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ON THE NUMBER OF SOLUTIONS OF SYSTEMS OF CERTAIN
DIAGONAL EQUATIONS OVER FINITE FIELDS

MARIANA PEREZ'"® AND MELINA PRIVITELLI!?

ABSTRACT. In this paper we obtain explicit estimates and existence results on the number
of F,-rational solutions of certain systems defined by families of diagonal equations over
finite fields. Our approach relies on the study of the geometric properties of the varieties
defined by the systems involved. We apply these results to a generalization of Waring’s
problem and the distribution of solutions of congruences modulo a prime number.

1. INTRODUCTION

Let F, be the finite field of ¢ elements. It is a classical problem to determine or to
estimate the number N of [,-rational solutions (i.e. solutions with coordinates in IF))
of systems of polynomial equations over F, (see, e.g., [24]). Particularly, the systems of
diagonal equations

CL11Xfl1 +a12X'212 +ot ap X =

(1 1) ang{ll +CL22X§2 + -+ CLQtht = by

aanfl +an2X§lQ +-+ antXtdt = by,

with b1,...,b, € F,, have been considered in the literature because the study of its set
of F,-rational solutions has several applications to different areas of mathematics, such as
the theory of cyclotomy, Waring’s problem and the graph coloring problem (see, e.g. [21]
and [24]). Additionally, information on the number N is very useful in different aspects of
coding theory such as the weight distribution of some cyclic codes ([36] and [37]) and the
covering radius of certain cyclic codes ([16] and [23]).

The case n = 1 has been extensively studied. In general, there are no explicit formulas
for the number N, except for some very particular diagonal equations satisfying some
conditions over the exponents and the coefficients (see, e.g., [24]). For this reason, many
articles focus on providing estimates on the number N (see, e.g. [21, 24, 34]). In [25],
we obtain existence results and estimates on the number of F,-rational solutions of some
variants of diagonal equations.

In comparison with a (single) diagonal equations, there are much fewer results about the
number of [F,-rational solutions of systems of the type (1.1). There are explicit formulas
for the number N for some very particular cases (see, e.g., [3] and [35]). A. Tietévéinen
provides existence results for some special families of systems of type (1.1) (see [29, 30, 31,
32]). In [27] and [28] K. Spackman, using elementary methods involving character sums,
obtains the following estimate which holds under certain conditions on a parameter which
measures the extent to which the coefficients’ matrix is non-singular over F;:

N =g+ O(qD12),
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2 M. PEREZ AND M. PRIVITELLI

where the implied constant depends only on di,...,d;,n and ¢, but it is not explicitly
given.

In this article we obtain an explicit estimate on the number N using tools of algebraic
geometry. More precisely, for n, k < ¢, we consider the following more general system:

6L11Xfl1 +a12X§2+-~+ an X = g1(X1, ..., Xp)

(1 2) aleiil +CL22X512+"'+ a2tXtdt 292(X17"'an)

am X a0 XP 44 a X = gu (X1, ..., Xp),

where g1,..., 9, € F[X1,..., X}] aresuch that g; € F, for 1 < j <nor0 < deg(g;) < d; for
1 < j <n and there exists 1 < i < n such that 0 < deg(g;). Let V' C A" be the F,—variety
defined by the polynomials f; := alefll + angde + -t athft —gi(X1,..., Xy), 1 <
j < n. In order to estimate the number of [F,-rational points of V' we consider pcl(V'), the
projective closure of V. We provide a suitable bound for the dimension of the singular
locus of pcl(V) which allows us to prove that pcl(V) is a singular complete intersection
whose singular locus has codimension al least 2. Then, applying estimates on the number
of F,—rational points of projective singular complete intersections [13], we provide the main
result of this paper.

Theorem 1.1. Let dy > --- > dy > 2, and char(F,) does not divide d; for 1 < i < t.
Suppose that every (n x n)—submatriz of the coefficients’ matriz has rank n. We have the
following estimates on N :
o Ifgi € F, andn <t — 2, then:
{N . qtfn} < qit*g“ (6nd1)t+1.
e If0 <deg(g;) < d; and there exists 1 <i < n such that deg(g;) >0, n <t—k—1
and k <t —2 then:

t—n+k

‘N_qt—n| < ¢ (Gndl)tH.

We also show that we can replace Xfi by hi(X;) for 1 < i <t where h; € F,[T] and
deg(h;) = d;. In particular, we examine the case where h;(X;) is the Dickson’s polynomial
Dgy,(Xi,a) over [, of degree d; with parameter a € F, and we obtain a similar result to
Theorem 1.1 for this case.

The paper is organized as follows. In Section 2 we collect the notions of algebraic
geometry we use throughout the article. In Section 3 we study the geometric properties of
the varieties associated to the system (1.2) and we settle Theorem 1.1. As a consequence,
we obtain existence results of [,-rational solutions of these type of systems. We also study
a particular example when g; = binc” - Xy — a; (the generalized Markoff-Hurwitz-
type equations systems). In Section 4 we consider some variants of systems of diagonal
equations, such as the Dickson’s equations. Finally, in Section 5 we study two applications
of our estimates: a generalized Waring’s problem over finite fields and the distribution of
solutions of systems of congruences module a prime number.

2. BASIC NOTIONS OF ALGEBRAIC GEOMETRY

In this section we collect the basic definitions and facts of algebraic geometry that we
need in the sequel. We use standard notions and notations which can be found in, e.g.,
[19], [26].

Let K be any of the fields F, or Fq, the closure of ;. We denote by A" the affine r—
dimensional space E" and by P” the projective r—dimensional space over E. Both spaces
are endowed with their respective Zariski topologies over K, for which a closed set is the

zero locus of a set of polynomials of K[X1,..., X,], or of a set of homogeneous polynomials
of K[Xo,..., X,].
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A subset V' C P" is a projective variety defined over K (or a projective K—variety for

short) if it is the set of common zeros in P of homogeneous polynomials Fi,..., F,, €
K[Xo,...,X,]. Correspondingly, an affine variety of A" defined over K (or an affine K-
variety) is the set of common zeros in A" of polynomials F1,..., F, € K[Xi,..., X,]. We

think a projective or affine K—variety to be equipped with the induced Zariski topology. We
shall denote by {F} =0,...,F,, =0} or V(Fi,...,F,,) the affine or projective K—variety
consisting of the common zeros of Fi, ..., Fy,.

In the remaining part of this section, unless otherwise stated, all results referring to
varieties in general should be understood as valid for both projective and affine varieties.

A K—variety V is irreducible if it cannot be expressed as a finite union of proper K-
subvarieties of V. Further, V is absolutely irreducible if it is Efirreducible as a Efvariety.
Any K-variety V can be expressed as an irredundant union V= C; U --- U Cy of irre-
ducible (absolutely irreducible) K—varieties, unique up to reordering, called the irreducible
(absolutely irreducible) K—components of V.

For a K—variety V' contained in P" or A", its defining ideal I(V') is the set of polynomials
of K[Xo,...,X,], or of K[X7,...,X,], vanishing on V. The coordinate ring K[V] of V is
the quotient ring K[Xy,..., X;]/I(V) or K[X1,...,X,]/I(V). The dimension dim V" of V'
is the length n of a longest chain Vo & Vi & --- &V}, of nonempty irreducible K-varieties
contained in V. We say that V' has pure dimension n if every irreducible K—component of
V' has dimension n. If W is a subvariety of V', then the number dim V' — dim W is called
the codimension of W in V. A K—variety of P or A" of pure dimension r — 1 is called a
K—hypersurface. A K-hypersurface of P (or A") can also be described as the set of zeros
of a single nonzero polynomial of K[Xj,..., X,] (or of K[X1,..., X,]).

The degree deg V' of an irreducible K—variety V' is the maximum of |V N L|, considering
all the linear spaces L of codimension dimV such that |V N L| < co. More generally,
following [17] (see also [11]), if V = C; U---UC;s is the decomposition of V into irreducible
K-components, we define the degree of V' as

S
degV := Z deg C;.
i=1
The degree of a K-hypersurface V is the degree of a polynomial of minimal degree defining
V. We shall use the following Bézout inequality (see [11, 17, 33]): if V and W are K-
varieties of the same ambient space, then

(2.1) deg(VNW) < degV - degW.

Let V. C A" be a K—variety, I(V) C K[X1,...,X,] its defining ideal and z a point of
V. The dimension dim, V' of V' at x is the maximum of the dimensions of the irreducible
K-components of V' containing z. If I(V) = (Fy,..., Fy,), the tangent space T,V to V
at x is the kernel of the Jacobian matrix (0F;/0X;)1<i<mi<j<r(x) of Fi,...,Fy,, with
respect to Xi,..., X, at . We have dim 7,V > dim, V (see, e.g., [26, page 94]). The
point x is regular if dim 7,V = dim, V'; otherwise, x is called singular. The set of singular
points of V' is the singular locus of V; it is a closed K—subvariety of V. A variety is called
nonsingular if its singular locus is empty. For projective varieties, the concepts of tangent
space, regular and singular point can be defined by considering an affine neighborhood of
the point under consideration.

2.1. Rational points. Let P"(If;) be the r—dimensional projective space over F, and A" ()
the r—dimensional [,—vector space . For a projective variety V' C P" or an affine variety
V C A", we denote by V(I,) the set of F,-rational points of V', namely V() := V NP"(E,)
in the projective case and V(F,) := V N A"(I,) in the affine case. For an affine variety V'
of dimension n and degree §, we have the following bound (see, e.g., [1, Lemma 2.1]):

(2.2) \V(E,)| <dq".
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On the other hand, if V is a projective variety of dimension n and degree J, then we have
the following bound (see [13, Proposition 12.1] or [2, Proposition 3.1]; see [20] for more
precise upper bounds):

V()| < 0pn,

where pp, == q¢"+¢" 1+ +q+1=P"(E)|

2.2. Complete intersections. Elements Fi,..., F,, in K[Xy,..., X,] or K[Xy,..., X,]
form a regular sequence if F} is nonzero and no Fj is zero or a zero divisor in the quotient
ring K[ X1, ..., X, |/(F1,...,Fi_1) or K[Xo, ..., X, ]/(F1,..., Fi_1) for2 <i<m. Insuch a
case, the (affine or projective) variety V := V(F},..., F};,) they define is of pure dimension
r —m, and is called a set—theoretic complete intersection. Furthermore, V is called an
(ideal-theoretic) complete intersection if its ideal I(V') over K can be generated by m
polynomials. We shall frequently use the following criterion to prove that a variety is a
complete intersection (see, e.g., [10, Theorem 18.15]).

Theorem 2.1. Let F,..., F, € K[Xy,...,X,] be polynomials which form a regular se-
quence and let V := V(Fy,...,F,) C A". Denote by (OF/0X) the Jacobian matriz of
Fy, ..., F,, with respect to X := (X1,...,X,). If the subvariety of V defined by the set
of common zeros of the maximal minors of (OF /0X) has codimension at least one in V,

then Fy,. .., F, define a radical ideal. In particular, V is a complete intersection.

If V C P" is a complete intersection defined over K of dimension r—m, and FY, ..., F}, is
a system of homogeneous generators of I(V'), the degrees di, ..., d,, depend only on V' and
not on the system of generators. Arranging the d; in such a way that dy > dy > -+ - > d,p,
we call (dy,...,dy,) the multidegree of V. In this case, a stronger version of (2.1) holds,
called the Bézout theorem (see, e.g., [15, Theorem 18.3]):
(2.3) degV =d; - dp.

A complete intersection V is called normal if it is reqular in codimension 1, that is, the
singular locus Sing(V') of V has codimension at least 2 in V', namely dim V' —dim Sing(V') >
2 (actually, normality is a general notion that agrees on complete intersections with the
one we define here). A fundamental result for projective complete intersections is the
Hartshorne connectedness theorem (see, e.g., [19, Theorem VI.4.2]): if V' C P is a complete
intersection defined over K and W C V is any K-subvariety of codimension at least 2,
then V' \ W is connected in the Zariski topology of P" over K. Applying the Hartshorne
connectedness theorem with W := Sing(V'), one deduces the following result.

Theorem 2.2. If V C P" is a normal complete intersection, then V is absolutely irre-
ducible.

3. SYSTEMS OF DIAGONAL EQUATIONS

Let t,n,dy,...,ds, k be positive integers such that n,k < ¢, dy > --- > dy > 2, and
char(F;) does not divide d; for 1 < ¢ <t. Let X1,...,X; be indeterminates over F, and
let g1,...,9n € F[X1,...,X] such that g; € F, for 1 < j < n or 0 < deg(g;) < d; for
1 < j < n and there exists 1 <1i < n such that 0 < deg(g;).

We consider the following system of n deformed diagonal equations with ¢ unknowns

(,‘Lll)(ii1 —HlnggQ + -+ altXtdt = gl(Xl, ey Xk)
(3.1) an X' HanXP + 4+ anX = ga(X1, ... Xy)
am X' Hana X5 4+ am X = ga( X, ..., X).
Let A = [a;;] € F*" be the coefficients’ matrix of the above system. Assume that A
satisfies the following hypothesis:
(H) Every (n x n)-submatrix of A has rank n.
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Let N denote the number of F,-rational solutions of (3.1). The purpose of this paper is
to give an estimate on the number N. To do this, we consider the following polynomials
fi € Bl X1, ..., Xy

fj = alefl + angSQ + -+ athtdt — gj(Xl, . ,Xk), 1< <n.
Without loss of generality and in order to be more clear in the exposition of the proofs,
throughout this section we can assume that deg(g;) >0, 1 <j<norg; €F,1<j<n.

Let V :=V(f1,..., [n) C Al be the F,affine variety defined by f1,..., f,. We shall study
some facts concerning the geometry of V. From hypothesis (H), the principal minor of A

aix -+ Qlp

ap1 -+ Gpp

has rank n. Therefore, there exist an invertible matrix M € IEZLX" and a matrix B € Fq"Xt
such that M - A = B and

by -+ by, -0 byt
B=| i . 5
0 - bup -+ bu
Let V C A? be the [F,— affine variety defined by

af! g1
V::{(xl,...,xt)GAt:B- = }a

g1 g1

where | : | =M-| : |, namely V=V (f1,..., fn) C Al is the [F,affine variety defined
gn dn

by fi = b X5 4 4 by X% — g, for 1 < j <.

Remark 3.1. It is clear that V = V and (fi,--y fn) = (fl, A fn) Indeed, if x € V then

35(1][1 9
A+ | =1
mft 9n
Multiplying both sides of the last equality by M and taking into account that M - A = B
g1 g1
and | : | =M - | : |, we have that x € V. On the other hand, the proof of V C V is
gn In
fi A
similar. Finally, (f1,...,fn) = (fl, .. ,fn) follows from that M - [ : | = | ¢ | ,and M
fn fa

is an invertible matrix.

Theorem 3.2. V is a set-theoretic complete intersection of pure dimension t — n.

Proof. Observe that fl, cees fn form a regular sequence of ;[ X1, - - -, X;]. Indeed, consider
the graded lexicographic order of F,[Xy,---,X;] with X; > --- > X;. With this order
we have that Lt( f]) = bij;-lj , where Lit( f]) denotes the leading term of the polynomial

fj. Thus Lt( fl), oo Lt( fn) are relatively prime and then they form a Grobner basis of
the ideal J generated by f;, 1 < j < n (see, e.g., [8, §2.9, Proposition 4]). Hence, the
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initial of the ideal J is generated by Lt( fl), oo Lt( fn), which form a regular sequence
of F,[X1,..., Xy]. Therefore, by [10, Proposition 15.15], the polynomials fi,..., fn form
a regular sequence of F,[X,..., X;]. We conclude that V(fl, ce fn) is a set complete
intersection of A’ of pure dimension ¢t — n. O

Let C be the following set of A’:

(3.2) C:= {x € V: rank (%) (x) < n},

where the (n x t)—matrix 3—)’2 is the Jacobian matrix of the polynomials f;, 1 < j < n, with
respect to X := (Xy,...,X;). Suppose that g; € F, or 0 < deg(g;) < di, 1 <j<n.
Assume that A, the coefficients’ matrix of the system (3.1), satisfies the hypothesis (H).
Observe that 5
o),
where M is a (n X k)—matrix defined by

di—-1 , 9 dp—1 , 0
a11d1X11 + —8)%11 cee alkdekk =+ 3;&
M1 = .
di—1 Agn dp—1 Ogn
anllell + BLEQ tee ankdek’“ + a}q(k

and My is a n x (t — k)-matrix defined by

dpy1—1 di—1
ark+1dk+1 X5 e apdi Xyt
MQ = .
djpq X et dy X!
Ank+10k+1X ) T Qpplp Ay

Proposition 3.3. Assume that n < t — k + 1. The dimension of C is at most k — 1 if
deg(gj) > 0 for 1 < j < n and this dimension is 0 if g; € F, for 1 < j < n. In particular,
if V is a singular variety, the dimension of the singular locus of V s at most k — 1 or it
1s 0 respectively.

Proof. Let x € C. We claim that x has at least t —k—n+1 coordinates equal to zero among

the coordinates xg41, ..., ;. Indeed, if x has at most ¢ — k — n coordinates equal to zero
among the coordinates x4 1, ..., 2; then x has at least n nonzero coordinates. Suppose that
these coordinates are xxi1,...,Tkrn. Then, we consider the following (n x n)-submatrix
of Ms(x):
dpyp1—1 diyn—1
a1k 1dp 1T, c Qi Ty
My n(x) = : : :
dpy1—1 dgyn—1
ank+1dk+1xk+1 ank+ndk+n$k+n

We have that Ms ,(x) can be written as follows:

dk+1—1
a1p+1dpt1 oo a1k+nditn T e 0
(3.3) My (x) = : : : : :
Ank+1 korl e ankJrnkorn 0 le_"’fn"il

From (H) and the fact of d; # 0 for all 1 <i <t, the determinant of

arg1dis1 o a1k4nitn

ank+1dk+1 e ank+ndk+n
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is nonzero. On the other hand, since x; # 0 for k + 1 < i < k + n we have that the
determinant of the diagonal matrix of the right side of (3.3) is nonzero. Hence Ms(x) has
rank n and so %(x) does.

Therefore, we observe that

(3.4) c= J cw,

IC{k+1,...,t}

[I|>t—k—n
where C(I) == {x € C : z; = 0,7 € I}. In order to estimate the dimension of C,
we first consider C'(I) with [I| =t —n —k + 1. We take x € C(I). Without loss of
generality, suppose that the null coordinates of x are zp41,...,2(—nt+1. Now, we replace
Xk41 == Xi—nt1 = 01in (3.1) and we obtain a new system of n equations and k+n—1
unknowns. From hypothesis (H) and following the arguments of the proof of Theorem 3.2,
we deduce that x belongs to a subvariety of V' of dimension kK +n—-1—-—n =k —1. We
conclude that the dimension of C'(I) is at most k — 1. Let C(I) with |I| >t —n —k+ 1,
with the same arguments as above we obtain that the dimension of C(I) is at most k — 2.
Finally, since the union (3.4) is finite, we have that the dimension of C' is at most k — 1.

On the other hand, if g; € [, for 1 < j < n, with similar arguments, x has at least

t —n + 1 coordinates equal to zero. From hypothesis (H) and with similar arguments as
above we conclude that x belongs to a subvariety of V' of dimension 0. O

From Proposition 3.3 and Theorem 2.1, we have the following result.

Corollary 3.4. Let k,n,t be positive integers such that n < t, k <t — 2 and A satisfies
the hypothesis (H). If gj € F, for 1 <j <n andn <t —2 ordeg(g;) >0 for 1 <j <mn,
there exists 1 <1i < mn such that 0 < deg(g;) and n <t —k — 1, then the singular locus of
V' has codimension at least 2 in 'V and (f1,..., fn) is a radical ideal.

Then, we obtain the following result.

Theorem 3.5. With the same hypotheses as in Corollary 8.4, V. =V (f1,..., fn) C Al is
a complete intersection of degree at most dy -+ - d,.

3.1. The geometry of the projective closure. Consider the embedding of A! into the
projective space P! which assigns to any x := (z1,...,2;) € Al the point (1 : a2y : -+ :

z¢) € P'. Then the closure pcl(V) C P! of the image of V under this embedding in the
Zariski topology of P! is called the projective closure of V. The points of pcl(V) lying in
the hyperplane {Xy = 0} are called the points of pcl(V') at infinity.

It is well-known that pcl(V) is the F,—variety of P! defined by the homogenization F" €
F,[Xo, ..., X¢] of each polynomial F' belonging to the ideal (fi,..., fn) C F[X1,..., X{]
(see, e.g., [19, §L.5, Exercise 6]). Denote by (f1,...,f;)" the ideal generated by all the
polynomials F* with F € (f1,...,fn). Since (f1,..., f.) is radical it turns out that
(f1,-.., fa)P is also a radical ideal (see, e.g., [19, §1.5, Exercise 6]). Furthermore, pcl(V)
has pure dimension t — n (see, e.g., [19, Propositions 1.5.17 and 11.4.1]) and degree equal
to deg V' (see, e.g., [4, Proposition 1.11]).

Now we discuss the behaviour of pcl(V) at infinity. Recall that V = V( Fioeenns, fn) C
A?, where f; == b X7 4+ X —g; with g; € F[X1,..., Xp], k <t and 0 < deg(g;) <
d¢. Hence, the homogenization of each f; is the following polynomial of F,[X,..., Xy :

=X+ Xo-hy, 1< <,
where h; € F,[Xo, X1,..., Xy, deg(h;) < d;, 1 < j <n.
In particular, it follows that f]h(O,Xl, o Xy) = b]ijj for 1 <j<n.

Proposition 3.6. V> := pcl(V) N {Xo = 0} C P! is a non-singular linear complete
intersection of pure dimensiont—n—1 and V> =V (Xy,...,X,).
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Proof. Recall that the projective variety pcl(V) has pure dimension ¢ — n. Hence, each
irreducible component of pcl(V) N {Xy = 0} has dimension at least t — n — 1. On the
other hand, from the definition of fjh, 1 < j < n, we deduce that pcl(V)N{Xy = 0} C
V(X1,...,X,). Since V(Xi,...,X,) is a nonsingular irreducible variety of P!~! of pure
dimension t —n — 1 we obtain that pcl(V)N{Xy =0} = V(X1,...,X,) and therefore, the
proposition follows. O

Corollary 3.7. pcl(V) has not singular points at infinity.

Proof. From [13, Lemma 1.1] we have that the set of singular points of pcl(V) lying in

{Xo = 0} is contained in the set of singular points of the variety pcl(V)N{Xy = 0}. Then,

taking into account the above proposition we have that pcl(V') has not singular points at

infinity. O
From Proposition 3.3 and Corollary 3.7, we obtain the following result.

Proposition 3.8. Letn <t—2 and g; € F, for 1 < j <n. IfV is a singular variety then
the singular locus of pcl(V) C P! has dimension 0. On the other hand, let k <t — 2 and
n<t—k—1. If0 < deg(g;) and there exists g; such that deg(g;) > 0 for 1 <i < n, the
singular locus of pcl(V) has dimension at most k — 1.

We conclude this section with a statement that summarizes all the facts we need con-
cerning the geometry of the projective closure pcl(V).

Theorem 3.9. With the same hypotheses as above, pcl(V) C P! is an absolutely irreducible
complete intersection of dimension t —n and degree dy - - - dy,.

Proof. Observe that the following inclusions hold:
~h ~h N ~
V(fl R )ﬂ{XQ#O}CV(fl,...,fn),

A h < h
(35) VI(fi .-y fn )ﬂ{X():O}CV(Xl,...,Xn).
From Theorem 3.2 and Remark 3.1, we have that V( fl, ceey fn) C A has pure dimension
t —n. The F,variety V(Xi,...,X,) C A’ is an affine cone of pure dimension ¢ — n;

hence the dimension of V(Xj,...,X,) C P/l is t —n — 1. Therefore the dimension of
V(flh, ce fnh) C P! is at most ¢t — n. On the other hand, since pel(V) C V(f1h, . ,fnh)

is (t — n)-dimensional we conclude that V' ( flh, e fnh) has dimension ¢ — n.
From Remark 3.1 and Proposition 3.6 the following equalities pcl(V) N {Xy # 0} =

V(fi,..., fn) and pcl(V) N {Xy = 0} = V(X1,...,X,) hold. Furthermore, from (3.5),
V(flh, e fnh) N{Xo =0} = V(Xy,...,X,). Then, from Corollary 3.4 and taking into
account that the variety V(Xi,...,X,) is nonsingular we have that the codimension of

h, ..,fnh) is at least 2. On the other hand, (flh,...,fnh)
is a radical ideal since (f1,...,fn) = (f1,..., fn) is radical by Corollary 3.4. We con-
< h

clude that V( flh, .+, fn ) is a normal complete intersection. Hence, from Theorem 2.2
V(flh, . O fnh) is absolutely irreducible and thus pcl(V) = V(flh, e ,fnh). Finally, from
(2.3) pcl(V) has degree dj - - - dp,. O
Remark 3.10. dy = --- = d; = d > 2. We consider the following system:

allXii —|—a12X§i + -+ CthXg =0
angfl +CL22X5l + -t CLQth =0

the singular locus of V/( fl

(3.6)

aanfl +an2X2d + -+ antXtd = 0.

In this case the system defines a projective variety V =V (f1,..., fn) C P~ where f; :=
aile + aigXQd + 1+ aitXtd, 1 <i < n. Suppose that the coefficients’ matrix of the above
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system satisfies hypothesis (H) and n < t — 2. From Theorem 3.2, V = V(fi,..., fn) C
P!~ is a set theoretic projective complete intersection of dimension t —n — 1. On the other
hand, we consider the set C C A! defined as in (3.2). From the arguments of Proposition
3.3 when g; € F;,, 1 < j < n, we have that C' is an affine cone of dimension 0. Then, we
deduce that V' C P! is a nonsingular projective variety. From Theorem 2.1 and n < t—2,
we have that (f1,..., f,) is a radical ideal then V' is a complete intersection.

3.2. Estimates on the number of [,—rational solutions of systems of diagonal
equations. Let t,n,dy,...,d;, k be positive integers such that n,k < t, and dy > --- >
d¢ > 2. Let X1,...,X; be indeterminates over F, and let gi,..., g, € F[X1,..., X}] such
that 0 < deg(g;) < d; for 1 <j <n.

In what follows, we shall use an estimate on the number of [,-rational points of a
projective complete intersection due to S. Ghorpade and G. Lachaud ([13]; see also [14]).
In [13, Theorem 6.1], the authors prove that, for an irreducible F,~complete intersection
V C P™ of dimension r, multidegree d = (d1,...,dy—,) and singular locus of dimension
at most s with 0 < s < r — 1, the number |V (F,)| of F,rational points of V satisfies the
estimate:

r4+s+1 r+s

(3.7) WVE) —pr| <bp_a(m—s—1.d)qg = +Cs(V)g =,

r—s—1

where p, :=q"+¢" " +---+1,b._, ;(m—s—1,d) is the (r — s — 1)-th primitive Betti of
a nonsingular complete intersection in P of dimension  — s — 1 and multidegree d, and
Os(V) == 31550, (V) + &;, where b; o(V) denotes the i-th ¢-adic Betti number of V for a
prime ¢ different from p := char(FF;) and ¢; := 1 for even ¢ and ¢; := 0 for odd ¢. From [13,
Proposition 4.2]

m-—s

(3.5) sl < ),

where d := max{di,...,dm—,}. On the other hand, from [13, Theorem 6.1], we have that
Cs(V)<9-2" . ((m—r)d+3)™

r—s—1

Denote by pcl(V)(E,) the set [f,-rational points of pcl(V). We start by considering that
the system is not of the form (3.6).

From Proposition 3.8 and Theorem 3.9 and the estimate (3.7), we have that, on one
hand, if g; € F, for 1 < j <n and n <t — 2 then

(3.9)  |Ipd(V)(E)| = pron| < )y (t — 1,d)g" /2 49 2" (ndy + 3)!Hq7)/2,

on the other hand, if n <t -k —1, k <t —2,0 < deg(gj) < dy for 1 < j < n and there
exists 1 < i < n such that deg(g;) > 0, then

(3.10) |[pcl(V)(Ey)| = pe—n| < b}t — k, d)g /2 49 2% (ndy + 3)1H1gltmnth—1)/2,

where d = (dy,...,d,).

Now we estimate the number of F,-rational points of V> = pcl(V) N {Xo = 0} c Pt~1.
From Proposition 3.6, we have that V°° is a nonsingular complete intersection. We can
apply the following result due to P. Deligne (see, e.g., [9]): for a nonsingular complete

intersection V' C P defined over F,, of dimension 7 and multidegree d = (d1, ..., dn—r),
the following estimate holds:
(3.11) IV (B,)| — pr| < 8.(m,d)q""?,

where b/.(m,d) is the rth-primitive Betti number of any nonsingular complete intersection
of P of dimension r and multidegree d. Thus, by Proposition 3.6

(3.12) HVOO(IFq)‘ — pt—n—1| <by_, (-1, d)q(tfnfl)m-
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If gj € F,1<j<nandn <t-—2, from estimates (3.9) and (3.12) and the fact that
pcl(V)(E,) \ V=°(F,) = V(E,), we conclude that
(3.13) IV (E)| = ¢ <|lpd(V) ()| = pen]| + [[VZ ()| = prn-—1]
Sbt—n—l(t _ 1’ d)q(t n+1)/2 +9. 2n(nd1 + 3)t+1q(t—n)/2
+ b (t = 1,d)g 2,

If 0 < deg(gj) < di, 1 < j < n and there exists 1 < ¢ < n such that deg(g;) > 0,
1<j<n,n<t—k—1and k <t—2, from estimates (3.10) and (3.12) and the fact that
pcl(V)(E,) \ V=°(F,) = V(E,), we obtain that

(3.14)  [[V(®E) = ¢""] <[lpel(V)(E)] = pe—n| + [[V=(E)] — pron1]
Sbt—n—k( —k,d)q(t n+k)/2+9_2n(nd1+3)t+1q(t—n+k—1)/2
+ b (t—1,d)g" I
We have the following result.

Theorem 3.11. Let t,n,dy,...,ds, k be positive integers such that k,n < t, dp > --- >
di > 2 and the coefficients” matriz of (3.1) satisfies hypothesis (H). Let gi,...,9n €
F,[X1,...,Xk] such that 0 < deg(g;) < di for 1 < j < n. Let |V(E,)| be the number of
[, —rational points of V.

o Ifgi €l for1<j<nandn <t—2, then |V(,)| satisfies:
IVE) —d" " <q 3 (6nd) .

o If0 < deg(gj) < di for 1 < j < n, there exists 1 < i < n such that deg(g;) > 0,
n<t—k—1andk <t—2, then |V(E,))| satisfies:

IV(E) — g <q" = (6ndy)" .

Proof. Suppose that g; € F, for 1 < j < n, from (3.13) we need to obtain an upper bound
for the number b, _,,_,(t—1,d). From (3.8) we have that b,_,, ,(t—1,d) < (n+1) (di+1)1,
On the other hand, taking into account that (n +1) < 2! we deduce that

L (t=1,d) < (dy + 1)1
Replacing in (3.13) we obtain that

9
HV ’_qt n‘ <qt n— 1)/2(nd +3)t+12t(q+4q2 +1)

§2t+2q _2 (’I’ldl +3)t+1
§qt772l+1 (6ndp ).

If 0 < deg(gj) < d¢ for 1 < j < n and there exists 1 <4 < n such that deg(g;) > 0, from
(3.14), the estimate can be obtained by using similar arguments as above. O

From Theorem 3.11 we obtain Theorem 1.1, furthermore we can provide the following
existence results.

Theorem 3.12. Let N be the number of F,~rational solutions of the system (3.1).
o Letg;€lF, for1<j<n,n<t—2andq> (6nd1)t3t;r—21, then N > 0.
o Let0 < deg(g;) <d; forl <j<mnand there exists 1 < i < n such that deg(g;) > 0,

n<t—k-—1k<t—2 andq>(6nd1)t = k then N > 0.

In particular, if t is sufficiently larger than n+1 or n—i—k respectively, then we can guarantee
the existence of an F,—rational solution if ¢ > (6ndy)>.
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We consider now the system (3.6). Let N be the number of [F,—rational projective points
of V', where V is the projective variety that this system defines. From Remark 3.10 and
(3.11) the following estimate holds:

t—n—1

IN = prn1| <bj_pq(t=1,d)g =,

where d = (dy,...,d,). Since |V(E,)| = N(¢ — 1) + 1 we conclude that
(3.15) [VE) — ¢ < (a-1D2'[d+ 1) g 2

In [31, Theorem 4] A. Tietévéinen studies the system (3.6). The author proves that if
¢:=(d,q—1) and t > 2n(n+logy(c—1)) then there exists a nontrivial [F,-rational solution
of the system (3.6). From estimate (3.15), we obtain the following result.

Proposition 3.13. If ¢ > (4d)? and t > (n + 1)% then the system (3.6) has

at least an I, ~rational solution.

It is easy to see that 1 < % < 256d* for all ¢ > 16d? while Tietdviinen’s

result implies that n+1 < n+logy(c—1) < n+d—1. Hence, for n > (4d)* and ¢ > 16d?, our
condition over ¢ is less restrictive than Tietdvainen’s. We can say that the Tietavéinen’s
result and ours are complementary.

Remark 3.14. Deformed Diagonal Equations. Let n = 1 and k = 1, we consider the
following deformed diagonal equation:

allell o Fap Xt = g1,

with g1 € F;[X4], 0 < deg(g1) < d¢, di > --- > d;y > 2 and char(F,;) does not divide d; for
1 < i <t. From Theorem 1.1 we have that

‘N— qtfl‘ < q%(ﬁdl)tﬂ.

This result complements [25, Theorem 4.1] in the case that g is an univariate polynomial
because the exponents d, ..., d; are not necessarily the same.

Remark 3.15. In [27] and [28], K. W. Spackman studies the number N of [F,-rational
solutions of the system (3.1) when the polynomials g; € F, for 1 < j < n. Given p a
positive integer he defines the parameter p of nonsingularity. Indeed, for a given (n x t)—
matrix in Fq"Xt, he says that it is p—weakly nonsingular if and only if for each natural
number k satisfying - (k— 1) +1 < min{¢, u - (n — 1) + 1}, the matrix has the property
that among any p- (k—1) 4 1 columns vectors there are at least k F,~linearly independent
ones. If ;1 =1, being 1-weakly nonsingular is equivalent to satisfying the hypothesis (H).
Furthermore, a 1-weakly nonsingular matrix is also u—weakly nonsingular for p > 2. In
[27, Theorem 1.1] the author proves that if 4 =1, n > 2 then

N=¢"+0(q7),

where the implied constant depends only on n, ¢, dy,...,d;, but it is not explicitly given.
Theorem 1.1 improved this result in several aspects. Indeed, on one hand, we give an
explicit estimate on the number N and we obtain that N = ¢/~ + O(q%*%). On
the other hand, we also study the case in which each equations can be matched to a
non-constant polynomial.

In [28, Theorem 3.2] the author obtains an explicit estimate on N when p > 2 and
g; € I, for 1 < j < n. More precisely, the following estimate holds

‘N - qt_n‘ < (dl _ 1) o (dt - 1) . (2t - 1) . qt+(u z)(n 1)’

where n, t and p are positive integers with 4 > 2 and t > p - (n — 1) > 2n — 2. Namely,
N =g+ (’)(q%), € > 0. On the other hand, if hypothesis (H) holds and ¢t > n + 2 we

—(n-1)
obtain that N = ¢! —|—(’)(qt 2 ). Since the hypothesis (H) implies that the coefficients’
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matrix is g—weakly nonsingular for all ;1 > 2, if n > 3, hypothesis (H) holds and ¢t > 2n—1,
we can apply both estimates but in this case our estimate improves Spackman’s.

3.3. Generalized Markoff-Hurwitz-type systems. A concrete example of a system
of the form (3.1) are the Markoff-Hurwitz systems. These equations have been very well
studied (see, e.g., [18, 22, 25]), but there are not results in the literature about this type
of systems.

Let t,n,d,...,d; be positive integers, d; > --- > d; > 2 and char(F,) does not divide
d; for 1 <17 <'t. Let ¢;; be positive integers such that 1 <i4,j <n and ¢j1 +---+¢jn <
diy 1 < 5 < n. We consider the following system of n generalized Markoff-Hurwitz-type
equations with ¢t unknowns over I

an X' +apXP + o+ apX{t +ap = b X X o

(3.16) an X' FanXg 4o an X +ap = b X[ X

am XTI 40X+ a X 4 ay = b X X,

where by ---b, # 0 and a; € F, with 1 < j < n. Denote by N the number of F,-rational
solutions of (3.16). Assume that the coefficients’ matrix of the above system satisfies the
hypothesis (H), t > 3 and n < 51, Let g; == b;X"" - X" —aj, 1 < j < n. Since
deg(g;) < d¢, 1 < j < n, from Theorem 1.1 we obtain the following result.

Theorem 3.16. With the same hypotheses as above, N satisfies the following estimate:
‘N . qt—n| < q%(Gndl)tH.

In what follows we obtain sufficient conditions for the existence of an I,-rational solution
with nonzero coordinates namely, with coordinates in Fy. Denote by N* the number of
this type of solutions of (3.16). Let N~ be the number of F,-rational solutions of (3.16)
with at least one coordinate equals to zero. Note that N* = N — N—.

By the inclusion-exclusion principle we obtain that

t
(3.17) N==) ()" Y N(D),
Z:1 IC{17"'7t}
[|=i
where N (I) denotes the number of [,-rational solutions of (3.16) satisfying X; = 0 for all
1el.
We shall need the following estimate on the number N ().

Proposition 3.17. With the same hypotheses as above, the number N(I) satisfies the
following estimate:
If1<|I|<t—2n—1, then

t;m (6nd1)t_|l|+1.

(3.18) IN(T) =" I < g
Ift—=2n<|I| <t—mn, then

N(I) < dpgt=—n 1l
Ift—mn+1<|I| <t, then N(I) <df.

Proof. Suppose that |I| =i with 1 <1i <¢—2n — 1. We observe that N(I) is the number
of [f,—rational solutions of a system of n deformed diagonal equations with ¢ —4 unknowns.
The coefficients’ matrix of the system satisfies hypothesis (H). Then we deduce (3.18)
from Theorem 1.1.

Suppose now t —2n < ¢ < t —n. In this case, N(/) is the number of [, -rational
solutions of a system of n deformed diagonal equations with ¢ — ¢ > n unknowns. We
observe that, since the coefficients” matrix of the system satisfies hypothesis (H) we can
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follow the same arguments presented in the proof of Theorems 3.2 and 3.5, then V; C A,
the set of solutions considered, is an F,—affine complete intersection of dimension t —7 —n
and deg(V;) < d}. Finally, from (2.2), we have that N(I) < d} - ¢~ ™.

Let t—n+1 <4 < t. In this case n, the number of equations, is greater than the number
of unknowns ¢ — 7. Since the coefficients’ matrix of the system (3.1) satisfies hypothesis
(H) then, the coefficients’ matrix of the system of this case, has rank ¢ — i. So, following
the arguments of the proof of Theorem 3.2, the set of solutions has dimension zero. Hence,
from (2.2), N(I) < df. O

Now, we can estimate the number of F,rational solutions of (3.16) which satisfy the
conditions z - - - x, # 0.

Proposition 3.18. If¢>2, 1 <n< %, dy > --->d; > 2 and char(IF;) does not divide
d; for 1 < i < t. Then, the number N* of [, ~rational solutions of (3.16) with nonzero
coordinates satisfies the following estimate:

i=t—2n

Proof. From (3.17) and taking into account that N* = N — N~ we have that

t t—2n—1 t
N =N+Y (=)' Y NO=N+ > (-1)'Y ND+Y_ (-1 > N(U)
i=1 IC{1,..t} i=1 IC{1,..t} i=t—2n IC{1,..t}
|1|=1 |1|=1 |1|=1
t—2n—1 t—2n—1 t
=N+ DY ()Y (ND) =g D (=D D DY (1) > N
i=1 IC{l,.t} i=1 IC{1,..t} i=t—2n  IC{l,..t}
[1|=i [1|=i [1|=i
t—2n—1 ' 4 t—2n—1 e ' t '
SRS NEDSINUEESTD DR B IR WD Wt
i=1 Icq{l,...t} i=1 i=t—2n  IC{l,..t}
[I|=t |I|=i
t—2n—1 t—2n—1 + t
= V=g 313D D e S () e v
i=1 IC{1,..t} i=0 i=t—2n  IC{l,..t}
|7|=i [7|=i

Thus, we deduce that

t—2n—1 t—2n—1 t
N=D (Y (’f) Q= (N T4 Y () DD (N ) Y1) YN,

i=0 =1 Ic{1,...,t} i=t—2n  IC{1,...t}
[1|=i |I|=i
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Therefore, from Theorem 3.16 and Proposition 3.17:

t—2n—1 t—2n—1
‘N*_Z (_1) (j)qt n—i <|N qt n‘_’_ Z <> Gnd )t 2+1 (t— z/2+ Z Z
0

= i=1 i=t—2n IC{l,..
III—Z
, t—2n—1 ¢ s t—n ¢
< t+1( L ;Z) n t n—i
< (6nd1)™"( g2+ Z )a? +Z + Z
i=1 i=t—2n i=t—n+1

t—1
2

S(ﬁndl)t—Hq
<22 (6nd, )t Lq2
<(15nd;)" g2,

In [25] we study the following Markoff-Hurwitz’s equation:
e X ap X9 4 X o= bXT X

where a; € F;, 1 <i <t and a,b € F, \ {0}. More precisely, in [25, Proposition 4.7], we
have that, if ¢ > 2, then

(¢—1)' -
q
In particular, Proposition 3.18 provides an estimate in the case n =1, cpy1 =+ =¢ =0

and ¢; < d;. The error term of both estimates is of order O(¢"/2) but 7(2d;)* < (15d;)**.
However, in Proposition 3.18 we obtain two new terms in the asymptotic development of

N* in terms of ¢. Indeed, we have that N* = Wq%—l)tﬂr(— )i 1 1)q+(9( t/2).
In what follows, we provide an existence result for [f,-rational solutions Wlth nonzero
coordinates.

—1)¢
N - CU < 72dy)tgh.

2t42
Proposition 3.19. Ifq > (30nd1)% andn < 51 then the system (3.16) has at least one
solution in (F;)t. In particular, if t is sufficiently larger than 2n, then we can guarantee
the existence of an F,—rational solution if ¢ > (30nd;)?.

Proof. Suppose that ¢ > 2. From the above proposition we deduce that
t

* (q - 1)t [t —n—i t

(3.19) N* > el > (=) = (15ndy) gz,

‘We observe that

(3.20) > 1§ - Z P (5 )
=g+ D q”_lAz>,

l odd
le{1,....2n}

_( t
where A;:= (5, %,1)a = (5,4)-
Let [ be an odd integer such that [ € {1,---,2n}. We affirm that if ¢ > 32~ 7 then

A; > 0. Indeed, it is easy to see that A; > 0 if and only if ¢ > 3"271;_% We consider the
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funct102n f() = fﬁgﬁﬁ Since f(l) is a decreasing function in I, we have that A; > 0 if
42 =any1-
Suppose that ¢ is an odd number and ¢ >

= 2 "7~ From (3.20) and since 4; > 0, we
deduce that

O r(()ei<o

— 1)t
(3.21) N> . Y (5ndy) g
q
Now, suppose that ¢ is an even number and ¢ > 16722—Z+1 From (3.20) and taking into

account that A; > 0, we have that

i (s

On the other hand, since n < =1 we deduce that

i}:n(—l)io —Z <2n ]) ”‘qu"i;(znt_j>

< 2tq” < (15ndy)"q'/2.

Thus, from (3.19) we conclude that

From (3.21) and (3.22), we have that if ¢ >

Q
N+

o o1 then

o

— 1)t

V]

o~

—2(15nd;) g2

t—2n
t/q 2
> 5 (45

Therefore, (3.16) has at least one solution in Ith with nonzero coordinates if

»

(15nd1)t+1>.

t—2n
q 2
o~ 2(15nd;)"*t > 0,
namely qt_zzn > (30ndy)**?, this concludes the proof of the proposition. O

4. GENERALIZATION: VARIANTS OF SYSTEMS OF DIAGONAL EQUATIONS

Let t,n,dy,...,ds, k be positive integers such that k,n < ¢, dy > --- > dy > 2, and
char(,) does not divide d; for 1 < i < t. Let hy, ..., h; € Fy[T] with deg(h;) = d; and h; # 0
for 1 <i <t. Let Xy,...,X; be indeterminates over F, and let g1,..., g, € F;[X1,..., X}]

such that g; € F, for 1 < j <mn or 0 < deg(gj) < d; for 1 < j < n and there exists i such
that deg(g;) > 0.
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We consider the following system of n variants of Carlitz’s equations and ¢ unknowns

ai1h1(X1) Haghe(Xa) + -+ arch(Xy) = 1( X, ..., Xk)

(4.1) as1h1(X1) Haghe(Xa) + -+  agthi(Xi) = g2(X1, ..., X&)

an1h1(X1) Hanzho(Xo) + -+ anthe(Xy) = gn(X1, ..., Xi).

Assume that the coefficients’ matrix of the above system satisfies hypothesis (H). Carlitz’s
equations has been defined in [5]. In this article the author provides a non-explicit estimate
for the case n =1 and g; € [f,. In [25] we improve his results in several aspects.

Let V := V(f1,...,fn) C A® be the F,-affine variety defined by f; := a;1h1(X1) +
aigho(Xo) + -+ 4+ aphe(Xt) — gi( X1, ..., Xk), for 1 < i < n. With the same arguments of
Theorem 3.2, we obtain that V' C Al is a set-theoretic complete intersection of dimension
t —n. We consider the set C as in (3.2).

Observe that

of
S VA
2 (| ),
where M is a (n x k)-matrix defined by
auhll(Xl) + g—)g(ll s alkhﬁc(Xk) + g)%lk
My = : : :
am Py (X0) + 88 - anehl(Xe) +

and My is a n x (t — k)—matrix defined by

a1l (Xeg1) -+ aredihy(Xy)
My = : : :
Ankt1 Py g (Xpg1) anehi(X1)

Proposition 4.1. Assume that n < t — k + 1. The dimension of C is at most k — 1 if
deg(gj) > 0 for 1 < j < n and there exists i such that degg; > 0. On the other hand, this
dimension is 0 if g; € F; for 1 <4 < n. In particular, the dimension of the singular locus
of V is at most k — 1 or O respectively.

Proof. Let x € C'. We observe that M, satisfies

a1 o0 G1g P (Xpg1) - 0
My = : : : : : :
apk+1 Qnt 0 T hé(Xt)

From hypothesis (H) we have that the diagonal matrix of right side can not have n
nonzero columns. Then, we deduce that the number of zero columns is at least t —n—k-+1.
Suppose that x € C'is such that hj_ (vx11) = 0,..., ki, 1 (21-ny1) = 0. Then, we obtain
that the coordinates Xjy1,..., X;—n41 of x take finite values in E{ because the derivate h;
is not identically null for all 1 < ¢ < ¢t. Then, we deduce that C is contained in a finite
union of F,-linear varieties of dimension n+k—1. From hypothesis (H), the intersection of
each of these linear varieties with V' is a subvariety of V' of dimension k — 1, if deg(g;) > 0
for 1 < j < n, and the dimension is 0, if g; € [, for 1 < j < n.

O

Corollary 4.2. Let k,n,t be positive integers such that n,k <t and A satisfies the hy-
pothesis (H). If gj € I, for 1 < j <mn andn <t—2 ordeg(g;) >0 for 1 < j <n, there
exists 1 < i < n such that 0 < deg(g;) andn <t—k—1, k <t — 2 then the singular locus
of V' has codimension at least 2 in V and (f1,..., fn) is a radical ideal.
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With the same arguments of the Section 3.1 we have that pcl(V) C P! is an absolutely
irreducible complete intersection of dimension ¢ — n and degree dj - --d,, and its singular
locus has dimension at most k — 1 if deg(gj) >0 for 1 <j <n and there exists 1 <i <n
such that 0 < deg(g;) or its dimension is 0 if g; € F, for 1 < j < n. From Theorem 1.1 if
N denotes the number of F,-rational solutions of the system defined in (4.1), we deduce
the following result.

Theorem 4.3. With the same hypothesis as in the above theorem, N satisfies:
o Ifgicl, for1<j<nandn <t—2then N satisfies:

t—n—+1

|N _ qt—n} <q 2 (6nd1>t+1.

o If0 <deg(g;) <d; for1 <j <n and there exists i such that deg(g;) >0, k <t—2
andn <t—k—1 then N satisfies:

t—n-+k

’N o qt—’n| < qT(Gndl)t—H.

Corollary 4.4. Theorem 3.12 holds for system (4.1). In particular, if t is sufficiently
larger than n + 1 or n + k respectively, then we can guarantee the existence of an F,—
rational solution if ¢ > (6ndy)?.

Remark 4.5. In [25] we study Carlitz’s equations. Let d, ¢ be positive integers with d > 2
and t > 3. Let hy = aq;T?+ -+ + ap; € F[T], with deg(h;) = d, 1 < i < t. Let
g € F[X1,...,X] such that deg(g) < d. Suppose that char(If;) does not divide d. We
consider the following Carlitz’s equation:

hi(X1) + -+ h(Xy) = g.
We obtain an explicit estimate on the number NV of [F,-rational solutions of Carlitz’s equa-
tions. Indeed, we have that
(4.2) N — g7 < ¢ D2 (2(d - 1)1 + 6(d + 2)").

The result of Theorem 4.3 complements the estimate (4.2) when g is an univariate poly-
nomial and the degrees of the polynomials h; are not necessarily the same.

4.1. Systems of Dickson’s equations. These systems are a particular case of systems
of the form (4.1). Let d € N and a € F,. The Dickson’s polynomial over F, of degree d
with parameter a is the following:

L d A=\, s
Ditx.a) =3 7 (7 arxen

=0

Dickson’s polynomials have been extensively studied because they play very important
roles in both theoretical work as well as in various applications (see, [24, Chapter 7]).
The set of [, —rational solution of Dickson’s equations has been very well studied in the
literature (see [25] and [7]). However, there are few results concerning the set of solutions
of systems of equations given by Dickson’s polynomials.

Let t,n,dy,...,d:, k be positive integers such that n <t—k—1,k <t—2,dy > --- > dy >
2, and char(F,) does not divide d; for 1 <i <t. Let Dy, (T, a1),...,Dq, (T, a;) € F,[T] with
ai,...,a; € F. Let Xy,..., X} be indeterminates over F, and let g1, ..., g, € F[X1,..., Xi]
such that g; € F, for 1 < j <mn or 0 < deg(gj) < d; for 1 < j < n and there exists i such
that deg(g;) > 0.

We consider the following system of n Dickson’s equations with ¢ unknowns

a11Dg, (X1,a1) “+a12Dg,(X2,a2) + -+ a1Dg,(X¢,a:) = g1(Xq, ..., Xi)
anDdl(X17a1) +a22Dd2(X27a2)+"'+ GQtht(Xt7at) ZQQ(Xla“'7Xk)

an1Dg, (X1,a1) +anaDg,(Xo,a2) + -+  antDa, (X, at) = gn(X1, ..., Xg).
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Let A = [aij] € F*" be the coefficients’ matrix of the above system. Assume that A
satisfies hypothesis (H). From Theorem 4.3 we obtain an estimate on the number of
[F,—solutions of this type of systems.

5. APPLICATIONS

5.1. Generalized Waring’s problems over finite fields. One of the most important
questions in number theory is to find properties on a system of equations that guarantee
solutions over a field, for example, the so called generalized Waring’s problem ( see, e.g.
[3, 6, 30]). Let S be the following system over F, with n equations and ¢ unknowns

ant X 4aXP 4o+ auXit = b

(5 1) angfl +a22XgQ + -+ GQtXtdt = b2

aanfl +an2Xg2 + -+ am&th = bna

where the coefficients’ matrix of the system satisfies the hypothesis (H), dy > --- > d, > 2
and char(F,) does not divide d; for 1 <i <t.

Waring’s problem consists in finding v(S) the least number of variables ¢ such that (5.1)
has solution in IF; for every n-tuple (by,...,b,) € F'. From Theorem 1.1 we have that N,
the number of F,—rational solutions of (5.1), satisfies that

N > qtﬂ;rl (qtgl — (6nd1)t+1>.

t—

Then N > 0 provided that g Eanl (6ndy)** > 0, namely q@ > (Gndl)Hl. Now if
q > (6ndy)? then, the last condition is equivalent to

log(6nd; - q"TH)
> e .
log(g;n—dl)

t

Then, if ¢ > (6nd;)? we obtain that

n+1

log(6nd; - qT)-‘

1/2
IOg( gndl )

)< |

n+1
We observe that h(q) := % is a decreasing function and lim, o h(g) = n+1.
) 6ndy
Therefore h(q) > n + 1 if ¢ > (6ndy)?. Then we deduce that if ¢ sufficiently large,
7(S) < n + 2. In particular if ¢ > (6nd;)? then v(S) < 3n + 5.

5.2. Distribution of solutions to systems of congruences equations modulo a
prime number. In this section we apply our estimates to obtain asymptotic formulas for
the distribution of simultaneous solutions to congruences modulo p, a prime number. This
is a well studied problem, see, for example [28] and [32].

Let t,n,dy, ..., d; be positive integers such that n <t—2,dy > --- > d;, > 2, and p does
not divide d; for 1 < i <t. We consider the following systems of congruences equations

allel —i—angg? 4+t altXtdt =0 (mod p)
angfl 4—(122X2”l2 4.4 athft =0 (mod p)

aanfl —}—anng? 4+t antXft =0 (mod p).

Assume that the coefficients’ matrix satisfies the hypothesis (H). From Theorem 1.1 we
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have an estimate on N, the number of solutions in [0, p— 1]¢. Indeed, the following estimate
holds:

_ t—n—+1
(5.2) [N, —p" | <p 2 (6ndy)"*.

d t—n—1
—

Let m << p'~° and suppose that § < Our purpose is to obtain an estimate on
Ny, the number of solution in [0,p —m — 1]. Let S and Sy the following intervals in Z:
S1 =10,p—m—1] and S = [p—m,p — 1]. From the well known Zippel-Schwartz Lemma
(see, e.g., [12]) we have that

VN SL < dim'™™,

where V' C A' is the E,~variety defined by the polynomials f; := aﬂX{h + angQdQ +- 4
aj X" € Z[Xy,...,X;], 1 <j <n. Then from (5.2)

Vnsil—@—-m) " <|[VAE|-p" |+ VNSs+ (™" —(p-m)"

t—n-+1

<p 2 (6nd)" +dm!" +m(t —n)pt!
< 2p' 7" (6ndy) Tt — n),

for 6 > 0. Finally the number of solutions in the t—cube [0,p — m — 1]* satisfies N,,, =
(p—m)=" + O(p'~"7%) with m << p' % and § < =2=1.

Acknowledgements. The authors gratefully acknowledge the comments by the anony-
mous referees, which helped to significantly improve the presentation of the results of this
paper.
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