 [1(d) 1”_(52)61 {Z?i(ld ) 2%} is
convergent for |z| < 1 (at least). The same holds for the series in (1.4) and (1.6). Of
course one may add or subtract formulas (1.3) and (1.4) to give other closed form
formulas for Mersenne or Fermat primes alone.
Also we notice that in (1.5) the function G(q) transforms like ([1] pg. 40)

G(efyrr) . O3(e7Y™) — O4(e™¥7™) i 93(6—7r/y) _ 92(6—7r/y) ,
- 46—971' - 4\/@6—11” .

Using Theorem 1 one can obtain the following criteria:

Theorem 2 (Criteria for Mersenne-Fermat primes).  Let v(d) be any
completely additive function such that v(d) = O(d*) for some 0 < k. Also let
l1<ar <ag <az<..<agua_q <2d, Gy =2d+1 be a complete system of odd
solutions of the congruence a®> = 1 modd (d odd).

Assume that it is not true that

ow(d)

_ = w(d)v(d) .
lim,_— Z 5 5T 1 Z 2%} =0. (1.8)
d:&doddl—i-z—kz +...+z o

Then M| F is infinite.

2. DISCUSSION.

Our first observation is that if v(p) = 1 then formula (1.8) is indeed true: clearly
Zp 2% = O(ZZZI 221) when p runs through all the Mersenne and Fermat primes.

Now, noting that 2121 22 <m-1+ leo 22" =m -1+ 1% for any 1 < m,

—Z
we see that

1 C
. . 17 2p+1 2p—-1 i ) =
leq{(l 2)|z7" + E z + E z | < C’thli(l 2)1 — o = om-
peM peF

The result follows by making m — oo and using Theorem 1 i).

Next it is interesting to note that if v(p) = p one expects the limit of (1.8) to be
non zero. We discuss this from a formal viewpoint. Formal here means to take the
limit termwise in formula (1.8) (or other formulas) and evaluate the resulting series.

We give now a non rigorous argument showing that the resulting series in (1.8)
is not zero. Indeed the left hand side of (1.8), with the choice v(p) = p, is equal to
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0o wd) . 0o
. DT 2y AD2D(py 1+ p)
imaie D T+z+..+2201 2. 2 ’
d=3;d odd;d=p1---pe

d=3;d odd
where p; # p; and we have written = meaning a formal equality.
Define function P(t,z,s) for 0 < s,z;0 < t < 1, as follows:
2UP 1 o, pu(d) 29 Dprtetpe
R CUEE R

1
P(t,.T,S) = §H2<p,prime§x(1 P
As we shall see, the

where 3 indicates a certain finite sum over d = py---py

following lemma holds.

Lemma 3.
) OP(t,z,1)
(The double limit here means: for any integer N there exists § > 0 such that

|%|>Nif1—6<t<1andx>%).
But one has formally

oP(tx,) }Z,u(d)?’(d) (P14 o+ po)t? P
d

I
tﬂlflglﬂoo ot t—1—,x—o00 2
i u(d)2°D(py + ... + py)
2d '
d=3;d odd;d=p1...pe
Therefore this non rigorous argument gives that, with the choice v(p) = p, one

has

o w(d) -
. pld)v( {372, =)
D Dl ST
d=3;d odd F TR
Proof of Lemma 3: Let 32" =%, . ., then
_OP(t,x,1)

ot
2P 2tP } : tP E !
ea:p{Z” log(1 — ?) + ”?}eajp{—Q HE}( //1 -
Z P

A(t,z)B(t,z)C(t,x).
Now limi—1— g0 A(t, z) = exp(3_ %, log(1 — %) + %) £ 0.
Next assume 3 <z, 1/2 <t < 1. Then C(t,x) > Z” tP? and using this, one has

)=

B(t,z)C(t,x) > L:g, m = min{z, —}.
log”m 1—-1¢

In fact, this follows from ZH % < log log =, ZH P> @ if x < ﬁ and ZN %
1
P D 1 "
Yocperl B Y e, i < loglog(rly) + O(1), T 9 2 Yy e 1 17>

log i3

1—-t

1
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if x > %t These inequalities are obtained using the prime number theorem and

I
Mertens formula >, % = log log ty + O(1). O

3. PrROOFS.
Proof of Lemma 1: Set m = pi*---p,* and m/ = p; ---p;. Then

> udA(d)g(w(d),m) =Y pld)r*(d)g(w(d),m)

dlm djm’

and using the fact v(d')? = (> piar v(p))? = 2 opld v(p)? + 2> g v(P)V(q) if d'|m’
one gets

> u(dpA(d)g(w(d),m) =

djm’
= v®)? D pdgw(d +1,m)+2 > vipvle) > wd)glw(d) +2,m)
p|lm’ dim’/p pq|m’ d|m’ /pq
and the result follows. O

Proof of Lemma 2: Let m = n? — 1. Since n is odd, (n — 1,n +1) = 2 and
then, in order to make w(m) < 2, we must have either n = 28 +1 and n + 1 = 2¢%,
orn=2F—1and n—1 = 2p°, for some p and ¢ prime number and any positive
integers k, a, b. In the first case we end up with the equation 251 +1 = ¢® which, by
the proof of Catalan’s conjecture, is not possible unless a = 2,q = 3,k = 4, which
is (iv), £ = 1 which is (i) or a = 1 and ¢ a Fermat prime which gives (iii). In the
second case, we have 2°=1 — 1 = p® which again is not possible unless b = 1 and p
is a Mersenne prime, which is (ii). The result follows. O

Proof of Theorem 1: i) It is an immediate consequence of Lemma 2 that

—1%(2)2% 4+ 20(2)v(3) 27 + 2v(2) Z v(p) 227+t 4 20(2) Z v(p) 21 =
peM peF

o0

S 2D w@r(d)} =) pldr(d)y ) 20y =
d=1

n=3,n odd dln2—1 a?=1(mod d); a odd>3

> u(d)A(d)y > 23 Y uwd)AdA > 2%}
d=1;d odd a?=1(mod d);a odd>3 d'=1;d’' even a?=1(mod d'); a odd>3

=> +) .

odd  even
But (recall v(1) = 0)
< dprd) AR,
I V!

odd  d=3;dodd j=1
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where 1 < a1 < az < az < ... < Ggu@_q < 2d, agu@ = 2d + 1 are the odd solutions
of the congruence a® = 1 modd (d odd).
Also, putting d’ = 2d in the ) sum, one gets

eEven

Yo=Y pedyd{ > 2"} =

even  d=1;dodd a?=1(mod 2d); a odd>3

1— 22 + Z /L(Qd)llQ(Qd){ Z za} —

d=3;d odd a?=1(mod 2d); a odd>3

3 ow(d)

_”2(2)1_Z2+ Z u2d Z2d {Z

Notice in this last formula that ,u(2d)1/ (2d) = —u(d)(y(Z) + v(d))?. Taking into
account this equality, add the ) _ . sum and the ) _,, sum to obtain the following
result:

Let v(d) be any completely additive function such that v(d) = O(d*). Then if
|z| < 1

—14(2)2% + 2v(2)v(3)217 + 2v(2) Z v(p) 22+ 4 20(2) Z V(p) 2P~ 1 =

peM peF
23 > v v 20
= _y2(2)m —v(2) Y. uld ){2 (1)+ }{Z (3.1)
d=3;d odd

Take in (3.1) the completely additive function v defined by f (p) = 0 for any prime

p > 2, f(2) not zero and extended in the usual way as explained in the introduction.
This yields

3 00 qw(d)

s v > o d{z (3.2)

d=3;d odd

—v(2)%23 = —1%(2)

After subtracting (3.1) from (3.2) and some simplification, one gets i).
ii) If one takes z = iz with 0 < x < 1 in i) and divides by i, one gets

v(3)z' = " vp) e+ Y v(p)a® ! =

peM peF
o0 ( ow(d)
== D szd{z (a;)z%},
d=3;d odd

a formula which is indeed true by analytic continuation for |z| < 1.

iii) Recall that the Hadamard product of two functions H(t) = Y " a,t" , G(t) =
S5 But™ is defined by H(t) @ G(t) = >¢° anB,t™ which is equal to 5 f% H(q)G(t/q)%
using Cauchy formula, under suitable conditions for t,r, oy, 8,, which are met in
our case.
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Now we take the Hadamard product of G(2) = 3732, .44 271 and H(z) :=
oo 1 h(m)z™ where

:Z,u( Ylog?d = Zu log ) +log m)? =

dlm dlm

d
Zu 210g )log m + logQ(%)) = —2log m A(m) + p* log?(m),
dlm

h(m)
mg

and * is the arlthmetlcal convolution. From the last formula one sees that »_7°

"(s)yr . ¢"(s)
~2(55) + -
Thus in this case

ARG = Y hn?-1)" =

n=3;n odd
—log?2 28 + 2log 2log 3 28+
+21og2 > logp L)1 L9 1009 Y logp =121

peM peF

the last equality follows from Lemma 2 (with v(d) = log(d)). After some slight
simplification, iii) follows.
iv) Set L, (z) := v(3)27 + > pemv(p) 22 > per?(P) 2?P~1 Then

where the completely additive functions v; are defined for prime numbers as vy(p) =
1, v1(p) = x(p). Now use (1.3) to get iv) of Theorem 1. O

Proof of Theorem 2: Multiply (1.3) by (1 — z). If the number of Mersenne
and Fermat primes were finite then the left hand side of (1.3) would tend to zero
as z — 1—. Thus, from the right hand side of (1.3) one would obtain (1.8). This
finishes our proof. O

4. FINAL REMARKS.

We write f1(z) ~ fa(z) as z — 1— (meaning that both functions behave in a
similar way as z — 1—) if lim,_,1_ f1(2) — f2(z) = a for some real number a.
We make an observation of Theorem 1 (i) : is it true that, for some choice of v,

00 2w (d) 00

> ow ZM{Z e Y AT (20 22 422, a)

d=3;d odd d=3;d odd

as z — 1—7
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The reason for this is that, with the notation of Theorem 1 i) and using (1.7),
the polynomial

qw(d)
Pygyr(2) i={ ) 29} = {(2°@ = 2)27 + 227},
j=1

of degree 2d + 1 has a double zero at z = 1. Indeed, Py 1(2) = (2 — 1)2224 1 if d
is prime.

Set go(2) = — > >3.noddn=pr %" - For v(n) = w(n) the right hand side of formula
(4.1) can be written in closed form. In this case, we prove below the following

lemma.
Lemma 4. If |z| < 1

S sld) D (240 st 02y

1 — z2d
d=3;d odd o

—2{g0(2) = g0(z*) = g0(z") =90 (z*) = g0 (z'®) = ...} +2 Z w(n)(—1)*M2". (4.2)
n>3;n odd

Thus using Theorem 1 i) this raises the following
Question. Let go(z) be defined as above. Is it true that

1+ Z 22p+1+ Z Z2p—1 ~

pe M pe F

2{g0(2) — 90(2*) — go(2*) — go(2%) — go(2"°) — ..} +2{ Z w(n)(—1)*H Y,
n>3;n odd
(4.3)
as z — 1-7
Proof of Lemma 4: Set g(w) := 3777 , 54a(>_qp, ba)w™. Then, in general,

wd 00 00
D biyTga= 2L Qb+ () o=
d>1,d odd n=1, nodd d|n n=2, neven d|n, dodd

g(w) + g(w?) + g(w?) + g(w®) + g(w'®) + ...

and also

d

z
Z bdm = g(2).

d>1,d odd

Thus using these formulas, with w = 22, and noticing that

0,ifn =1
S (@ (d2D = 20(n) (=1 S p(dwld) = {1, ifw(n) = 1
dln dln 0, ifw(n) > 1

one sees that the right hand side of (4.1), with v(n) = w(n), is equal to



10 PABLO A. PANZONE

d 0 2d 0 d
z z y z
—2 Z a2 > pld)o(d) =5+ > p(d)w(d)2 <d>m
d=3;d odd d=3;d odd d=3;d odd
= —2go(2) + 2{g0(2") + go(z") + 0 (z*) + .} +2 D w(n)(-1)*"2",
n>3;n odd
where gg is the function g in case by = p(d)w(d). O

The referee suggested the following formula: let g(n,m) be any complex or real
function of the positive integers n,m and v(d) any completely additive function. If
m’ is square free then

/-1
S wlawtad gty m) = 3 v S gtr+ 1) (1)
dlm’ plm r=0
K 2 /—9
13 Y (wlp)ula) + sr+2m(* %)
palm/ ’“:0
-3 /3
+6 > u( (s) ) (—n)H! 7“+3m)< )
pgslm’ r=0 "

This identity may be proved along the lines of the proof of Lemma 1 using the
. . k k
identity (3_j_; z;)3 =7 =1 543 1<z<]<k($ i+ x5w;) + 6 1<i<j<s<k TiTiTs.
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