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1 Introduction

In this paper we consider a stochastic control problem where the state is
governed by the following stochastic differential equation

t t t
se=at [ W6.0000)d0+ [ aOa0u0)iBa+ [ g@)due (1)

We denote with (E, F, F}, P) the probability framework, where F} is an
increasing set of o-algebras defined on E, F' = |J F; and P is a probability

i
measure defined on the elements of F'. b, o, g are deterministic functions and
(B, t > 0) is a d-dimensional Brownian motion,  is the initial position of
the system at time s, and the controls are u € i/ and v € V, where

U={u:[0,T] - U C R°: unon anticipative w.r.t. F;} ,

V= {v :[0, 7] — Rﬁ_ :Vp=1,...,k, v, non decr., non anticip. w.r.t.Ft} .

The expected cost for each pair of controls has the form

T T
J(s,x,u,v) =F / f(t,a:t,ut)dt—i—/ c(t)dvs ¢,
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where f: [0,7] x R* x U — R, c: [0,7] — RX are given. We define the
cost function W as

W(t,z) = inf{J(t,z,u,v) :u eU,v € V}.

We suppose that the cost associated to apply the singular control v is positive,
ie. () > 0,i=1,..,k For this kind of problem we can see [8] and the
bibliography cited therein.

As it is well known, for classical stochastic control problems, the opti-
mal cost function satisfies the dynamical programming principle and under
appropriated conditions on the data, it also satisfies a second order non lin-
ear partial differential equation called the Hamilton-Jacobi-Bellman (HJB)
equation ([6], [7], [10]).

This property is also valid for singular stochastic controls, where the HJB
equations is a second order variational inequality given by

min{ing(EWJrf),g*VWJrc} =0. (2)

In [9] a probabilistic analysis of this problem is developed and it is estab-
lished that the cost function is the unique solution in the viscosity sense of
equation (2).

In this paper we present a theoretical constructive procedure to find the
function W, a numerical approximation procedure for the solution of equation
(2) and we prove the convergence of the discrete solution to the value function.
We present a numerical example.

In [1], [11], Teo (et all) had treated a stochastic optimal control prob-
lems without singular controls described by It6 differential equations. There
the optimality conditions of the controls are used instead of the dynamical
programming principle. The dynamical programming equation allows us to
present an algorithm easier to implement.

2 Description of the problem
We use the following notation

e R} ={yeR":y" >0,i=1,..,n}

e T > 0 fixed horizon

e X =1[0,7] x R

Remark 1 Throughout this paper, C represents a constant, not always the
same in each case, that depends on the problem data.
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2.1 Properties of the optimal cost function

We will assume the following additional hypotheses

e cis a Lipschitz continuous function,

e f is a bounded function

e g=(g") d x k is a constant matrix

e b, o are continuous with respect to (¢, x,u)

e f, b and o satisfy for 0 < s,¢t < T, 2,y € R%, u € U the following
conditions

|t —s|+ [z —yll),
[t =5+ ]z —wyl),

(82, u) = f(S, Y u) ((
C(lt = sl + llz = yl)-

16t 2, u) = b(s,y, u)|

<
| <C
lo(t,z,u) — o(, y,u)|| <

Under these assumptions the optimal cost function W satisfies the prop-
erties stated in the following theorems (the proofs can be seen in [9]).

Theorem 1 The optimal cost function W is uniformly continuous in X and
there exists a constant C' > 0 such that V0 < s,t <T,z,y € R the following
inequality holds

1
(W(t,z) = W(s,y)| < C(t = s[2 + [lz = yl).
Theorem 2 a) Let (t,x) € £, then
W(t,z) <W(t,z+ gh) +c(t) -h

for each h € R}. Moreover, if the equality holds for some h = (ht) € Ri then
the same equalzty holds when we replace h by h = A\h € R , with 0 < A< 1.
b) We define for 0 <t <T,

Ay={z :W(t,z) <W(t,x+g-N)+ct)- A, YAeRL AN#0}
Then the process x¢, associated to any optimal policy, is continuous when it

s in Ag.

2.2 HJB equation
Dynamical programming principle

For this problem the dynamical programming principle can be stated in the
following way

W(s,x) = mmE{/ (6 x97ue)d9—|—/t c(0)dvg +W(t,xt)} .3
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Based on this result, in [9] it is proved that the optimal cost function W
satisfies in ¥ the following HJB equation in the viscosity sense:

min {Jrel{[(ZW + Atz u), (VW () + ()i = 1,2, ..., k} =0,
(4)

with final condition given by
W(T,z) =0, VzecR?, (5)

where 5 5 o2
N 1
== bim—+ 5 -y
£ aﬁzi: 'axﬁ%zj:“ﬂaxiaxj

and a = oo*. For the sake of simplicity we write (4) as
min{irelg(ZW—l—f),g*VW—i-c}:O. (6)

The viscosity solution is defined in such a way that allows us to work in the
frame of discontinuous functions.

Definition 1 w is a subsolution of equation (4) in the viscosity sense if:
w is an upper semicontinuous function, satisfies the boundary condition (5)
and verifies that V¢ € C12(X), such that (to, o) is a local mazimum of w— ¢
in the interior of 3, then

min{uirelfU(E(b—Ff),g*V(é—i—c} (to,x0) > 0. (7)

z is a supersolution of (/) in the viscosity sense if: z is a lower semi-
continuous function, satisfies the boundary condition (5) and verifies that
Vo € CY2(X), such that (to,z0) is a local minimum of z — ¢ in the interior
of X, then

min {igé(i}ﬁ{— f>7g*v¢ + C} (to,l‘o) <0. (8)

v is a viscosity solution of equation (4) iff it is subsolution and super-
solution.

Theorem 3 There exists W € C(X) such that it is the unique solution of
(6) in the viscosity sense with boundary conditions given by (5), where

CE)={W W e C(%), bounded, |W(t,z) —W(t,y)| < L|z—y|, L>0}.

The proof can be seen in [9]). Applying the concept of subsolution and
supersolution in the viscosity sense the following comparison principle holds
(see [2]).

Theorem 4 For every w subsolution of (6) and z supersolution of (6) it is
verified that w < z V(t,z) € X.
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3 Solution by an iterative method

We find the solution of (2) by using a constructive iterative method. We
define a sequence of functions, each of them solution of a stopping time control
problem. This sequence converges to a viscosity solution of problem (6).
From this fact and the property of unicity of viscosity solution we conclude
that the sequence converges to the solution of the original problem.

3.1 An auxiliary stopping time problem

We denote by Lw = infU ([Iw + f) and we consider the stopping time problem
ue
with obstacle Mw given by
min {Lw, Mw —w} =0,
(9)
w(T,z) =0,
where

Muw(t,x) = inf {w(t,x+g-v)+c - v}.
UERﬁ

Remark 2 For (t,z) € ¥ such that w(t,z) < Mw(t,x), it is satisfied that
Lw(t,x) = 0 in the viscosity sense and for (t,x) such that w(t,x) = Mw(t,x),
it is verified also in the viscosity sense that Lw(t,x) > 0.

Let us denoted by S the operator such that the function Sw associates to
each function w, where Sw is the solution of the stopping time problem with
obstacle Mw.

Remark 3 The optimal cost function W is the fized point of the operator S.

Properties of operator S

1. If w is a uniformly continuous function over ¥, then Sw is also a uniform
continuous function over X.

2. Operator S is monotone: if w < @ then Sw < Sw.
3. There exists K > 0 such that

S(-K) > K. (10)

Remark 4 The techniques introduced in [4] and [5] can be used to prove
these properties, we omit the complete proof for the sake of brevity.
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3.2 The iterative construction method

Procedure description

e Step 0: v =0, w® = S(+00) (i.e. w® verifies (5) and Lw® = 0)
e Step 1: Compute Mw”

e Step 2: Compute w”*! = S(w”) where S(w”) is the solution of the
stopping time problem with obstacle Mw", then it is verified that

min { L, Mw” —w" ™} =0
w’TH T, x) = 0.

e Step 3: ¥ =v + 1, and go to step 1.

Iterative procedure convergence

The procedure generates a sequence of function with the following prop-
erties.

Proposition 1 The sequence of functions generated by the constructive pro-
cedure is non increasing and convergent

1. w’t <w¥, Vv € IN.
2. w’>W, Ve,

3. w= lim w" is a subsolution of equation (9) in the viscosity sense

V—00

Proof:
1. As 0 < w® < 400, by the monotony of operator S we have

w' = S(w?) < S(+00) = w’.
Again by the monotony of operator S we obtain by induction that w*+! < w".

2. As W < +00, it follows from the monotony of operator S that Vv it is
verified
w” > W. (11)

3. Let us prove that w = lim w” is a viscosity subsolution of equation (6).

V—00

Considering the properties of operator S, we get that the sequence {w”} is
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non increasing and converges point-wisely to a function that we will denote
by w. Moreover as the functions w” are continuous, we conclude that w is an
upper semi-continuous function. By virtue of (9), we have that Vo € R?

w(T,z)=0.

Let ¢ € C12(X) and let us consider (tg,zg) € Yo, a point where the function
w — ¢ has a strict maximum. We can suppose without loss of generality that
(w — @) (to, x0) = 0. We should prove

min {LP(to, T0), Mw(to, z0) — w(to, zo)} > 0.

We know that for each v the function w” is a viscosity solution of the stopping
time problem with obstacle M (w”~!) given by

min { Lw”, Mw" ™' —w"} =0 (12)

and then w” is a viscosity subsolution of equation (12).

Let B be a compact neighbourhood of the point (¢g,z¢) such that B C &
and let (¢,,z,) be points such that for each v the function (w” — ¢) has a
local maximum in B at the point (¢,,z,).

We first prove that the sequence (t,,z,) converges to (tg,xo). We assume
that the sequence (¢,,x,) does not converge to (tg,zo) and we will arrive
to an absurd. As the sequence {(¢,,z,)} is included in a compact set then
there exist a sub-sequence which converges to a point that we denote (¢, T)
(for the sake of notation simplicity we will continue on denoting (¢,,,) such
sub-sequence).

We analyze the following difference

w — (b)(faj) - (@ - (b)(th) = (M_ )(t_’j) - (wy - ¢)(tv>$1’)
- (b)(tl/’xV) - (wy - ¢)(t,.1‘)
+(w” = ¢)(t,z) — (w— )t x).

Taking limit for ¥ — oo and considering the continuity of functions
w” and ¢, the upper semi-continuity of function w and that V(¢,z) € B
and Vv the following inequality holds

(wy - ¢)(tV7$V) - (wy - qﬁ)(t,l‘) > Oa

then B
lim (w — ¢)(t,7) — (w” — ¢)(tv, zv) = 0

V—00

lim (w” = ¢)(ty, z,) — (w” = ¢)(t,x) = 0

lim (w” — ¢)(t, ) — (w — ¢)(t,z) = 0.
From here we obtain that V(¢,z) € B it is verified that

(w = )%, ) — (w—9)(t,7) >0,
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in particular for (¢g, zo). This fact is impossible because (tg, o) is a point of
strict maximum. Therefore we can conclude that

(tuamu) i (t07x0) .
From the definition of viscosity subsolution and (12) we get that Vv
Lo(ty,x,) > 0.

Taking into account the regularity of the function ¢ and its derivative and
the convergence of (t,,x,) to (to, o) we obtain

From the other side, considering the definition of w and the fact that Vv
is a viscosity sub-solution of (12), it is verified that V(¢, x)

wl/

w(t,z) < W (ta) < Mu(t, )

and so
w(t,z) < Mw”(t,x).

Now, by definition of operator M we get Vv € Ri
w(t,z) < Mw’(t,z) <w(t,x+g-v)+cv.
Taking limit for v — oo, we obtain Vv € Rﬁ
w(t,z) <w(t,x+g-v)+co,
and then the following inequality holds
w(t,z) < Mw(t,x). (14)
Finally, considering both inequalities (13) and (14) for (¢,z) = (to,zo) we

obtain
min { LA(to, 20), Mw(to, zo) — w(to, o)} >0,

as we wanted to prove.

Corollary 1 Function w verifies w = W.

Proof: As w is a viscosity subsolution of equation (9), by the comparison
principle (see [2]), we have that w < W and taking limit in (11) we get that

w=W.
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4 The discrete problem

4.1 Fully discrete solution
4.1.1 Elements of the discrete problem

We consider a partition of interval [0, T], of norm h, i.e. the discrete times
are given by Ej, = {nh,n=0,...,u}, p=[T/h]

We identify the space discretization with the parameter k, which also
indicates the discretization size.

Remark 5 For the sake of simplicity we consider here that the set U is a
finite set.

Domain R? approximation

We consider a family of quasi-uniform triangulations of R?, which is denoted
by {Sk’}k and verifies:

e For all k, S¥ is a denumerable collection of closed simplices {S]’?}j such
that (J S} = R%
J

o If Sf c Sk, S]’; € Sk, Sf # S;f, we have

— (S8 NS = 0.

— Either S¥ (NS} = 0 or S5 and Sf have in common a whole (m —r) —
edge, 7r=1,...,m

e max (diam(S¥)) = k.
j

e 3 x, > 0 and 3 x, > 0 independent on the discretization, such that,
denoting by d; the diameter of the simplex . ;?, it is verified

— the simplex SJ’? has a sphere of radius r; in its interior and it results
Ty > X1dj 5
— for any simplex S]’?, k< x,d;.

Let By = {mj 3] € ]N} be the vertices of this triangulation, arbitrarily
arranged. Every 2 € IR? is a convex combination of the vertices z* of the
simplex to which = belongs. Hence, Vu € U, Vn =20,...,u, V 2" € Ej,
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there exists a matrix with components v;(nh, z*, u), such that

vj(nh,zt,u) >0, VjeN,
vj(nh,z*,u) > 0, for at most (d + 1) values of j,

ZPYj(nhaxiau) =1,
J

z' + hg(nh,zt,u) =Y vj(nh, 2, u)zl.
J
(15)
Remark 6 We denote by Xpr = Ep X Ey .

Discretization of HJB equation

We analyze the discretization for the case where the operator L has the form

d
~ 0 0 1 0?
L= bi—+ i 7 g
3t+; 5‘zi+2;a 8:53
We consider the following scheme of discretization: Vj

~h
wi(nh, ;) = min (@,’;(nh,xj),@k(nh,xj)> )

wi(T,z;) =0,
with
W (nh,z;) =
1 d h
% > wy ((n + 1)h,z; + hb(nh, z;,u) + ei\/%) + hf(nh,z;,u),
Osti=—d
where en(i) = |
(i . i _ [ sign(i) j=1|i
e; = (ef)j=1 with e { 0 i £
and

Balnh,z;) = min (wh((n+ Dh,w; +g-w(h) + cnh)uig(h)

i=1,...,

where

1}1'2(’03)?:1 with vj:{l , =1

and £(h) is a positive function which verifies

h
%igé{(h) =0 and %11% $h) = +00. (16)
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Remark 7 ;From definition of w,}; we have that it is unique and that it can
be computed recursively.

Discretization consistency

The discrete function @} (nh, x;) defined below corresponds to the discretiza-
tion of operator L. Let us see that the scheme is consistent.

If ® € CY2(%), by Taylor expansion, and doing simple but lengthy cal-
culations, we have that

1 d
1 1 — — . =
}llli% s -2t z) + 54 O¢z§:j_d<1> (t—|—h,x—|—hb(t,x,u)—|—eZ\/dh)>
0P 1
== ®.b+ AP :
(at +Vo.b+ > >(t,x)

For the impulsive part, if ® € C12(X), by Taylor expansion, doing again
simple calculations and having in mind (16), we get

o1 Y
}ILEI%) R0) (—@(t,z) + @(t+ h,x +g-vi&(h)) = (¢"VP)'(t, ).

4.2 Convergence of the numerical procedure

As the sequence {w}} defined is equibounded by M;T, we can define the
function w, w as follows

w(t, ) =

lim inf{wl(t+s,z+y):|s| <& |yl <e, k<ko (t+s,2+y) € Sn}

E,k0—>0
(17)
and

w(t,z) =

lim sup{wl(t+s,2+y):|s|<e, |yl <e, k<ko, (t+s,2+y) € Tpx}

e,ko—0
(18)
We are going to show that w is a subsolution of HJB equation and w is a
supersolution. Then, by Theorem (4), we have that w < w. Moreover, from
(17) and (18) we get w > w and in consequence W = w. This implies that
there exists w* such that it is the limit of the sequence w,}g . As HJB equation
has a unique solution, we conclude that w* = W.

Remark 8 We have employed the definition of wZ over the whole set Ep X
R?, this definition was made by linear interpolation in the space of linear
finite elements.
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w is subsolution in the viscosity sense of HIJB

We must prove that

e W is upper semicontinuous
e W(T,z)=0 Vx
e W is subsolution in the viscosity sense of (7)

The first two properties are obvious, let us see the third one. Let K
be such that |w}(t,z)| < K Vh > 0, k > 0, (t,z) € ¥ . We use as the
tangent function to W functions which verify ®(s,y) — oo for ||y|| — oo or
(t,y) — OX%.

Let (t,z) be a global strict maximum of (w — ®), w.l.g. we can suppose
that (w — ®)(¢t,2) =0.

From definition of w, there exists a sequence ¢, such that ¢, — 0 and if
we define

¢l/(tax) = Sup{wZ(svy) th < Evs k< Ev, (S,y) € Ehk, ‘t—8| < Evy ||£U—y” < EV}

we have 1

¢V(t7x) - = S w(tax) S Q/)y(t,l') .
Then, there are h, < e,,k, < e,,(ty,2,) € Zp k., [t — o] < eyl — ]| <
&, such that

A

1
wZ:(tVaxU) S (b,,(t,x) S ﬁ +wl}cl:(tl/7xl/)

and, in consequence

1 1
wi (b)) = = S W) < 5wl (b)),
then
lim w™ (t,,2,) = T(t, ). (19)
V—00 v

Let us see that there are (f,,7,) € %, 1, such that it is a global maximum
of wZ: — ® in Xj,k, and such that (¢,,7,) — (¢,2). Moreover, it results

wp (t,,3,) — w(t, ).

Let (7, ¢p) be a maximizing sequence of wZ: — ®, then
Wl )~ @2 < Tl (e 0y) — 9(0y.0,)
= sup  (wpr(r,q) — ®(7,9))
(T,0)ESh, Ky

<K- inf ®(7q)

(CADISH

=K+ sup (—=®(7,q)) <2K

(T,0)ESh, by
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because
@(S,y) - CI)(’S,y) < @(ta x) - (I)(th) = 07 V(Sa y) € 27 (21)

where
_(I)(svy) < K = sup(—@(&y)) < K.

The sequence maximizing g, is bounded, because if we suppose that ||g,|| is
not bounded, then there is a subsequence g, such that ||g,/ || — oo, and so

p’hinoo wZ: (0 @pr) — Bt gp) = =00,
which contradicts (20). Then
llap|| < M.

As net E},, is finite in bounded neighbourhoods, we have

>

» V' > p(v)
L V' > p(v)

Tp/ =

qp/ =

8)

and (f,,2,) is the supremum of w,};‘/’ —®in Xy i, -
Then

ro~

w’il: (Sa y) - (I)(S,y) < wz: (t,,, xl/) - (I)(fuvffv) V(S,y) S Ehl/ky

and is consequence

wp (ty, ) — B(ty, x) < wpr (t,3,) — B, 3,) V.
Now, by taking limit ¥ — oo and considering (19), we can conclude that

w(t,x) — (t,z) < lim wy (£,7,) — ©(£,,3,). (22)
V—00
Following similar arguments to those ones employed for the sequence (7,, ¢,),
it is easy to prove that ||Z,|| < M for all v. Then, we consider a subsequence
of (t,,7,) which converges to (£, ). From the definition of w we have

lim wy (f,,%,) < w0 )

V— 00

and in consequence
w(t,z) — ®(t,x) <w(t, &) — ®(f,%).

As (t, ) is a strict global maximum, then = ¢t and # = z, and we have that
the complete sequence (1,7, ) converges to (¢, z) when v — oo .
From (22), we have

w(t,x) < lim w (t,,3,)

V— 00
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and by W definition (18)

w(t,r) > lim wk (ty, %),
we conclude that
lim wk (t,,%,) =w(t,x).

V—00

Then

wZV (tu7§u) - ¢(tl/7§:\11) Z wZ: (3V7yu) - (I)(Smyu), v(suayu) S Ehuku . (23)

v

By definition of wZ:

wy (t,,3,) < 0ty Ty) (24)
and R
wp (6, 3,) < W(ty, 3y) . (25)

Considering (24) we have Yu € U
w(ty,Ty) < by f(ty, Ty, u)+
i1 R (26)
+ > =wp ((ny + Dh, By + hob(ty, Ty, u) + e/dhy)

It is possible to characterize all point in X as a linear combination of the
nodes of the discretization used for ¥. Let us denote by n; the barycentric

coordinates of (z})! = 7, + h b(a,,ﬁ,,u) + e;v/dh, with respect to nodes
(T})} € Ey, of the simplices (Z;7)" to which it belongs. Then we have

wi ((n + Dy, (85)") = Y miwy ((n + D, (7))5)
J

and

®((n, +1)h an (nw + Db, (T)5) + O(K2) .

From these inequalities and considering (23) we obtain for each i = —d, ..., d

wy (b,,3,) — ®(ty, Ty) >
S miwg (4 Dho, (&0)8) = X ni®((ny + Dy, (7)5) + O(k2) .
J J

Moreover, from (24) we have

#i=—d

d
wpt (b, 3y) < o f(ty, 3, 0) Z > niwp ((ny + Dhy, (35)5) -
J
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By applying the Taylor’ expansion of order two to function ® (which belongs
to C12(%)), and taking limit for » — oo we arrive to

(LD + f)(t,x,u) >0,
and as w is arbitrary, we get

(LB + f)(t,z,u) > 0.

min
uelU

On the other hand, considering (25)

w} (5,%,) < min (wZ:((tu + Dhy,zy + gui€(hy)) + cvif(hy))

1=1,...,n

and following a similar development, it is easy to prove that Vi =1, ..., n,
(*V® +¢c)' > 0.

Then, w is a subsolution.

w is a supersolution in the viscosity sense of HIB
We must prove that

e w is lower semicontinuous

e w(T,xz)=0 Vax

e w is a supersolution in the viscosity sense of (8)

The first two properties are immediate, let us see the third one, i.e.
min { inf (Z@Jr f),g"Vw + c} <0.
uelU

We consider |w}(t,z)] < K Vh >0, k>0, (t,z) € X. We suppose also that

the functions ® which are tangent to the function w verify ®(s,y) — oo as

[ly|]| — oo or (t,y) — OX.

Let (t,z) € (0,T) x Q and ® € C12((0,T) x Q)) such that w — ® have

a global strict minimum in (¢, z).. Following a similar analysis to that one

used for w, we obtain that 3 a sequence ¢, such that ¢, — 0 and there exist

hy <ey, ky <ey, (ty,2) € Tpi, , |t —tu| <eu, ||l —2x,]| <&, such that
m w” (t,, ,) = w(t,z). (27)
V—00

Moreover there exists (f,,7,) € Xj, &, which realizes a global minimum of

wﬁ: — & in 3, , and they verify

(tuaiu) - (t,x)

~

lim wZ: (tAl,,xl,) =w(t,x).
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Then, V(t,,z,) € Zp i,

wy (t,,30) — @y, 3y) < wp (ty, 2,) — B(ty, 20) (28)
As function wzl’ verifies
ho (3 2\ — vt (Sho (3 o Rhyp o~
wy” (ty,z,) = mm(ka (t,,z,),w b (t,, ), (29)

we have two possibilities:
wp (t,7,) = 0 (L, 7)) (30)
or
(tl,, T,) = wk (t,,7,). (31)

Then, there is a subsequence of v such that one of the two conditions is true.
Let us suppose that for such a subsequence (30) is satisfied. As U is a finite
set, there are a control 4 and a subsequence (that, w.l.g., we call v) such that
it verifies

wl (i, @) =
d

1 . .
> @wl’i: ((ny + Dby, By + hob(ty, T, 1) + eiv/dhy,) + hy f (L, T, @)
0#i=—d

Let n] be the barycentric components of (Z,7)? such that
@)= By + hob(h, By ) + e/dhy = Y ni(@))
J

By using the definition of wZ:, we have

wp (b, B) = hy f (£, By ) Z Zn]ﬁwk (o + Dy, (3,)5) - (32)
0#i=—d j

By (28) and (32), using the fact that ® € C1?(X) and taking limit when v
goes to oo, we get _
(L2 + f)(t,z,u) <0,

then the minimum over U verifies

m[}n((Zep + f)(t,z,u)) <0.

Now, let us suppose that (31) is true, i.e. there is a subsequence v, and a
control v; such that Vv

ro~

wZV (tuaxu) = w]]z:((tu + 1)hl,,/.%‘\,, + gﬂig(hu)) + C'Dig(hu) :

v
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By using the same argument, we arrive to the inequality
(g"Ve(t,z) +¢)' <0
and then the minimum over the set {i =1, ...,n} verifies

min (¢*V®(t,x) +¢)" <0.

i=1,...,n

In consequence, we conclude that w is a supersolution.

5 Example
We have solve numerically an example given by the following data:
e ¥ =1[0,0.3] x [-20,20],d=1,9g=1, b=0, ¢ =0.1042, ¢(h) = 0.2,
e f(t,z,u) = max(0, cos(min(max(0.25z, —7/2),7/2)))%L,
e step of time discretization h = 0.0065
e step of space discretization k = 0.2,
o U={-1,1}

In Figure 1 we show the function w,’g (0, -) corresponding to the given data,
the gradient function and, as an inverted characteristic function, the region
where the impulsive control is applied.

We can observe that while the impulsive control v is applied, the value of

the gradient function approaches the constant function ¢
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