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LARGE TIME BEHAVIOR FOR A NONLOCAL DIFFUSION EQUATION
WITH ABSORPTION AND BOUNDED INITIAL DATA

JOANA TERRA AND NOEMI WOLANSKI

ABSTRACT. We study the large time behavior of nonnegative solutions of the Cauchy problem
w = [ J(z—y)(u(y,t) —u(z,t) dy — u?, u(z,0) = uo(z) € L™, where |z|[*uo(z) = A > 0 as
|z| — oco. One of our main goals is the study of the critical case p =1+ 2/a for 0 < a < N,
left open in previous articles, for which we prove that t*/2|u(x,t) — U(x,t)] — 0 where U is
the solution of the heat equation with absorption with initial datum U(z,0) = Ca,n|z|”*. Our
proof, involving sequences of rescalings of the solution, allows us to establish also the large time
behavior of solutions having more general nonintegrable initial data uo in the supercritical case
and also in the critical case (p = 1+ 2/N) for bounded and integrable uo.

1. INTRODUCTION

Consider the following nonlocal evolution problem with absorption

(1.1) ur = [ J(x —y) (u(y,t) —u(x,t)) dy — uP(z,t) in RY x (0,00)
' u(z,0) = up(z) in RV,

where J € C$°(RY) is radially symmetric, J > 0 with [J =1 and ug > 0 and bounded.

Equation (L)) can be seen as a model for the density of a population at a certain point and
given time. In fact, let u represent such density and the kernel J(z —y) represent the probability
distribution density of jumping from a point z to a point y. Then, using the symmetry of the
kernel J, the diffusion term [ J(z —y)(u(y,t) — u(z,t)) dy represents the difference between the
rate at which the population is arriving at the point x and the rate at which it is leaving . The
absorption term —uP represents a rate of consumption due to an internal reaction.

This diffusion operator has been used to model several nonlocal diffusion processes in the last
few years. See for instance [I} 2 3[4, 10, 20]. In particular, nonlocal diffusions are of interest in
biological and biomedical problems. Recently, these kind of nonlocal operators have also been
used for image enhancement [I1].

We are interested in the large time behavior of the solutions to (LI and how the space
dimension NN, the absorption exponent p and the assumptions on the initial data ug influence
the result.

These kind of problems have been widely studied for the heat equation with absorption or,
more generally, the porous medium equation or other diffusion equations. (See, for instance,

[6l, 12, 14} 15, [16] 21]).
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In the case of semilinear problems, one possible approach is the direct use of the variations of
constants formula associated to the knowledge of a fundamental solution of the purely diffusive
linear part. This approach has been considered for problem (1) in [I8, 19] and it allowed to
study the supercritical cases, in which the presence of the absorption term does not influence
the asymptotic behavior.

Another possible approach is to consider rescalings that leave the purely diffusive equation
unchanged. This is done, for instance, for the porous medium or the evolutionary p-laplace
equations.

At first sight, this last approach is not possible for (L)) since the nonlocal diffusion equation
is not invariant under any rescaling. Anyhow, it is easy to see that if u is a solution to

(12) w = [ I = 9)luly.t) ~ u(a,t) dy = Lu
and, for k£ > 0 and f(k) any function of the parameter k,
WPz, 1) = f(k)u(ke, k>t),

then u* is a solution to the following equation
(13) w2 [ itz ) (ol0,1) ~ v(o.0) dy,

where Ji,(z) = kN J(kz). Tt is not difficult to prove that for a fixed smooth function v, the right
hand side in (3] converges, as k goes to infinity, to a Av where a is a constant that depends
only on the kernel J of the nonlocal operator.

This fact has already been used ~with e = k~! — 0- in order to prove that the solutions of the
rescaled problems set in a fixed bounded domain converge to the solution of the heat equation
with diffusivity a. (See, for instance, [§ [9]).

Therefore, since k going to infinity for u*(x, 1) amounts to ¢ going to infinity for u(zx,t), it is
not at all striking that the asymptotic behavior as ¢ goes to infinity of the solution of (I.IJ) is
the same as that of the solution of the equation obtained by replacing the nonlocal operator by
a A, as was proved in [I8] when ug € L N L' and p > 1+ 2/N and in [19] when ug is bounded
and |z|*ug(z) > A>0as |z] > cowith0<a < Nandp>1+2/a.

Both in [I8] and [19] no rescaling was proposed and instead, the variations of constants formula
was used. Nevertheless, such method only led to the study of the supercritical cases.

As stated above, the idea of the rescaling method is that the behavior of u(z,t) as t — oo is
that of u*(z,1) as k — oo (for a suitable choice of f(k)).

In order to prove the convergence of the functions u*(z,1) on compact sets of RY, it is
necessary to establish compactness of a family of uniformly bounded solutions to the equation
satisfied by u*. In the case of the heat or the porous medium equations, this compactness follows
from their regularizing effect.

The purpose of this paper is twofold. On one hand, to establish the large time behavior in
the critical case p = 1+ 2/, 0 < a < N that was left open in [I9]. On the other hand, to
show how to use the rescaling method in the present situation in which each u* is a solution of
a different equation. And moreover, how to obtain, in the present situation, the compactness of
the family {u*} from uniform L bounds.
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One very important issue that we had to overcome is the lack of a regularizing effect of
equation (L2) and its rescalings. In fact, u(x,t) is exactly as smooth as ug(x). This problem is
overcome by the observation that the fundamental solution of equation (L2)) can be decomposed
as e 1o+ W (x,t) with W (z,t) smooth, as proved in [5]. Then, the variations of constants formula
for the rescaled equations allowed us to decompose u¥(x,t) = v¥(z,t) + h¥(z,t) with v* — 0
and h* smooth. So, the limit as k — oo of uk(x, t) for t > 0 is that of the smooth functions hk,
for which we can prove compactness by establishing uniform Holder estimates.

One of the main contributions of the present paper is a very sharp estimate on the space-time
behavior of W (z,t) (as well as its space and time derivatives). This estimate is invariant under
the rescaling Wy(x,t) = kNW (kx, k?t), thus leading to estimates for the rescalings u* of the
solution wu.

This study of the good part of the fundamental solution and the idea of how to use the
rescaling method in order to study asymptotics related to the nonlocal diffusion equation (2])
give insight into how to attack other semilinear problems related to this equation like blow up
or quenching problems (determine blow up and quenching profiles, for instance) and thus they
are of an independent interest.

In the present paper we apply this method in order to study the asymptotic behavior as
time goes to infinity of the solution to (ILI]) for general bounded initial data ug. We find that
this behavior is determined by the way uy decays at infinity, retrieving for (ILI) results that
were known for the heat equation (see [12] 14l [16]). In particular, this method allows to treat
the critical case p = 14+ 2/, 0 < a < N left open in our previous paper [19]. Moreover, we
also complete the results of [I§] for integrable initial data by proving that —in the critical case
p =1+ 2/N-— there holds that tN/2u(z,t) — 0 as t — oo (as compared to the supercritical case
p > 1+ 2/N where a nontrivial limit is achieved).

Moreover, since our approach allows for very general initial data, we find results for both
integrable and nonintegrable initial data that do not behave as a negative power at infinity, and
we give some examples of application of our results to such cases at the end of this article.

Before presenting some examples of initial data to which our results apply let us introduce
some notation.

Notation. We consider rescalings that depend on the behavior of ug at infinity. For k£ > 0 we
denote by wvy(z,t) = kNv(kx, k*t) and, following the notation in [I6], we denote by v¥(x,t) =
f(k)v(kz, k*t) where
k?N
ka uo
Remark 1.1. Since ug > 0, ug # 0, there exist k > 0 and xog € RY such that ka(xo) uo(x) dx >
kk™ for k> 0 small. Without loss of generality we will assume that xo = 0.

fk):

We assume further.

Conditions on f

(F1) ug € L (RY) and there exists B > 0 such that f(|z|)uo(z) < B.

(F2) For every § > 0, there exists Cs > 0 such that f(k) < Csf(l) if ko < k <1671
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(F3) There exists cg > 0 such that F(k) := f(k)!"Pk? — co as k — oc.

Remark 1.2. Assumption (F3) implies that f(k) > cik* P~V if k > ko and ko is large.
Therefore, f(k) — o0 as k — oo.

Examples By including the function f in our rescaled sequence we are able to deal with rather
general initial conditions. It is also interesting to note that, for ug € L* satisfying

(1.4) |z|“uo(x) = A >0 as |x] = oo with 0 < o < N,

the function f behaves like k% as k tends to infinity. This is then, a rather usual rescaling in
this case.

The following is a list of examples of initial data satisfying our assumptions.

Ex. 1 Assume ug € L®°(RY) and |z|%ug(z) = A > 0 as |z| — oo with 0 < a < N. Then,
f(k) ~ so we take it to be equal

- 2
F(k) = koe-n2 4 [0 Ty
1 ifp=1+2

Ex. 2 Assume ug € L®°(RY) and |z|Nug(z) = A > 0 as |2| — oo. Then,

k?N
f(k) ~ oz k

2
F(k) =k NP D+ 2(log k)P~ 5 0eR  ifp>1+ ¥

so we take it to be equal

||

X
log |z|

Ex. 3 Assume ug € L>®°(RY) and up(x) = A >0 as |x| = oo with 0 < o < N. Then,

k:Oé
f(k) ~ gk so we take it to be equal

2
F(k) = kP~ 2(Jog k)Pt 5 0eR  ifp>1+ =

Ex. 4 Assume uy € L>®°(RY) and |z|*(log |z|)ug(z) — A > 0 as |z| — oo with 0 < o < N.
Then,
f(k) ~ k*log k so we take it to be equal
L—o(p—1)+2

2
Flk)= —— ifp>1+—.
(k) (log k)p—1 0 dfp=ly a

N
Ex. 5 Assume ug € L>®°(R") and l| || |u0(az) — A >0 as |z| = oo. Then,
og |x
k?N
J(k) ~ —5— so we take it to be equal
log= k

2
F(k) = kNe=D+2(1og k)21 50 ifp>1+ ¥
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Ex. 6 Assume ug € L(RY) and |z|" (log |z|)ug(z) — A > 0 as |z| — co. Then,

k?N
f(k) ~ Toglog k so we take it to be equal
2
F(k) = k~Ne=D+2(loglog k)P~ -0 ifp>1+ —.

N

Ex. 7 Assume ug € L'(RY). Then,
f(k) ~ kN so we take it to be equal

: 2
F(k) = k= Ne=D+2 0 ifp>lty
1 ifp=1+2

Let us just mention that the function f(k) is related to the rate of decay in time of the solution
whereas ¢p = limy_,o, F'(k) turns out to be the coefficient in front of the absorption term in the
equation satisfied by the limiting profile.

For our main results we refer to Section 4.

The paper is organized as follows. In Section 2 we construct barriers for the good part W of
the fundamental solution of (L.2]), as well as for its space and time derivatives. By using these
barriers we obtain an upper bound for the solution uy, to (I2)) for all times. This result improves
the one we had established for finite time intervals in [I9] in case wug satisfies (I.4)). Also, this
bound on wuy, implies that the rescaled functions u* are uniformly bounded in RY x [r,00) for
every 7 > 0.

In Section 3 we analyze the rescaled problems satisfied by the u*’s and prove that, under
sequences, {u*} converges uniformly on compact sets to a solution U of the equation U; — aAU =
—coUP, where ¢y = limg_,, F(k).

Moreover, we obtain a general result stating that we can determine the limit function U. In
fact, we prove that if uf(z) — ¢(x) as k tends to infinity in the sense of distributions and, for
every R > 0 there holds that

k
w21 (Brx(0,7) < C(R)T
and either there exists v > 0 such that
k
u* Lo (Brx(0,)) < C(R)TT
or, for every 7 < 1, R > 0,
. k N
(w8 x0,m) = 0,
then U satisfies moreover,
U(z,0) = ¢(x).

Then we establish, for the different cases of nonintegrable initial data ug considered in the

examples, the desired L' and LP bounds.

At the end of the section we analyze the case where ug is integrable (in which case it does not
satisfy an LP estimate as above) and determine U, both for p supercritical and for p critical.

Finally, in Section 4 we prove our main results on the asymptotic behavior of the solution
for initial data comprised in the examples above. In particular, we obtain the behavior in the
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critical cases p = 1 4 2/a when wg satisfies (L4), and p = 1 + 2/N when uy € L' N L*, that
were left open in [19] and [I8] respectively.

2. BARRIERS AND FIRST ASYMPTOTIC ESTIMATES

In this section we analyze in detail the smooth part W of the fundamental solution to the
linear equation

(25) w = [ I = p)at) - ule.) dy = Lu
We establish upper bounds for W and also for its space and time derivatives. These will be
essential in Section 3, in order to prove the convergence of the rescaled sequence.
In [5] the authors observed that the fundamental solution of (23] can be written as
Uz, t) =e "0+ W(x,t)

where ¢ is the Dirac measure and W (z,t) is a smooth function. Then, in [I3] the authors showed
that
W (2, t)| < Cot /2.

In [19] we established that W is a solution to the problem

Wite,t) = [ o= g) (W (y.0) = W(a.0) dy + e (@)
W(z,0) =0,

and used this fact to prove that W > 0 and to obtain estimates in LY(R”), which in turn allowed
us to establish the asymptotic behavior of solutions to the nonlocal problem with absorption in
the supercritical case.

(2.6)

In order to deal with the critical case, we will use the method of rescaled sequences for which
we need the knowledge of the behavior of W (z,t) as |z| — oco. We obtain this behavior from
sharp barriers. We have,

Theorem 2.1. Let W as above. There exists a constant C > 0 depending only on J and N
such that

(27) Wz, t) < Ot

|x|N+2'

Proof. First observe that W (z,t) < vi(x,t) := ||J||sot. In fact, in any finite time interval, the
function vy is a bounded supersolution of the problem (Z.6]) satisfied by W. Thus, the inequality
follows from the comparison principle.

Now, let vo(x,t) = C |$|++2 We will show that there is a constant C' depending only on J
and NN such that vy is a supersolution of the Dirichlet problem
v — Lv = e ' J(2) in A:= {|z| > KVt} N {|]z| > 2R}
v=W in the complement of A
v(xz,0) =0

satisfied by W. Here R is large enough and such that Bp contains the support of J, and K is
a large enough constant to be determined.
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In fact, vo > W in A° if C is large since W < ||.J||oot and W < Cot=N/2,
On the other hand, v9; = le%“ In order to estimate Lvy we use Taylor’s expansion to get,

1 1 N+2 1N +2 )
|y|N+2_|$|N+2__|x|N+4x'(y_x) 2 [N+ ly — =

1 (N +2)(N +4) > [ ly —
t5 e 0o+ [0 ) s

Now, since J is radially symmetric,

N +2
Tz le/ x— —x;)dy =0,

1N +2 , . (N+2)N

YT e _ Py = A

2 |$|N+4 /J(,I y)|y ﬂf| y |$|N+4 a’

and
TiTs (N +2)(N+4)
Z s (= V2004 0) [ =y ) dy = SR

where a = & [ J(z)|z|? dz.

On the other hand, z + s(y — x) > |z| — |y — 2| > |2| if |z| > 2R and |y — z| < R. Thus, if

2] > 2R,
1 | .3
Yy — x| Ch
_ dsdy < ———.
//o Ho = 90(r =) U < s

Putting everything together we get, if || > 2R and R is large enough,

C
UQt—LUQZmT—f—Q( CZ| |2>

So that, if |z| > K+/t with K large enough,

voy — Lug > > e_tJ(x)

|| N+2
if C is large enough since J is bounded and has compact support. O
Now we find a barrier for the space derivatives of W.

Theorem 2.2. Let W be as above. There exists a constant C > 0 depending only on J and N
such that

Proof. We proceed as above. First, by differentiating the equation satisfied by W we find that
Vi = Wy, is the solution to

Vi = LV = 7,
(2.9)

Vi(z,0) =0
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As with W we find immediately that |V;| < ||[VJ||et. On the other hand, from the Fourier

N
characterization of W it can be seen that |[VW(-,t)|e < Cot~ 2. (See, for instance, [13]).
Therefore, for every K > 0 there exists a constant C' such that

_ t e
’U(,I,t) = C|§C|T+3 ZVYZ in A°.

On the other hand, the same type of computation as the one in Theorem 2] yields that, if
K is large enough, there exists C such that v is a supersolution to the Dirichlet problem
v — Lv = e 'J,, () in A:= {|z| > Kvt} n{|z| > 2R}
v="V; in the complement of A
v(z,0) =0
satisfied by V.
We conclude that V; < .

Analogously, —o is a subsolution to this problem. Thus, |V;| < © and the theorem is proved.
O

The estimate in (Z8) allows to derive estimates of the L' norm of VW. In fact,

/\VW(x,t)] do = / VW (2, )] da + / VW (x, )] da
|z[<vt |z[>vt
< / "2 dz +C L
= Co 2 ar TINL3 4T
jal <V PRV
N+1 N 3

= O [t 45 4 03]

= CNJt_%.
So, we obtain a first estimate that is suitable for large times

(2.10) /NW(m,t)\ do < C1t72

with C] depending only on J and N.
On the other hand, since |[VIW| < Ct, there holds that
t
(14 f)N+3

Thus, we have the following estimate, which is better than the previous one for small ¢.

(2.11) VW (z,8)| < C

(2.12) /]VW(ﬂc,t)\ dw < Oy t.

We obtain similar results for W;. We have,

Theorem 2.3. Let W be as above. There exists a constant C > 0 depending only on J and N
such that

(2.13) W (2, 8)| < eI (z) + C—

(1 [z
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Proof. By differentiating the equation satisfied by W we obtain
(W)e(z,t) = LWi(x,t) — et J(2).
On the other hand, from the equation for W we get
Wi(z,0) = J(z).
Let V(z,t) = Wy(x,t) — e tJ(x). Then,

{Vt—LV:et(J*J—J)

(2.14) V(z,0)=0

Since |J x J — J| < 2|| /]| We get a first estimate for V: |V (z,t)] < 2||J||oot.
We can derive the estimate |V (z,t)| < Cct 2 by differentiating W with respect to time in
its Fourier representation.
Now, proceeding as above we see that there exist C' and K large so that the function C |$|++4
is a supersolution of the following problem satisfied by V.
v —Lv=eY(J*xJ—J) in A:= {|z| > KVt} N {|z| > 2R}
v=V in the complement of A
v(x,0) =0

Analogously, —C \93\++4 is a subsolution to this problem. Therefore,

|V (z,t)| < CW.
So that,
Wi, 8)] < eI (@) + V(2. 8)| < e J(x) + cmﬁ.
Since, |V (z,t)| < Ct we prove ([ZI3). O
From estimate (2.I3]) we obtain the following estimates
(2.15) Wi ()l ey < CE
(2.16) Wil )| ey < €'+ Ct.

Finally, we construct a barrier for the solution uy. We have,

Proposition 2.1. Let uy, be the solution to ([Z3h]) with initial datum ug satisfying our assump-
tions. There exists a constant C depending only on ||ug||s, B, N, J such that

f(tl/Q)uL (:C, t) <C,

(2.17)
f(azur(z,t) < C.
In particular, if p > 0 is such that k" < C f(k) if k > 1 there holds that

C
2.18 t) <
( ) ur(z,t) < (1 + t1/2 4 |z| )
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2
p—1-
Remark 2.1. ([ZI8]) improves the estimate found in [19], Proposition 2.1 where the estimate
was proved in finite time intervals when uy satisfies (LAl) with o > 0.

Let us recall that this is always the case when p =

Proof. We already know that ur(z,t) < |Jug|/co. Let us begin with the time estimate. We have
~by the estimates on W and our assumptions on up— that for ¢ large,

FE (e, t) = FEDe @) + 767) [ Wi =) dy

1
SCt e / NPW (2 =y, tug(y) dy + / W (@ =y, ) f (£ )uo (y) dy
th1/2 Uo Jy|<tt/? lyl>t1/

§0(1+/W(x—y,t)dy> <C.

On the other hand, since uy, is bounded and f is locally bounded,
FE P up(z,t) < C
if ¢ is bounded.

Now, we estimate,

f(ahur(z,t) =6tf(lfﬂl)Uo(w)+f(|$|)/W(l’—y,t)uO(y)dy

<Bga) [ Wy tul)dy+ Fel) [ Wi yu)dy
lyl<zlz| ly[>3 x|
=B+1+11I.
Observe that f(2k) = % < 2N f(k). Thus,
Bag

r<c / W — y. )/ 2lyl)uo(y) dy < C2V B,

In order to estimate I we use the barrier of W. We have, since |y| < %|x| implies that
|z —y| > 3lal,

_ 1
T=f(a) [ W=y uy)dy < Clal 2 [ () dy
Iyl <2l I, w0 Jiyi<dal

t
<C—=<C if|z* >t
||?

On the other hand, in the region k% < |z|? < ¢ there holds that
fllzur(e,t) < Cif(E"?)ur(e,t) < C.
Finally, if |z| < ko, there holds that f(|z|)ur(z,t) < C. So, the proposition is proved. O

Remark 2.2. When ug > 0 the solution uy, of the homogeneous equation (ZI)) with initial data
ug is non-negative. Thus, ur, is a supersolution to (L2) and 0 is a subsolution to (L2)). By the
comparison principle we deduce that

0 < u(x,t) < ’LLL(l',t),
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for every solution u of (L2). Hence, the estimates of the previous proposition hold with wuy,
replaced by u, that is,

flz)u(z,t) < C and  fE/?)u(z,t) < C.

3. THE RESCALED PROBLEM

In this section we analyze the rescaled problem. This is, the one satisfied by the rescaled
functions u*. Using the bounds obtained in the previous section we are able to prove that
the rescaled sequence {u*} has a convergent subsequence to a function U. We establish the
equation satisfied by the limit function U, as well as the initial datum U(z,0), depending on the
conditions assumed on ug. In the case of nonintegrable initial data ug, in order to completely
determine U, it is necessary to establish certain bounds on the L' and LP norms of u*. On the
other hand, if ug is integrable, we proceed in a different way, as can be seen at the end of this

section.

Let uw be a solution of

(3.1) ug = Lu — uP in RY x (0, 00)
' u(z,0) = up(x) in RV,
As defined in the introduction we denote by
k?N
uF (2, t) = f(k)u(kz, k*t), where f(k) = .
fBR Uo

By Remark we have that f(t'/?)u(z,t) < C. So that, by our assumption (F2) on f, if
t > to there holds that
uF (@, 1) < Cp f RV ulka, Kt) < Cy.

The function u* satisfies the following equation,
(3.2) uf = B2 L — F(k)(uk)P

where F(k) = f(k)'"Pk® — ¢y > 0 as k — oo by our assumptions, and the operator Ly, is defined
by

(3.3) Liv(z) = (Jp *v)(2) — v(z) = kN / J(k(z —y)) (v(y) — v(z)) dy.

Our goal is to study the behavior of the sequence {uk} To do so, we will decompose u*
into an exponentially small part and another one, h*, depending on W, the smooth part of the

fundamental solution of the homogeneous linear problem.
Take to > 0 and write u(z,t) = e~ (=K 0)y (2, k2t0) + 2(x,t). Then,
2 — Lz = e_(t_thO)(J xu(-, ko)) — u?
and z(x, k2to) = 0. After rescaling we have that u* (z,t) = e * =0y (2 1)+ 2F(z,t). Observe

that
eka(tftO)uk(x,to) < Ctoeka(tftO) — 0,

as k — oo uniformly in t — ¢ty > ¢ > 0, so that the asymptotic behavior of u* for k — oo is that
of 2F.
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By the variations of constants formula we get

z(z,t) = S(t—s) [e_(s_thO)(J wu(-, ko)) (z) — uf (z, s)} ds

k2tg
where S(t) is the semigroup associated to the homogeneous equation u; — Lu = 0.
Thus,

z(x,t) = /]: e~ (t=3) [e*(s*k%(’)(t} wu(-, ko)) (z) — uf (z, s)} ds

2t0

/162 /W (x —y,t— s)[ (S_thO)(J xu(-, k) (y) — uP(y, s)} dy ds
to
t

= / ~(t=k?to) (J *ul-, k*to)) (x) ds — / e P (z, 5) ds + h(x, t)

k2tg k2to

t

=(t— tho)e_(t_k2t°) (J *u(-, k*to)) (x) — / e~ P (2, 5) ds + h(x,t)
k

Qt()
with
t
h(z,t) = /k /W(m —y,t —s) [ef(sfk%o) (J wu(-, k:QtO)) (y) — uP(y, s)] dy ds.
2t0

Therefore,
k2t

2 (,t) = K2t — to)e 0 £(k) (T * ul-, K2 to)) (k) — /k , e~ F*1=9) £ (k)uP (kz, ) ds

+ hk(x,t)

— K2(t — to)e M0 (k) (] % (-, Kto)) (k) — F (k) /t ) (4P (1, 5) ds
+ hE(z,t).
There holds that,
FO( - R2t0)) (ko) = [ Ik = ) f(yuty. Kot dy
(e + e 10)) (@)

So that,

K, t) = K2 (t — to)e*kQ(t*tO) (Ji *u" (-, t0)) (z) — F(k) /tt ek (t=s) (uF)P(x, 5) ds

+ hF (2, t).

With similar computations we find that

t
WGt = 1 [ [ Wi = gt = )60 (o 10) () dy ds
to

P [ [ Wita =yt = )P ) dyds.
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where Wy, (x,t) = kNW (kz, k*t).
Let us now estimate the first term in the expansion of z*¥. We have
E2(t — to)e*k‘Q(t*tO) (Jk * uF (., to))(z) < CK*(t — to)e*kQ(t*tO)CtO — 0 as k— oo,
uniformly in ¢ — ty > ¢ > 0.

For the second term, since F'(k) is bounded, we have the estimate

t t
F(k)/ oK (t—s) ()P (2, s)ds < Cto/ ok (t=5) gg

to to
<Cpk™2 =0 as k— oo

Therefore, the asymptotic behavior as k — oo of u* is that of h*.

Since the functions h* are smooth, we can show that the family {h*} is precompact in C(K)
with X cC RN x (tg,00) by finding uniform Holder estimates.

We begin with estimates in space.

Proposition 3.1. Let tg >0 and T > 2tg. There exists a constant L > 0 such |Vh*(z,t)] < L
for x € RN if t € [2t, T].

Proof. Recall that we have obtained estimates for the L! norm of VW (-,t) (cf. (I0) and
ZI2)). Now we derive estimates for the L' norm of VW, (z,t) = kk™¥ VW (kz, k*t). We have,

VWi, )l 1@y = EIVW (R | 1 o)

Therefore,

IVWi(,8) |l 11wy < CE(E*t) = CKt.
On the other hand,
VWi ()| gy < Ch(kP) 12 = C¢ 712,

Differentiating the function h* we obtain,

t
VI (x,t)] < kz/ /|VWk($—yat—5)|ekQ(StO)(Jk*Uk(',tO))(y) dy ds
to

t
—i—F(k:)/ /\VWk(x—y,t—s)\(uk)p(y,s)dyds:I+II.
to
There holds,

3t/4 t
I< kQCto/ e—k2(8—t0)(t _ S)_1/2 ds + kQCt()/ e—k2(8—t0)k3(t o 8) ds
to 3t/4

< G (t/4) 77 4 G (t/ )R E < Oy
On the other hand,

t
1T < Cto/ (t —s)"Y2ds < Cyy -

to
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Finally we prove one of our main results, namely, that the sequence {h¥} and therefore, the
sequence {uk } is uniformly convergent on compact sets.

Theorem 3.1. There exists a subsequence that we still call h* which is uniformly convergent
on every compact subset of RV x [2tg, 00).

Proof. In order to prove the result, let us split h* into two terms.

t
hk(xa t) = k2 / /Wk(ﬂ? -yt — S)eikQ(L‘;itO) (Jk * uk('a tO))(y) dy ds
to

t
—F0) [ [ Wite =gt = )P () dy ds

to
= HE(x,t) + H"(x,1).

with .

Hg(ﬂ%t) = k?Q/ /Wk(az —y,t— s)e_kQ(S_t“) (Jk * uk(-,to))(y) dy ds
to
and

H*(x,t) :F(k)/t /Wk(x—y,t—s)(uk)p(y,s) dy ds.

By the estimates of [[Wi (-, 1)1y (cf. (ZI3)) we get
Wie( )l < Ot

and

[Wie(- )] 22 < k2e F*t 1 Ok,

Therefore,

t
|H§t(x,t)| < k:2/ / [Wi(x —y,t — s)] eikQ(sftO)(Jk * uk(.’to))(y) dy ds
to
t

3t/4
< Ck? / (t — 8) " 1Cype 60 ds 4+ CK? / ke =90y e () g
to 3t/4

¢
+ CkQ/ EA(t — S)Ctoe_k2(5_t°) ds
3t/4

< Cio(t/4)7 + Cig (t/4)k467k2(t7t0) + (t/4)k467k2(374t*t0)
< Cto,T-

Therefore, the sequence Hg has a subsequence that converges uniformly on compact subsets
of RN x [2tg, o0).

In order to see that the same conclusion holds for the sequence H, let us define
t
Ria,t) = () [ [ Unlo = gt = 5)(u)P(y.5) dy s,
to
with U, the fundamental solution of the heat equation with diffusivity a. Then, for every T' > 0,

IR*|| oo v t0,77) < Clo
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and
HHk — RkHLOO(RNX[t(),TD — 0 as k — OQ.
In fact,

1R (- 8) = RECo )| oo vy < F(R) [ Wiyt = 5) = Ualyt = )l (@")P(, 8) g ds.

to

Recall that f(k) > ck? with 8 =2/(p —1). Let us take ¢ > N/fBp. So that there holds,

dx 1/q
kyp . < - < > .
H<u><,s>uq_(/(sl/2+|x|)ﬁm) < Chy for s> 1o

On the other hand, since Uy(x,t) = Uqp(x,t),
||Wk(at) - Ua(‘at)Hq’ = ||Wk(at) - Uak('?t)Hq/
= EMUW (., B2) = Ua (- K*D) g
< |N/a (th)—(NH)/?q — p—Vap—(N+1)/2q (cf. [19]).

Let us choose ¢ big enough so that we also have ¢ > (N 4 1)/2. Then,

t
I (18) = ROl o) < FOICyagh™1 [ (¢ = sy VF/20 g

to
< Cprk™ s if to<t<T.
Hence,
1
|H* - RkHLoo(RNX[tO7TD <Cqtork 9 =0 as k— oo.
Finally, observe that R* is a solution of the heat equation with diffusivity a and uniformly
bounded right hand side. In fact,
R} (x,t) — aARF(z,t) = F(k)(u*)P (x,1)
and
0 < F(k)(uF)P(z,t) < Cy, if t>to.

Therefore, the family R* is uniformly Holder continuous in RY x [2to, T for every T > 2t.
We conclude that there exists a subsequence that is uniformly convergent on every compact
subset of RV x [2tg,00). And the same conclusion then holds for the family H*. U

Now that we know that {uk} has a convergent subsequence, we proceed in identifying the
limit function U. As a first step, and using the assumptions on F'(k) in the introducion we
establish the equation satisfied by U.

Proposition 3.2. Let k,, — 0o be such that uF» — U uniformly on compact sets of RY x (0, 00).
Then, U is a solution to

(3.4) U, — aAU = —coUP

where ¢y = limy_, 0 F'(k).
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Proof. For simplicity we drop the subscript n. Let ¢ € C§°(RY x (0,00)) and K a compact set
containing its support. Then,

/OO /RN Ule,t) (o + aAg) (@, t) dedt = /OO /RN (e, t) (01 4+ W L) (2, 0) deedi +
/ /RN — uP)(z, 1) (g1 + alp) (z, t)dxdt—/ / (z,t) (K*Lip — alAy) (z,t) dz dt
—/ /RN (uy — K*Lyu®) (2, t) (2, t) dv dt +

/ /RN — u*)(z, 1) (pr + alp) (z, t)dxdt—/ / z,t) O (k™) xx dz dt

/ /]RN o(x,t)dedt

h —uk x T T — w(x -3 T
+/0 /RN(U )(, 1) (01 + alp) (x,t) da dt /0 /RN B2, t) O (k™) xic de dt
CO/O /]RN UP(z,t)p(x,t)dedt as k — oo.

So that,

/OO/ Uz, t) (¢ + alp) (z,t) dedt = ¢ /OO/ UP(x,t)p(x,t)dedt
0o JrN 0o JrN
for everyp € C§°(RYN x (0,00)). Thus,
U; — aAU = —coUP.
U

Finally, in order to identify the initial datum U(z,0), we need to take into account the behavior
of ug at infinity. Moreover, it is necessary to have some control on the L' and LP norms of u”
on sets of the form Bg x (0,7) for R, 7 > 0.

Proposition 3.3. Let u be a solution to 1)) and u* its rescaling. Let k, — co and assume
ubr — U as n — co. Assume that for every R > 0 there exists Cr such that

/ / uF(z,t) dzdt < Crr
0 JBpgr

and either there exists v > 0 such that

Fk// P(x,t)dxdt < Crr”
Br

or else, for every R,7 > 0,

lim F(k // P(x,t)dxdt = 0.
k—o0 BR

Assume further that

uf(z) — ¢p(x) (k — 00) in the sense of distributions.



NONLOCAL DIFFUSION WITH ABSORPTION 17

Then, there holds that U is the solution to
Uy — aAU = —coU?P
U(z,0) = ¢(x)

Proof. We proceed as in the proof of Proposition We drop the subscript n. Let ¢ €
C(RY x [0,00)), R > 0 such that ¢(z,t) = 0 if [x| > R and let ¢ > 0. Let 7 > 0, ko > 0 be
such that for k > ko,

// xtdxdt—l—F // Pz, t)dxdt < e
Bgr Br

// U(x,t)dxdt—i—co// UP(z,t)dedt <e
0 BR 0 BR
Then,

(/OOO /RN Uz, t) (¢t + alg) (z,t) dmdt—/ooo /RN coUP (z,t)p(z,t) do dt
+AN¢(x)@(x,0)dx‘ < C‘/OT/BRU(x,t)dxdt‘ +C‘CO/OT/BR Up(m,t)dxdt‘
—i—C/TOO/BR\U—uk](x,t)dxdt—l—/oo /BR‘coUp—F(k)(uk)p‘(x,t)dxdt

—|—/ / u(z,t)O (k™ (z,t) dxdt‘ —i—C‘F / / Pz, t)dedt
Br BR Br

—i—‘/ uf(x)o(z,0) dz — o(z)p(z,0) dx SQC&—FC/ / U — uF|(x,t) da dt
RN T Br

+/ /BR \cOUP—F(k)(uk)f’\(x,t)dxdwr/jo /BR uF(x, )0 (k™) da dt

—i—‘/ uf(x)p(z,0) de — o(z)p(z,0) dx‘

RN

Therefore, taking lim sup;_,., we obtain,

(/OOO /RN U(ﬂ:,t)(got+aAgo)(x,t)dxdt—/ooo/RN oUP (2, ) (x, ) dar di+

—|—/ o(z)p(z,0) daz‘ < 2Ck.
RN
As ¢ is arbitrary, the proposition is proved. O

In order to prove the bounds assumed in the previous proposition, and hence be able to
completely determine U, we need to consider separate cases, according to the behavior of ug at
infinity. We begin with the case where ug behaves as a power —a > —N.
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Lemma 3.1. Let u be the solution to ). Assume (1+|z|)%u(z,t) < B and (14+1)*?u(zx,t) <
B with 0 < o < N. Then, for every R > 0 there exists Cr such that, for k > 7—1/2,

// xtdmdt<CRT

Br

//( YD (2, 1) da dt < Crk~ P~V 27 < Cpr if N—ap>0
0 JBg

F(k)/ / WPV (2, t) do dt < Crk= P~ D27 1og 7| < Crr|log 7| if N —ap=0
0 JBr
N—ap+2

F(k)/ / (PP (2, t) do dt < CEop=D+2, 5882 0 S8R S N ap > -2
0o JBr
F(k‘)/ / (PP (z,t) dedt < CkoN < CRTNEQ if N—ap<—2

0o JBg

F(k)/ / (PP (x,t) dedt < Ck*Nlog(l + k>r) < CrWN=9/2  if N—ap=—2.
0 Br

Proof. We begin with the estimate of the integral of u*.

(3.5) /OT /BR WPz t)ydedt = f(k)k™N2 /Ok% /BM u(x,t) de dt

k2T
< (kN2 / / ¥dmdt
0 B, (L+[z])?

< CkN72k2r(RE)NT® < Cgr.

Let us now estimate the integral of (u*)P. There holds,

(3.6) / / P(z,t)dedt = F(k)f(k)Pk N2 / o / uP (x,t) do dt
Br o 0 BRrk
= f(k:)kN/O /BRk uP(z,t) dz dt.

We consider several cases.

Case 1: N —ap >0

We have,
k2T 1
/ / (z,t)dedt < CF(k)k* N2 / / ————dxdt
Br 0 JBg, (L4 |z])o?

< CF(k)keP~N=2k2r(RE)N P
= CRkjia(pil)+2’T S CRT.

Case 2: N —ap <0
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First,

1
3.7 / uP(x,t)de < C 1+t 24y + C —dx
B0 ), i 7Y Victal<ni (L2

< Cl+1) 2"

1/2

Assume k£ > 77/, We consider 3 subcases.

(i) —2< N —ap <0.

k27 B
(/ /’ Pz, t)dedt < C%afV/m 14157
BR 0

< C’ka N(kz )N ap+2
< C’TNi(éP+2

(iil) N —ap=-2.

k2T
Fk// P(z,t)dedt < CkaN/ (1+t)"tdt
Br 0
= Ck* Nlog(1l + k1)

C(k27) =N/ 10g(1 4 k27)r N =2)/2
Crv-a2

IN

(i) N —ap < —2.

k2T
F(k) / / (x,t)dedt < Ck;O‘N/ (14 t)N=ar)/2 gy
Br 0

Ccke N < crN=e)2,

IN

Case 3: N—ap=0
Instead of ([B.1) we have,

Rk
uP(z,t)de < C(1+1log—=).
Jy et < 01108 )

k2T
Rk
(z,t)dxdt < Ck*N / 1+ log dt
/L% o< f>

— OgoN+2 /O <1+10g \};) dt

< Cgrk™“ alp- 1Jr27'|10g7-| < Cgrr|logT|.

Thus,

O

Corollary 3.1. Assume |z|*ug(x) = A > 0 as |z| — oo with 0 < a < N. Let u be the solution
to BI). Then, u satisfies the conclusions of Lemma [Z1]
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Proof. By Remark 2.2] the estimates of Proposition ZJ1hold for w. In this case, since f(k) ~ k“
we take it to be equal and hence,

(1+ |z))%u(z,t) <C and (1 + ) %u(x,t) < C.

Thus, u satisfies the assumptions of Lemma 311 O

Using Lemma Bl we are able to prove with almost no computations, the desired estimates
in the other examples considered in the introduction. We use the ideas of Kamin-Ughi in [16].

Let us introduce some notation. For p > 0, let

(3.8) uF Pz, t) = kru(kz, kt).
Then,
(3.9) / / Pz, t)dodt = f(k)k™HEPE-1D+2 / ' / (WP (2, t) da dt.
Br 0 JBgr
We begin with the case where ug behaves as |z~ at infinity.

Lemma 3.2. Assume |z|Nug(z) = A >0 as |z| — co. Let p > 1+2/N. Then, for every R >0
there exists C'r such that,

(3.10) / / uF(z,t) dedt < Crr
Br

(3.11) F(k) / / Pz, t)dxdt < ¢
BR logk’

Proof. Recall that in this case f(k) ~ % for £ > 2. Let 0 < o < N to be chosen later. Then,
for [z > 1,t>1,
/2

< 1/2 <C—ou < B.
u(z,t) < B, t u(x,t)_Clog(1+t)u(x,t)_B

|x|“u(m t) < CL
T log(1 4 |=)
So that, we can apply the results of Lemma B to u®*. Let us choose p so close to N so that
up > N +2(> p+2). By (39) and Lemma B Case 2, (iii), there holds,

C

F(k) / / P(g,t)dedt < Cf(k)k RN = —.
Br log k

On the other hand,

T k2T
k
u”(x,t)dx dt = / / u(z,t) dz dt.
/0 /;R ( ) logk BRk
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Now,

/ u(z,t) de <e™' / up(z) do + / Wy, t)uo(x — y) dedy
BRk: BRk BRk:

e [ wnteyde+ [ W (y, thuolz — y) du dy
Brp ly|<2Rk J Bry

+/ W (y, tyuo(z — y) dedy < Ce *log(Rk) + I + I1.
y|>2Rk BRk

There holds,
I< / W(y,t)/ uo(x) dx dy < Clog(3Rk).
ly|<2Rk |z|<3Rk

On the other hand,

C
IIS/ W(y,t)/ dx dy
ly|>2Rk wl<rk 1YY

<C(Rk)N dy < Cxk™2t.

t
/|y>2Rk |y|2N+2

T 1 Rk k2T
/ / uF(z,t) da dt SC%k_z/ e tdt
0 JBg log k 0

log(3Rk) , 5, —4 /k2T
log k E™"k"t + Ckk ; tdt

<CgT if 7 < 1.

Thus,

+C

With similar computations we can prove

Lemma 3.3. Assume |z|™ (log|z|)ug(z) = A >0 as |z| — co. Let p> 1+ %. Then, for every
R > 0 there exists C'r such that

(3.12) / / uF(z,t) dedt < Cxr
Br
(3.13) / / (x,t)dxdt < ¢
Br loglog k
Also,

Lemma 3.4. Assume h‘;g‘]\;‘uo(ﬁﬂ) — A >0 as |z| = oo. Let p>1+ %. Then, for every R >0
there exists Cr such that

(3.14) / / uF(z,t) dedt < Crer
Br

(3.15) / / (z,t)dedt < 02
Br lOg k

In a similar way we obtain,
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Lemma 3.5. Assume —l(‘g;'uo(m) —A>0as|z| > o0 with0O<a<N. Letp>1+ % Then,
for every R > 0 there exists C'r such that, for k > 7'_1/2,

/ / uF(z,t) de dt < Crr
Br

Fk// Plz,t)dedt < Cgrt if N—ap>0
Br

//B Pz, t)dedt < CT g for a certain p € (0,c) if 0> N —ap > —2
R

Fk// xtdwdt<CRT2 if N—ap<—=2.
Br

Proof. In this case f(k) = bg%ﬂc)' We will chose p € (0,a) according to the relative sizes
of @ and p. For any such p there holds that |z|Fu(z,t) < C% (x,t) < Bif |z| > 1,
2z, t) < Cloizn é(1/+t) (x,t) if t > 1. So that, we can apply the results of Lemma B to u**.

Recall that ap > a 4+ 2. We consider several cases.
Case 1: N—ap >0

Chose p € (0,a) so that a« + 2 < up < N. Then, by ([39) and Lemma B1] Case (i),

Jeat2—pp

/ / (z,t)dedt < Cpf(k)k™HkHP=DF2r — CpZ 7 < Cpr.
Br lOg]C

Case 2: N —ap <0

(i) =2 < N —ap < 0. Chose u € (0,a) so that =2 < N — up < 0 and pp > a + 2. Then,
by (B9) and Lemma B.1] Case 2, (ii),

/ / (z,t) dxdt < Crf(k)k Hk—rP—1)+2
Br

k‘a+2_“p N—pup+2 N—pup+2
O T < Cpr b
log k

(ii) N —ap < —2. Choose u € (0,«) so that N — up < —2. Then, by ([3.9) and Lemma B1]
Case 2, (iii),

F(k) / / Pz, t)dedt < Cf(k)k kN =C
Br

N—pp+2
T 2

kafN

<
logk —

On the other hand, computations similar to those in ([B.3]) give

/ / ub(z,t) de dt < Crr.
0 JBpgr

~ (RN (f(RK)) ™! ~ (RE)N"%og(RE)  as k — oc.

This time we use that
dx

/BRk (2 + |z[)* log(2 + |z[)
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With similar computations we can prove,

Lemma 3.6. Assume |z|*(log |z|)ug(z) — A > 0 as |z| — oo with0 < o < N. Let p > 1+ 2.
Then, for every R > 0 there exists Cr such that, for k> 771/2,

/ / uF(z,t) dxdt < Crr
Br

Fk// Plx,t)dedt < CrT if N—ap>0
Br

—pp+2

// xtdwdt<CT 2 for a certain p € (0,c0) if 0> N —ap > —2
Br
Fk// Plx,t)dxdt < Crk™ Nlogk<CR7'4 if N—ap<-—2.

Br

In order to consider the critical case p = 1 4 2/« we need to perform different computations.
There holds,

Lemma 3.7. Assume |z|*(log |z|)uo(z) = A > 0 as |z| — oo with0 < o < N. Letp =1+ 2.
Then, for every T, R > 0 there exists Cr such that,

// uF(z,t) dxdt < Crr
0 JBg

hka:// Pz, t)dxdt = 0.
k—o0 BR

Proof. The L' estimate follows as in the previous lemmas. For the LP estimate we consider
several cases.

Case 1: N — ap > 0. There holds,

and

d Rk 2 N—ap—1
/ uP(x,t)de < C a:p SC/ %
Bru By (2+ |z])Plog?(2 + |z]) o  logP(2+r)
where the last integral goes to infinity as k goes to infinity. Moreover,

ka (24r)N—ap—1 dr R(2+Rk)N—ar—1

. 0 logP (2+7) B logP (2+ Rk)
kh—>n<;lo kEN—ap o klinolo (N—ap)kN-ap—1  ppN—ap—1
log” k log? k - logp7L1 k
. (2 + RE)N—er=1 logP k R
= lim
koo KNP T logP(2 + RE) N — ap — g
= CN,R,CM,p < 0.
Therefore, for k large,
Rk N—ap—1
2 p
F(k) / / P(x,t)dedt < Crka“—Nbgk/ %dr
Br 0 10g (2 + 7“)
k‘N ap
< Otk Nlogk
log? k
L—alp—1)+2 1
= Or——=Cr———— =0 ask — .

logP 1tk logP 1k
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Case 2: N — ap < 0. There holds,

dx
uP(z,t)de < C +
/BRk (z,1) /xgx/i (2_|_t1/2)ap10gp(2+t1/2)
dx
Vi<la|<rk (2+ [z])*? logP(2 + |z[)
(2—{—t1/2)N_ap Rk (2_|_,,,.)N—ap—1
e =il
logP (2 + t1/2) Vi logP(2+7)
1/2\N—ap RE
@+t "o ! /
log? (2 + t1/2) logP (2 +t1/2) .z
(2+t1/2)N7ap

+C

(2+ T)N_O‘p_l dr

Since ap = o + 2, there holds that N —ap =N — a — 2 > —2. We have,
k27 1/2\N—
2+t
Fk// xtdazdt<C’kO‘Nlogk:/ (—;—)1275,
Br o logP(2+41t1/2)
and this last integral goes to infinity as k goes to infinity. Thus,
k2r (2+t1/2)N7ap d

lim F(k) / / (,t)dzdt < hm 0 IZ]ngfi+tl/2)
k—o0 Br —logk
C2kt(2+kr!/2)N—ap
T logP (2+k71/2)
= lim e
log k log? k
iy G2+ krl/2)N-a=2 log k 1 .
koo kN—a=1 logP(2 + kT1/2) N — o — @ B
Case 3: N —ap = 0. We begin as in Case 2.
dx
uP(r,t)de < C/ +
/BRk ) 2 <V (24 11/2)2P logP (2 + £1/2)
dz
+C
Vi<la|<rk (2 + |2])*P log? (2 + [x])
1 Rk 2 -1
c— ' ¢ / @2+r)7
logP (2 + t1/2) Vi logP(2+7)
1 2+ Rk
C——— (1 +log ————
logP (2 + t1/2) ( ey + t1/2)

Thus,

k2T
1 2+ Rk
t)drdt < CkON1 k/ = (1+10e 2
w0 [, s ) e ram (s )
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and this last integral goes to infinity as k goes to infinity. Therefore, since N —a—1 =1,
k27

C Jo " o (1 + log 255 dt
lim F(k / / P(e,t)drdt < lim —— 1) 2+t172
k—ro0 Br ko0 klogk
C2k 2+ Rk
. o (1 +1og 33157)
T ihhe T (N—akNo T pN-at
logk log? k
log k 2+ Rk 1
L L ) L
el 7—logp(Q + k71/2) &5 + krl/2 o @

O

If up € LY(RY), the limit U of u* does not satisfy that U(z,0) = limuf = Myé with
0 = f ug. Therefore, estimates as the ones we have just stated do not hold. In order to
establish our result we need the following lemma.

Lemma 3.8. Let ug € L®(RN). Assume further that |x|N*2ug(x) < B. Let u be the solution
to @) and u¥ its rescaling. Assume u*» — U with k, — 0o as n — oo. Then, there exists a

constant C > 0 such that
t

In particular, for every pu > 0,

limU(x,t) =0 uniformly in |x| > pu.
t—0

Proof. We proceed as in the proof of Theorem 211 There holds that u(z,t) < e tug(x) + 2(z,t)
with z the solution to

(3.16)

2 — Lz = e '(J % ug)(x)
z(z,0) =0

By the assumption on the growth of wg at infinity there holds that v(z,t) = C’W is
a supersolution to (B.I0) in # < K, |z| > 2. On the other hand, z(x,t) < v(z,t) in the
complement of this set since z(x,t) < Ct and tV/2z(z,t) < C in this case (ug € L'(RV)).

Therefore, u(z,t) < e tug(z) + C’H++2 Rescaling, and recalling that in the present case
f(k) = kN we have that u*(z,t) < e ¥ uk(z) + C‘ - Passing to the limit as k& — oo with
x # 0 we get U(x,t) < CW. And the result follows. O

Proposition 3.4. Let ug € L'NL>. Let u be the solution to BI) and u* its rescaling. Assume
for some sequence k, — oo there holds that u*» — U uniformly on compact sets of RN x (0, 00).

Assume p > 14+2/N. Then, U(xz,t) = MUy(x,t) where U, is the fundamental solution of the
heat equation with diffusivity a and M = [ug(z)dx — [;° [uP(x,t) dz dt.

When p =1+ 2/N there holds that U = 0.
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Proof. As before we drop the subscript n. We already know that U is a solution to
Uy — aAU = —coUP.

Assume for simplicity that ug has compact support. Then, by Lemma B.8] there exists C' > 0
such that U(z,t) < C‘ - Let M(t) = [U(z,t)dz. We will see that M(t) = M is constant,

and U(x,t) — MJ as t — 0 in the sense of distributions where 0 is the Dirac delta. In fact,
assume we already proved that M(t) is constant M. Let ¢ € C§°(RY). Then, given ¢ > 0, if u
is small we get,

|/ (x,t)p(z)de — Mp(0 ‘—‘/ (z,1)] go()—gp(O)]da:‘

t
< /:v<u Uz, t)p(x) — (0)| dz + C oo TP lo(x) — p(0)] dx
t
<c [Vt +2Clol [ e
|| >p ||

<Me+Cut < (M+1)e if t is small.

Now, integrating the equation satisfied by u* and using the symmetry of J we obtain

(3.17) /uk(x,t)dx = / z)de — F // (z,5)dxds
= /uo(x)—/ok2 /up(:n,s)d:cds.

Moreover
(3.18) / uF(z,t) dz — U(z,t)dx for every K >0
BK BK
and
k — k2t dx
u(z,t)dx <e uo(z) dx + Ct 7| |N+2<€
X X X x
(3_19) lx|>K |z|>Kk |z|>K

dx
U(x,t)dxgm/ By
/|x|>K o[>k |2V

if K is large.

Hence, we have that

M(t):/U(x,t)dx:/uo(:v)dx—/ooo/up(x,t)dxdt:

When p > 14 2/N there holds that ¢y = 0, so that U is M times the fundamental solution of
the heat equation with diffusivity a. On the other hand, if p = 1+ 2/N there holds that ¢y = 1,

so that .
/U(m,t) dx:/U(x,T) dw—/T /Up(x,s) da ds.

Therefore, M (t) cannot be constant unless U = 0. And the proposition is proved when wug
has compact support.
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Let now ug € L™ N L' be arbitrary. We have to prove that u* converges to U = MU,
uniformly on compact subsets of RY x (0,00) with M = [ug(y)dy — fooo [ uP(y,t) dy dt.

Let ug = ugX|z|<n and uy, the solution to ([B.J) with initial datum ug. Then, u, < u. Let
Uy, = U — Uy. There holds that v, is a nonnegative solution to

Uny — Lvp, = —uP + 4 <0.
Therefore,
0 < wn(z,t) < e Huo(z) — ug(z)} + / W(z =y, t){uo(y) — ug(y)} dy.
Thus, if t > 7> 0,

0< (e t) <kVe  ug (ko) — o)} + [ Wile = . 0{u(y) — () ()} dy

<OVt O / {uo(y) — ul(y)} , dy

Then, if £ > 7 > 0 we find,

Up(x,t) < liminf u®(z,t) < limsup u”(z, t)
k—o0 k—o0

< Un(a,t) + G / {uo(y) — ull(y)} dy

< Up(x,t)+¢ if n > no(t,¢).

Therefore, if there exists lim,,_, o Uy, there holds that there exists U = limy_, o0 u* = lim,,_yo0 Us,.
Moreover, it is easy to prove from the estimates above that this limit is uniform on compact
sets of RY x (0,00).

On the other hand, by similar arguments we find that for m > n,

0< /{Um(x,t) — Up(z,t)}dx

<limsupe ¥ /{ugb(x) —ug ()} de + /{ugb(y) —ug(y)ydy — 0 as m,n — oo.

k—00

Therefore, M,, = f Up(z,t)dx — M and, since U,, = M, U,, we deduce that U = MU,.

So, it only remains to prove that M = [ug(y)dy — [;° [ uP(y,t) dy dt.
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The estimates ([B.17)), (BI8]) hold in the present situation and, instead of the estimate (B.19)

on the mass of u* and U outside a large ball, we get

/ uF (2, t) de < / uo(z) dox + / / Wi(x — y, t)ul (y) dy dz
|| >K lz|>Kk lz|>K J|y|<K/2

+/ / Wiz — y,t)ug (y) dy de

lz|>K Jy|>K/2
t
< up(x dw—l—/ / ————ul(y) dy dx
/|ac|>Kk 2|>K Jly|<K/2 !96 — gzt
/ / Wi(z —y,t) dedy
ly >K/2 |z|>K

1
dm—i—C’t/ 7/ up(y) dy dx
/|ac|>Kk >k 12Ny <kky2 @)

y)dy < e if Kis large independently of k£ > 1

(3.20)

_l’_

IN

_l’_

|y\>Kk/2

So, that we also have

/ Uz, t)dx < hmmf/ ub(z,t)de < e
|| >K || >K

k—o0

if K is large. So, we get again that

M:/U(x,t)dx:/uo(m)dx—/ooo/up(x,t)dxdt

and the proposition is proved by using again that, in the critical case, [U(z,t)dz cannot be
constant unless U is identically zero. O

4. MAIN RESULTS

In this section we prove our main results. Namely, we establish the asymptotic behavior of
solutions to

(4.1)

up(x,t) = [ J(x —y)(u(y,t) —u(z,t))dy —uP(z,t)  in RN x (0,00)
u(z,0) = up(x) in RV,

depending on the values of p, N and the coefficient « of non-integrability of the initial data
ug. At the end of this section we also address the case where ug is integrable and bounded. As
mentioned before, we have to distinguish between several cases.

We begin with the case 0 < o < N. We further divide the analysis between the supercritical
case p > 1+ 2/a and the critical case p = 1 4+ 2/a. In the previous paper [19], we were
able to establish the asymptotic behavior only for the supercritical case. Now we present a
different proof that actually allows us to obtain the result both in the critical and supercritical
cases. Moreover, in the supercritical case, we prove the same type of result for more general
non-integrable initial data.
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Theorem 4.1. Let ug € L™ be such that |z|“ug(z) - A >0 as |x| = oo with 0 < a < N. Let
p>1+2/a and u the solution to [Il). Then, for every R > 0,

t2u(x,t) — Uz, t)] = 0 ast— oo uniformly in |z| < RVt

where U is the solution to

Uy — aAU = —coU?
(4.2) Can
||

U(z,0) =

withcg=0ifp>1+2/aandcoy=1ifp=1+2/a.

||

In a similar way we get the following results: When loz‘x‘uo(x) — A >0 as |z| = oo with

0<a< N andp>1+2/a, for every R > 0 there holds that
u(z, 1)
log t1/2

a/2

- U(x,t)‘ —0 ast— oo uniformly in |z| < RVt

with U as above.

When |z|*(log |z|)ug(z) = A > 0 as |x|] — oo with 0 < o < N and p > 1+ 2/«, for every
R > 0 there holds that

to‘/Q‘u(ac,t) log t1/% — U(x,t)‘ —0 ast— oo uniformly in |z| < RVt

with U the solution to [@2l) with co = 0 even in the critical case p =1+ 2/a.

Proof. We know that the family u” is precompact in C/(K) for every compact set X € RN x (0, 00).
Therefore, for every sequence k,, — oo there exists a subsequence that we still call k,, such that
uFn converges uniformly on every compact subset of RY x (0,00) to a function U.

On the other hand, it is easy to see that ulg — C‘:‘ff in the sense of distributions. Moreover,

we are in the situation of Proposition So that, U is the solution to (£2). Thus, the whole
family u* converges to U as k — oo. In particular, u*(z,1) — U(z,1) uniformly on compact
sets of RV,

As the solution of ([£.2]) is invariant under the present rescaling. There holds that U(y, 1) =
U*(y,1). Thus, for every R > 0,

k% u(ky, k*) — U(ky, k?)] — 0 uniformly for |y| < R.

By calling « = yv/t, t = k? we get the result.

When 121 up(z) = A >0 as |z| - oo with 0 < o < N, it is easy to see that we still have

log |z
that uf — CI;—FJXV in the sense of distributions. So the result follows also in this case.
Analogously, when |z|*(log |z|)up(z) — A > 0 as |x| — oo with 0 < a < N, we also have that
uk — C‘:’;‘—‘ff in the sense of distributions, and the result follows. O

We now analyze the case @« = N. Once again, we prove the result for more general non-
integrable initial data than the one considered in [19].
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Theorem 4.2. Let ug € L™ be such that |z|Nug(x) — A > 0 as |z| = co. Letp > 1+ 2/N.
Then, for every R > 0,

tN/2 u@,t) U(m,t)‘ — 0 ast— oo uniformly in |x| < RVt
log t1/2
where u is the solution to [@I) and U is the solution to
Ui —aAU =0
{U(x,O) = Cy,NO
with 6 Dirac’s delta.
In a similar way we get the following result when hl)z—lfvm'uo(x) — A > 0 as |z| — oo and

p>1+4+2/N: for every R > 0,

tN/Q‘ wz,t) U(x,t)‘ —0 ast— oo uniformly in |z| < RVt

log? t1/2
with U as above.
When |z|N (log |z|)uo(z) — A > 0 as |z| — 0o and p > 1+ 2/N we get: for every R >0,

looloat1/2 U@J)‘ —0 ast— oo uniformly in |z| < RVt
og log

with U as above.

Proof. We proceed as in the previous theorem. This time, uf — C A,n0 in the sense of distribu-
tions. In fact,

k = ! Uplx X X
Jub@ewar = oo [ w@eta/r)d

where K is such that p(x) = 0 if |z| > K. Since ¢(z/k) — ©(0) uniformly in RY the result
easily follows from this formula and the fact that

1 log Kk
d C 1 k .
Tog iF /|m|<Kk uo(z) dr — Ca N, log — as k — oo
The other cases follow similarly. O

Finally we consider the case where ug is integrable and bounded. Such case has been studied
by Pazoto and Rossi in [I8] for non-critical values of p . Here we present a new proof the includes
the critical case and therefore settles the question as far as integrable data is concerned.

Theorem 4.3. Let ug € L' N L™ and p > 1+ 2/N. Let u be the solution to ([EI)).
First, assume p > 1+ 2/N. Then, for every R > 0,

N2 u(x,t) = Uz, 1) = 0 ast — oo uniformly in |z| < RVt

where U 1s the solution to

Ut —aAU =0
(4.3) {

U(z,0) = M5
with 6 Dirac’s delta and M = [ug(x)dz — [7° [P (x,t) dx dt.
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Now, let p=1+2/N. For every R > 0 there holds that

tN2u(x,t) >0 ast— oo uniformly in |z| < RVt

Proof. As in the previous theorems we know that u*(y, 1) — U(y, 1) uniformly on compact sets

of RY

x (0,00) as k — oo. In the present situation, if p > 1 + 2/N, we know that U is the

solution to ([@3)). In particular, U is invariant under the present rescaling. When p =1+ 2/N
we know that U = 0. So, we get the result as in the previous theorems. ]

Remark 4.1. The same method allows to study the asymptotic behavior of the solution uy of
the equation without absorption.
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