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ABSTRACT. The Korn inequality and related results on solutions of the diver-
gence in Sobolev spaces have been widely studied since the pioneering works
by Korn and Friedrichs. In particular, it is known that this inequality is valid
for Lipschitz domains as well as for the more general class of John domains.
On the other hand, a few known counterexamples show that those results are
not valid for certain bounded domains having external cusps.

The goal of this paper is to give very simple counterexamples for a class of
cuspidal domains in R™. Moreover, we show that these counterexamples can
be used to prove the optimality of recently obtained results involving weighted
Sobolev spaces.

1. INTRODUCTION

This paper deals with two related results which are basic in the analysis of prob-
lems in continuum mechanics, namely, the existence of solutions of the divergence
in Sobolev spaces and the so-called Korn inequality.

Let us recall these two results. For a vector field v € WP(Q)", g(v) denotes
the symmetric part of the differential matrix of v, namely,

- 1 67)2‘ 8vj
w6 =3 (55 + 5):

Given a bounded domain 2 C R™,n > 2, we say that the Korn inequality is valid
in Q) for some p, 1 < p < oo, if for any v € WP (Q)",

(1.1) |\V||W1m(Q) < C{”VHLP(Q) + ||5(V)HLP(Q)}7

where the constant C' depends only on €2 and p. Actually this is not the original
statement of Korn (in particular, he considered only the case p = 2), but his results
can be derived in a simple way from this inequality. In what follows, if (I.T]) is valid
in 2 we will say shortly that {2 satisfies Korn,,.
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218 G. ACOSTA, R. G. DURAN, AND F. LOPEZ GARCIA

On the other hand, we will say that €2 satisfies div,, if, for any feLbn ( ) (where
the subscript 0 indicates that [, f = 0), there exists u € W P = O ()

such that

diva=f in
and
(1.2) lullwrr)r < Cllfllzr )

with C' depending only on 2 and p.

Since the pioneering works of Korn [K1l [K2] and Friedrichs [E1l [F2], there have
been many papers analyzing the validity of Korn, and div, under different assump-
tions on the domains. Moreover, the relationship between both results has been
widely studied (we refer to the review article [H| and its references). In particular,
it is well known that both results are valid for bounded Lipschitz domains and also
for the broader class of John domains (see [ADM! [DRS]). Concerning the relation
between both results, it is known that, if {2 satisfies div,, then it also satisfies Korn,
(see for example [ADM] BS| [C1]).

Moreover, in the two-dimensional case, when p = 2 and 2 is simply connected
and with smooth boundary, a precise relation between the best constant in (L))
and that in (2] was given in [HP]. In that paper the authors considered also the
following inequality for analytic functions due to Friedrichs [F1]. Suppose that

f(z) = o(z,y) + iv(z,y)
is an analytic function of the complex variable z = = + iy in Q C R?, with ¢ and 1

real functions and [, ¢ = 0. Then, Friedrichs proved in [F1] that, under suitable
assumptions on €2, there exists a constant C' depending only on §2, such that

(1.3) llellzz) < Clvllire)-

In [HP] the authors also obtained a relation between the best constant for this
inequality and those in () and ([T2)). It is not difficult to see that if Q is simply
connected, the Friedrichs inequality can be derived from both divy or Korns.

On the other hand, it is known that there are bounded domains which do not
satisfy the inequalities introduced above. Indeed, a few counterexamples can be
found in the literature. The oldest counterexample is due to Friedrichs [F1], who
showed that the estimate (L3)) is not valid for some simply connected domains which
have a quadratic external cusp (see [F1l page 343]). Another counterexample for
the two-dimensional case was given in [GG], again using domains with external
cusps. For the three-dimensional case, a counterexample for the Korn inequality
was given in [W].

In view of these counterexamples, a natural question is whether it is possible
to obtain some weaker estimates similar to (L2) and (II). Some results in this
direction have been obtained in [ADL| [DL1l [DL2] using weighted Sobolev norms.
The weights used in those papers are powers of d(z) (the distance of € Q to 9Q)
for a general Holder o domain, or powers of the distance to the set of singularities
M C 99, which we will denote with dps(x).

The goal of this paper is to present simple counterexamples for a class of domains
with external cusps, and moreover to show that the results obtained for weighted
norms in [ADL [DL1L IDL2| are optimal, in the sense that the powers of d(x) or
dp(z) involved in the estimates obtained in those papers cannot be improved. A
particular case of our counterexamples was presented in [DI.
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KORN INEQUALITY AND DIVERGENCE OPERATOR 219

Section ] deals with the case of domains with a power type cusp. First, coun-
terexamples for the Korn inequality (1) are given for planar domains. Then we
recall some weighted Korn inequalities obtained in [ADL] [DT.2] and use our exam-
ples to show that these results are optimal. Next we show that the techniques can
be generalized to treat higher-dimensional domains with different kinds of power
type singularities. We end this section showing that similar ideas can be applied to
construct counterexamples for the related div, problem and also to show that the
weighted results given in [DLI) [DL2] are optimal. Finally in Section Bl we extend
the results for domains with more general cusps, i.e., cusps of nonpower type.

2. SOME SIMPLE COUNTEREXAMPLES

In this section we present very simple counterexamples for both problems Korn,,
and div, for cuspidal domains. As we will see, these counterexamples can also be
used to prove optimality of the results in weighted norms obtained in
DL2|. For the sake of clarity we present first the results in two dimensions and
explain afterwards how they can be extended for higher-dimensional domains.

For v > 1 consider the domain (see Figure [])

(2.4) Q:={(z,y) eR* : 0<a <1, |y <2},

and the vector field w = (u,v) = ((s — 1)yx*5,:c1*5), with s € R, s # 1, to be
chosen below.

Cusp

hS
S

FIGURE 1. 2-Dimensional external cusp.

Let us notice that 2 is not a Lipschitz domain, but it is Holder «, with a = %

If Dw is the differential matrix of w we have

e o

while, on the other hand,
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220 G. ACOSTA, R. G. DURAN, AND F. LOPEZ GARCIA

A straightforward computation shows that

1 x
||W||’£p(9) < C (/ / (yPax—Ps +xp(1s))dydx>
o Jo
1 xY 1
< C / / mp(l_s)dydx :C/ PPV g
o Jo 0
and
1 z 1
le(w) %00 < C/ / P P dyde < C/ 2 PHD=PE9) gg
o Jo 0
hence
(2.5)

. +1 +1
s < min {”T) +o-n ), 1} = e 2o ey Wl zoyr < oo

However, we have

1
—C/ x5 dz,
L (Q) 0

y+1
<=8 —.
p

Hay

and so

(2.6)

H dy
But, since v > 1, it is possible to take s such that

T+1 r+1 O+1D
» <s<m {T+(7—1),T+1},

and therefore, it follows from (23] and () that the classical Korn inequality (I])
cannot be valid in €.

Moreover, let us show that the same example can be used to show that the
weighted results obtained for some nonsmooth domains in [ADLL [DL1l [DL2] cannot
be improved.

For example, for 2 C R™, a Hélder o« domain in any space dimension n > 2, the
following weighted inequality holds for any 1 < p < oo [ADL] IDL1],

(2.7) |d" = *Dw]| o) < C{lle(W)llLr) + 1wl e ()}

where d stands for the distance to the boundary of Q2 and B is a fixed ball such that
B C Q. The same field w used in our counterexample for the classical inequality
shows that (277) is sharp in the sense that the power of d appearing on the left
hand side cannot be reduced. Indeed, since the last term on the right hand side is
the norm of w on the ball B which satisfies B C (2, the same computations given
above now give

LP(Q)

+1)
p
instead of (2.5). Introducing the subdomain €2, C €,

(2.8) s < + (=1 = lleW)llr@) [WllLes) < oo

(2.9) Q

1
2

1
:—{(x,y)€R2:0<x<1, 0<y|<§$v}’
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KORN INEQUALITY AND DIVERGENCE OPERATOR 221

we have, for any (3,
P

ou
B
Hd dy

: Hdﬁ%

>
LP(9Q) dy

Lr(21)
2

Now, it can be easily checked that for our domain €, d(x,y) ~ 27 —|y| and therefore,
for (z,y) € 21, we obviously have d(z,y) ~ a7 — |y| > 127. Hence

p 1 pa”/2 1
> C/ / Iﬁvpﬂpdydlﬂ - C’/ IB“VP*SPJF’Ydl-’
LP(Q) o Jo 0

and so ||d'Bg_Z||Lp(Q) is not finite if WTTl + By < s. On the other hand, for any
f<l—a=1- % it is possible to take s such that

(v+1)
p

Hdﬁ%
Y

v+1

— thrSs< +(r-1),

which, in view of (2.8)), shows the optimality of ([2.7) in the sense that it is not
possible to replace the power 1 — « on the left hand side by any power f <1 — a.

Powers of the distance to the boundary considered as weights seem a natural
choice for general Holder a domains since 02 may have many singular points; in
particular, the set of singular points can be a dense subset of 0€). However for
cuspidal type domains, such as the one under consideration, powers of the distance
to the cuspidal point might be used instead. In fact, the following result can be
found in [DL2]. For Q as in [24), let dps be the distance to the cusp placed at
(0,0). Then

(2.10) Id3;  Dwll Loy < C {lle(W)llo() + IWllLoem) } »

where, as before, B is a fixed ball satisfying B C €. Let us notice that for
this particular domain, ([2I0) is stronger than (Z7). Indeed, for (z,y) € Q, we
have das(z,y) = ||(z,y)|| =~ = and then d'~*(z,y) < 271~ ~ d}; " (z,y) while
d;’w_l (z,y) cannot be bounded by positive powers of d(z,y). Moreover, it follows im-
mediately that ([ZI0) cannot be improved by taking on the left hand side a smaller
power of dy;. Indeed, since for any 3 > 0, d*? < df/[ in €, if we could replace v — 1
by some 8 < v — 1 in (210, we could also improve (Z7) by replacing o« — 1 by
af <1-—a.

Before proceeding, let us mention that both ([277)) and (ZI0]) can be generalized
by taking some part of the weight to the right hand side. Indeed, in the first case
it was proved in [ADL] that, for any 8 such that « < g <1,

ld*=? Dwl| o0y < C{lld* Pe(wW)llzroy + [WllLom) §
while in the second case (see [DL2]), for any S > 0,

15 DWlzo0) < € {Id3 el ooy + Wl | -

We have considered the particular cases (27) and ([2I0) in order to simplify
technical details. However, it can be seen that our counterexamples can be used to
show that the above general estimates are also optimal.

On the other hand, a simple generalization of the vector field introduced for our
counterexamples can be used to obtain similar results in arbitrary higher dimen-
sions. Indeed, let us now define (see Figure [2),

(2.11) Q:={(z,y) € (0,) xR" ' : |y||<a2"}.
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222 G. ACOSTA, R. G. DURAN, AND F. LOPEZ GARCIA

Cusp

~

FIGURE 2. n-Dimensional external cusp.

Taking w = ((s — 1)(y1 +y2 + - Y1)z 5, 2175, -+ 217%) we have
Dyyw=—s(s—1)(y1+-- ~—|—yn,1)x_s_1, Dyjw=—-Djiyw=(s—1)z"% for j>1
and D,;;w = 0 otherwise. Therefore, the only nonzero component of (w) is

enn(w) = —s(s = )(y1 + - +yn1)z""".
Then, a straightforward calculation yields

Iy =C [ b gma P Hayde < © [yl ayds

1 px” 1
< C/ / per"*Qx*p(S*l)dpdx < C/ l.’y(p+n71)fp(s+1)dm7
o Jo 0

1
HWHip(Q) S C/Qx(lis)pdydx § C/O xV(”71)+(1*5)de

and
1
||DW||1])JP(Q) 2 C/ x_Spdyd.’L' 2 C/ x'Y("_l)_Spdm-
Q 0
Then, if
-1 1 -1 1 1 1
ry WDy A0 00D

lle(W) |l Lr() and ||w||1»(q) are finite while || DW||1r(q) is not. But, since v > 1, it
is possible to choose s satisfying ([212)), and therefore, (IT]) does not hold in €.

Even more, similar arguments can be applied to show that the classic Korn
inequality (ILT)) is not valid in more general cusps. Indeed, for k > 1, define (see
Figure [3))

(2.13) Q:={(z,y,2) € (0,1) x R" x (0,1)" "' . |ly]|<a"}.

We can generalize our counterexample by taking
W= ((S - 1)(y1 + Y2 + - 'yk)x_s7xl_s7 T 7371_5707 e 70)

Licensed to Worcester Polytechnic Institute. Prepared on Thu Jan 17 15:26:42 EST 2013 for download from IP 130.215.56.140.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



KORN INEQUALITY AND DIVERGENCE OPERATOR 223

Cusp
\

-

Fi1GURE 3. Flat cusp.

Now we have

le(W)[70(0y = C /Q ly1 + -+ + g PPV dydadz < C /Q ly|[P2=P+ Y dy dadz

1 z 1
< C/ / pp+krflx*p(8+1)dpdx < C/ xv(zﬂrk)*p(sﬂ)dx’
o Jo 0

1

||W||€p(g) < C/ ﬂf(lis)pdydx < C/ x“/kJr(l*S);Dd$7
Q 0
and 1
HDW”ZZP(Q) > / z *Pdydr > C/ VRSP,
Q 0
Therefore, now taking s such that

vk+1

p

which is possible for any v > 1, we conclude that (L] is not valid for the class of
domains defined in (2.13).

Let us mention that the vector fields introduced for the counterexamples can be
used to show the optimality of the powers in the weighted estimates ([27) and ([210)
for the domains (2.11]) and (ZI3)) (in this last case, and for 210), das is defined as
the distance to the singular set of the boundary placed at (0,0,2z), 0 < z < 1).

As we have mentioned in the introduction, it is known that if a domain satisfies
div,, then it also satisfies Korn,. Therefore, the counterexamples given for (L))
show immediately that the cuspidal domains defined above do not satisfy div,.

Although, in some particular cases, it was shown in that weighted Korn
inequalities can be derived from weighted versions of div,, it is not clear whether
this can be done in general.

However, it is not difficult to see by direct computations that the same vector
fields introduced above can be used to show that cuspidal domains, such as those
given in (2.11)) and [213)), do not satisfy div,,. Moreover, as for the weighted Korn
inequalities, it is possible to show the optimality of the weighted versions of div,
obtained in [DL2].

Let us consider, for example, the weighted version of div, proved in [DL2]. To
state a result obtained in that paper we first introduce some notation for weighted

7_17

k+1 k+1
§s<min{7 a + s +1},
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224 G. ACOSTA, R. G. DURAN, AND F. LOPEZ GARCIA

Sobolev spaces. Let w, w; and we be nonnegative functions defined in a domain 2.
For 1 < p < oo, we denote with LP(Q,w) the Banach space with norm given by

||fHL:D Q,w) fQ |f|pw and define
lep(valaWQ) = {f € Lp(Qawl) : Vf (S LP(Q,WQ)H}

and the corresponding norm,

1152 (01 w0y 7= NI

8%

Lr(Q, w2)

Also, we define Wy (€2, wi,ws) := C5°(Q), and if w is such that LP(Q,w) C L'(),

o - {revn: [ 1o

In what follows, ¢ will denote the dual exponent of p. For the family of domains
defined in (ZI3)), and recalling that dj; denotes the distance to the cusp, we have
the following result proved in [DL2, Theorem 4.1].

Theorem 2.1. Let Q be as in ZI3) for a fized vy > 1, and 1 < p < co. If
k+1 —1 k+1 —1

(2.14) 66(_7(+)_7 ,7(+)_7 )
p q q q

andn > B+~ —1, then, for any f € L5(Q, dﬁf) there exists w € Wy'P(Q, dﬁ/(lnfl),
dy™ such that

divw = f
and
HWHWl,p(Q,d%’f*l),dﬂl) < CHf”LP(Q@ﬁf)?
where the constant C' depends only on B, n, p, and 2.
Remark 2.1. Tt is not difficult to check that the condition on 8 in the statement

of the theorem implies that LP(€,d?7) c L'(2), and therefore, LE(Q, d57) is well
defined.

Let us show that the condition 7 > 8 + v — 1 in Theorem 2] is sharp. As in
that theorem, we assume that § satisfies (2:14]). We will also assume that constant
functions belong to LP(€, dﬁf ), which leads to the condition

k1
sk )

(2.15) 0<

For any f € L*(Q) we denote with fq its average over 2. Consider the function
f(z,y,2z) = 2%, where 0 < s < vk + 1 will be chosen below. Observe that, under
this condition on s, we have f € L'(Q) and so fq is well defined.

Now, for € > 0 small, we define

| flzyy,z) if z>e¢
fe(an7Z)_{ €S lf iL'SE.
It follows from (ZIF) that f. € LP(Q,d%).

Assume that the statement of Theorem [ZTlholds for some n < 8+~—1. Then, for

each e, there exists w. = (W¢ 1, W, 1) such that divw,. = fe — f. o and satisfying

(2~16) HDWe”LP(Q,dﬁ;' < Cer - f€7Q||LP(Q7di?)'
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KORN INEQUALITY AND DIVERGENCE OPERATOR 225

Then, recalling that dy; ~ x, we have
||fe - fE’QH:zp(Q,dgf) i /Q(fe - fE,Q)2|f6 - fe,Q|p_2;UPf8d;L'dde

= / divwe(fe — fea)lfe — fealP 22PPdadyde,
Q
and therefore, integrating by parts we obtain

_ — p—2,pB
(2.17) | fe - feQH Q,d%%) 2_/9“76718((]06 feQ)L};x Jeal”"x )dxdydz.

To simplify notation let us define

O((fe(z) — feo)lfe(x) — fe,(l|p72xpﬁ).

he ==
‘ oz
Recalling that (z,y,2) = (Z,Y1,- -+, Yks 21, -, Zn—k—1), We can write h, a(giﬁ Ayihe)
Then, replacing in (ZI7) and integrating by parts again, we obtain
Owe 1
_ p ~
(2.18) 1fe = Feoll}, g gay = /Q By, Uthe dudydz.

But, it is not difficult to see that, for x < f§§/2, we have
|he| < Cp—s(P—D+pB-1

Let us mention that we have considered x small enough to be away from the point
where f.(z) — feo =0, because at that point h. blows up in the case p < 2.
Then, applying the Holder inequality in (ZI8]), we obtain

(p—1)+pB—

|l fe — e, QHLP (Q.d%) = CHDWE”LP(Qd )Hywc 1‘|Lq(97d;fq"

Therefore, using ([2.10) and again dy ~ z, we conclude that

(2.19) I fe — fEQ”LP 0,025 < Oy D+po=1 777‘|qu(9)_
However, a straightforward computation shows that a choice of a positive s in the
range

vk +1 vk +1

(2.20) +B<s< +ﬁ+(ﬁ+7—n—1)%

leads to ||f_fQHLP(de;I:/[IE) = +oo and ||y1x*s(p71)+p/371x777||Lq(Q) < 0o. But, taking
the limit ¢ — 0 in ([ZI9) we get a contradiction. Since n < 8+ v — 1 such an s
exists. Recall that we also need s < vk + 1, but, an s satisfying this restriction and
[220) exists because % + B < vk + 1. Indeed, this inequality follows from the
assumption (ZI4). Therefore, we conclude that a result such as that in Theorem [2.1]
is not valid under this relation on the exponents.

To finish this section let us make some comments on solutions of the divergence
for general Holder-ao domains. For this case, results analogous to Theorem 2.1l but
with weights which are powers of the distance to the boundary, have been obtained
in [DLI, DMRT]. Using arguments similar to those given above, one can show that
the results obtained in those papers are optimal in the sense that the powers in
the weighted estimates cannot be improved. We refer the reader to Theorem 4.2 in
[DLI], where a particular case was considered.
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3. DOMAINS WITH A GENERAL EXTERNAL CUSP

In this section we consider the case of domains with more general external cusps.
‘We have not been able to obtain a straightforward extension of the counterexamples
given in the previous section, and therefore, we use here a different idea.

Let ¢ : [0,1] — R be a C* function such that »(0) = 0, ¢,(0) = 0 and ¢, is
strictly increasing. Two examples are

i) ¢(z) ==, with v > 1.
ii) p(z) = e~/ in (0,1] and ¢(0) = 0.

In particular, the arguments developed below give a different approach to con-
struct counterexamples for the power type cusps considered in the previous section.

Associated with ¢ we introduce the cuspidal domain €2, C R"™ given by

(3.1)  Qp={(z,y,2) € (0,1) x R* x (0,1)" " [ly[| < p(2)},

where k > 1.
Since ¢, is a strictly increasing function, there is a monotone sequence () m>mq
C (0,1] such that

(3.2) Oz(Tm) =27

We will also use the notation r,, := z,, — 2,41 and, without loss of generality, we
assume that mo =1 and z; = 1.
In the next lemma we prove two elementary properties of ¢(x).

Lemma 3.1. If (Ty,)m>1 is the sequence defined in [B.2)), then ¢ satisfies:

(3.3) 9= (m+2) <« @ if Tmy1 - Tm <z<az,

Tm 2

and

(3.4) ) _ 5(m;-1) if Ty <7< Ty

Tm;

for an appropriate subsequence (y,;) of (Tm).
Proof. For x € (xym41,2m] we have
p(a) = (@) = p(Tmi1) + P(@mi1) = ¢(2) = P(Tmi1)
= 02(§) (T — Typt1) > 27(m+1)(£ — Tpmt1),

where & € (Tp41,2). So, if # € [T2E2m g 1 it follows that (z — pq1) > 25

and (B3] is proved.
On the other hand, using that ¢(0) = 0 and an inductive argument, we have

o(Tm) < P(Tmr1) + 27" (T — Timt1)

< <P(Im+2) + 27(m+1)($m+1 - xm+2) + 27m(xm - xm-{-l)
< Z 2_i (LL'Z‘ — $i+1) = Z 2_iri.
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KORN INEQUALITY AND DIVERGENCE OPERATOR 227

Now, we choose a subsequence (rp,;) of (ry,) such that -*i= <1 for all i > my;. For

Tm
example, we can take 7, as the maximum of r; over all i and r,; as the maximum
of r; over all 4 > m;_;. Then, it follows that

P (@Tm, ) SN —(m—
il < 2=t —9 (m; 1).
DY

1=m;

Therefore, using that ¢ is increasing, we obtain ([3.4). O

In the next theorem we will prove some necessary conditions for weighted Korn
type inequalities in Q. Although generalizations for nonpower type ¢ of the results
given in [ADT] [DLI] [DL2] have not been proved, we believe that powers of ¢, are
the natural weights to be considered. In the construction given in the following
theorem we use some ideas from [Da].

Theorem 3.1. Let Q, C R™ be the domain defined in B), B1, f2 € R, 1 <p < o0
and B a ball compactly contained in Q. If there exists a positive constant C such
that

(85 IDVllu, ooy < C{IEM o, ooy + Vo) }

0 Px

for all v .€ WHP(Qq, PP1)" then By > By + 1.

Proof. Let x,(x) be the characteristic function of the interval [z,,+1, Z.]. For each
n—k—1
— .
m > 1 we define v = (vi,va,...,Vg41,0, - ,0) € WEP(Qg, oPP1)" (we omit the
dependence on m to simplify notation) by

vi(®,y,2) = Xm(x) sin <2_7r (x — ;vm+1)> f—ﬁ (y1 + -+ yr)

T'm m

and

for2<i<k+1.
It is easy to check that €; ;(v) vanishes for (¢, j) # (1,1). So, since B is compactly
contained in {2, it follows from (B.3)) that

(3.6) < Cllera(v)

LP(Q,,08°1)

v
ox

[

for m sufficiently large.
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Now, using that the weight in the left hand side of ([3.8)) is equivalent to 2=™PF1
if x belongs t0 [Zm1, Tm), and property ([B3]) we obtain

2 p 2 p
~ 9—mpp / sin (l (x _ $m+1)) (l) Xm (x)dzdydz
LP(Qw,apgal) Q, 'm T'm

27mp['31 Tom 2 P k 9
&~ —— / sin (—W (x— $m+1)> ‘ (M> Tia

Tm Tomg1 T'm T'm T'm

9-mpB1  [Tm 2 p ¥ 9
I (2 ) (42) 2

rh (Zm+1+Tm)/2 'm T'm

Tm

o—m(pP1tk) 27

Z ﬁ/ |Sint|p dt
4k 'Fg@ ™

8V2
Ox

9—m(pB1+k)

—k—1
Tm

~

Analogously, if m = m; for some j, now using ([B.4) we have

(38) lera I, o

5 P
_ 2m 2T
~ 2 mpﬂ?/ cos( ($—$m+1)> (r—) (14 -+ )| x(2)
m
) 9 P rom\ P
~ 2—mp52/ / ( 7T (:’E_merl)) (—ﬂ—) pp+k_1dpda:
Tm+1 f'm

1R

p (M)Hk o

T'm T'm

cos <2_” (x— mmﬂ))

T'm

2—mp52 /wm
—k—1

7“51 Tt

9—m(pB2+p+k) . 27

S ﬁ 2p+ / ‘COSt|p dt
'rm 0

9—m(pB2+p+k)

p—k—1
m

Now, it follows from &8), (B1) and B8] that there exists a positive constant
C which does not depend on m such that

~

Q—W(Pﬂl-i'k) Q—W(Pﬂ2+17+k)
—k—1 — —k—1 )
Tm Tm
for all m = m;. Thus, we have 2-mip(Br=F2=1) < (' for all j > 1, and therefore,
B1 > B2 + 1 as we wanted to prove. 0

We end this section with an optimality result on solutions of the divergence in
2,. As in the previous theorem we will consider weights which are powers of ..

Theorem 3.2. Let Q, C R™ be the domain defined in BI), 51,52 € R, and
1 < p <oo. If for any f € LP(Qy, pP) N LE(Q,) there exists v € Wy P (Qp, @PP1)™
such that divv = f and

(3.9) ||V||W01=P(wa,gﬁl) < C”fHLp(ng,gﬁ?)v
where C' depends only on Q,, 1, B2 and p, then B1 > (o + 1.
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Proof. We will use again the sequence x,, introduced in ([B2). Defining a,, =
(Tm+1 + m)/2, we introduce for each m € N the domain

Qm = {(2am - x,y,z) : (.’b,y,Z) € QW}
Observe that €, is obtained from ), by symmetry and translation. Therefore,
under the hypothesis of the theorem we know that, for any g € LP(Q,, wa)NL (),
there exists v € Wol’p(Qm,wl)" such that divv = g and

(3.10) Wty < Cllglio o

where wy (z) = ¢2%' (2a,, —2) and wo(z) = 2% (2a,, —x). Tt is important to remark
that the constant in (BI0) is equal to the one in (3], and therefore independent

of m.
Now, let us define U,, C Q, and U}, C €, as

Un={(z,y,2) € Uy : i1 <z < T},
Ur/n = {(CE,}’,Z) S Qm Tl < < ﬂ?m}7
and
D, =U,uU,.

Observe that D,, is a Lipschitz domain. Recalling the definition of z,, and that
¥, is an increasing function, we have that, in D,,, wy ~ 2-mPB1 and wy ~ 27 ™PP2,
Moreover, D,, is symmetric with respect to x = a,.

~

Qo

v

[V I

Xm+1

FIGURE 4. The Lipschitz domains D,,

Using an argument introduced in [B], we can decompose any g € LE(D,,) as a
sum of functions g1, g2 € L§(D,,), where g; and go are supported in U, and U},

respectively. In fact, we define

9(x,y,z) |§(wfqy[}z/)‘ fUm in Up,
gl(an7Z) =
0 in Dy, \ U,

where x is the characteristic function of U, N U/ , and g5 := g — g1. Moreover, we

extend ¢g; and gs by zero outside D,,
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Then, using the Holder inequality, we have

1
~ 9—mp —mf
91l 2o, o2y = 27"l ll2e 0,y < 27 2(”‘9““(%) MRTTASYIA /Um |g|)

U, |1/q
< 2777162 » |
< Tl (14 G T )
If m = m,; for some j, it is easy to check, using Lemma [3.] that
Lol
“|Un,nUL| —

where the constant C' does not depend on m. Thus, we have
(3.11) 1910 o, o2y < C2 gl
and consequently,
(3.12) 19202 (@ 02) = 27" 11920l Lo (D) < C27™2|gllLo(D,0)-
Now, from (33), BI0), (B1I), and BI2) it follows that, for any g € L{(D,y,),

there exists u € WHP(D,,,)" such that divu = g, u = 0 in D,,, N{|z — asn| # 7m/2}
and

(3.13) lullwre(p,,) < C27 m(f2 ﬁl)HgHLF‘(D

m

Now, take g € L{(D,,) and u as above and let f € L%(D,,) be defined by
f(x,y,z) = sin(Z" 2 (:c — am)). Then, integrating by parts and using B.13]), we have

/ fg= / fdivu
Dy,
=0
2m 2m . 27
=— —cos | —(x—apm) |ur + sin | —(z —am) |uw
D, T™m T'm dD,m Tm

27 oy1 ( 2 )
=—— cos | —(z—am) | uy
T'm

m JD,, 6yl

=0

2m 2w ouy 2w 21 ——
= — yp cos | —(x—ap) | =— — — y1 cos | —(z — am) | Wy
TmJp,, T'm oy TmJep,, T'm

2 2m
< — ||y1 cos <—(:E - am)> ||Du||Lp(Dm)
Tm T'm L4(D,,)
9—m(B2—P1) 2
<CtT— ‘ Y1 cos (—(x - am)) gl zr (.-
Tm T'm Li(D,,)

But, since f and D,, are symmetric with respect to x = a,,,, we have fD f=0,

and so
2
Y1 COS (T—ﬂ-(x — am)>

m

fDm fg 27m(ﬁ27ﬁ1)
I flle(p,) = sup <
0#£g€LE (D) l9llLr (D, T'm

L"(Dm).
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KORN INEQUALITY AND DIVERGENCE OPERATOR 231

Finally, computing the norms we obtain that, for all m = m,

rt0sag-misas < 2" (g fag-miraa
T'm
and therefore,

9—m(f1—p2—1) <C.
Thus Bl Z 52 + 1. O

Remark 3.1. In the particular case S = 0, the result in Theorem[B.2lcan be deduced
from Theorem B.J] with $; = 0. Indeed, this follows from [DL2, Theorem 6.1].
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