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Abstract

To motivate our discussion, we consider a 1 + 1 dimensional scalar field
interacting with a static Coulomb-type background, so that the spec-
trum of quantum fluctuations is given by a second-order differential op-
erator on a single coordinate r with a singular coefficient proportional
to 1/r. We find that the spectral functions of this operator present an
interesting behavior: the ζ function has multiple poles in the complex
plane; accordingly, logarithms of the proper time appear in the heat-
trace expansion. As a consequence, the ζ function does not provide a
finite regularization of the effective action. This work extends similar
results previously derived in the context of conical singularities.
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1 Introduction
Spectral functions—such as the ζ function and the heat-trace—encode infor-
mation on the quantum properties of a field theory. Among the various uses
of spectral functions in QFT is the computation of functional determinants.
For example, in a local field theory the one-loop effective action is given by
the functional determinant of a certain differential operator D, that can be
computed as

log DetD = −ζ ′(0) , (1.1)

where ζ(s) = TrD−s is the ζ function of the operator D. This definition of
the determinant—originally proposed in [1, 2] for QFT; previously in [3] in a
geometrical context—assumes that ζ(s) is analytic at s = 0. For this property
to hold, one demands that the coefficients of the differential operator D are
well-behaved functions on a smooth manifold M—either without [4] or with
boundaries [5, 6]. As a matter of fact, under these regularity and smoothness
conditions, ζ(s) admits a meromorphic extension to the whole complex plane
s ∈ C with, possibly, isolated simple poles at sk = d−k

n
/∈ Z−, where d is the

dimension of M , n is the order of D, and k is a positive integer [7]. Some
applications rely on the fact that the residues contain information on physical
quantities of the field theory.

Nevertheless, many interesting models in QFT involve quantum fields in the
presence of singularities, either at the base manifold M or at the coefficients
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of D. Thus, a natural question arises as to whether this well-known mero-
morphic structure of the ζ function persists even in the presence of singular
backgrounds.

In 1980, C. Callias and C. H. Taubes [8] studied the functional determinant
of a second-order differential operator with singular coefficients on R4 arising
in the context of a fermionic quantum field in the background of Yang-Mills
multi-instantons. In appendix A of their article they conjectured2 that if a
differential operator has singular coefficients then multiple poles might appear
at locations which are not necessarily half-integers, as in the smooth case.
However, simple examples which exhibit such behavior were not known for
some time.

In 1996, E. Mooers provided the first model which, due to the presence
of singularities, has a ζ function with poles at unexpected locations [9] (see
also [10]). Her analysis is based on the selfadjoint extensions of the Laplacian
of conical manifolds, and shows that the ζ function has simple poles whose
locations depend on the deficiency angle at the tip of the cone.

Later, in collaborations with M. A. Muschietti, R. Seeley, and A. Wipf,
two of the authors of the present article obtained similar results in settings
where the role of the conical singularity is played by 1/r2-type potentials
[11, 12, 13, 14, 15] (for a review on these results, see [16]). These articles
provide a complete description of the analytic structure of the ζ function. The
effect of the singularity in Laplace-type operators of the form A = −4+α/r2

can be understood as follows. The operator is formally scale invariant but,
at the same time, requires an appropriate definition of boundary conditions
at r = 0. A standard analysis of the radial part of A shows that there are
infinitely many admissible boundary conditions, which are characterized by
a single real parameter β whose length-dimension is non-integer but depends
on α. Therefore, the length-dimensions of the Seeley-DeWitt coefficients (viz.
the location of the poles of the ζ function) are expected to depend on α, too.
In other words, the breaking of scale invariance introduced by the boundary
condition is responsible for the exotic pole structure of the ζ function: its
meromorphic extension has simple poles at locations determined by the “ex-
ternal” parameter α. However, Dirichlet boundary conditions (corresponding
to β = ∞), as well as the case β = 0, preserve scale invariance; as a conse-
quence, for these two selfadjoint extensions the poles have the usual location
at negative half-integers.

K. Kirsten, P. Loya and J. Park further elaborated on the problem of
spectral functions under 1/r2-type potentials [17], focusing on the limit case
that determines the threshold beyond which the operator is unbounded from
below. They found a remarkable property (which had been overlooked in [13]3)
that prevents a straightforward application of definition (1.1): the ζ function

2Actually, their statement refers to the small proper-time asymptotics of the heat-kernel,
which we rephrase in terms of the ζ function.

3See also the detailed comparison with the article by Mooers in [18].
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might have a branch-cut at s = 0,

ζ(s) ' s log s+ (holomorphic terms) . (1.2)

Soon after, the same authors established a complete description of the an-
alytic properties of the ζ function for conical singularities [19, 20, 21]. In these
articles they construct ζ functions that exhibit new “pathological” properties:
a simple pole at s = 0 and poles of increasing multiplicity—as well as loga-
rithmic cuts—at unusual locations. Thus, the ζ function for conic manifolds
does not admit, in general, a meromorphic extension at all.

Generalizations and applications of these results to more formal settings
are vast and include warped cones, non-selfadjoint operators, ΨDO’s, func-
tional determinants, analytic torsion, etc. (see e.g. [22, 23, 24, 25, 26, 27] and
references therein). However, up to our knowledge, analogous studies on other
types of singularities have not been carried out yet. To this aim, we analyze
in the present article the milder Coulomb-type singularity and find two results
worth remarking: (i) the ζ function might have some of the unusual properties
found for conical singularities; (ii) this unusual behavior is present even for
Dirichlet boundary conditions. As already mentioned, in the case of conical
singularities the existence of a family of boundary conditions is essential for
the unusual behavior of the ζ function—for this reason, in many classical stud-
ies of 1/r2-type singularities the unusual behavior does not show up (see e.g.
[28, 29, 30, 31, 32, 33, 34, 35], to mention just a few).

In this article we consider the whole family of selfadjoint extensions for
the Coulomb-type operator and find that the ζ function has infinitely many
poles of increasing multiplicity. However, when Dirichlet boundary condition
is imposed one does not recover the usual meromorphic extension but a single
double pole remains4.

Specifically, we study in some detail and from different perspectives the
one-dimensional second-order differential operator A = −∂2

r + α/r. Interest-
ingly, the existence of multiple poles at negative half-integers allows one to
construct—through the addition of extra dimensions—an operator whose ζ
function has a simple pole at s = 0. In this way, we provide a model for which

ζ(s) ' 1

s
+ (holomorphic terms) . (1.3)

As in the model presented in [17], whose ζ function satisfies (1.2), the ζ function
for the Coulomb-type background is not analytic at s = 0 either, so definition
(1.1) does not provide a finite regularization of the effective action.

This article is organized as follows. In Section 2 we embed the problem of
interest in the context of a quantum field interacting with an external singular
background. At the same time, this section introduces the standard procedure
for applying spectral functions in the absence of singularities. In Section 3 we

4This property had already been noted in a preliminary approach in [36]
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analyze the spectrum of the singular operator A, whose ζ function is studied
in Section 4. In Section 5 we recast our findings for the ζ function in terms of
logarithms in the heat-trace expansion. Section 6 refers to the consequences
of the multiple poles on the computation of the effective action; in particular,
we show that the ζ-function regularization of the model introduced in Section
2 is not finite. Section 7 contains an analysis of the most general boundary
conditions that can be imposed at the singular point r = 0; since we adopt
an intuitive but not rigorous approach, Appendix A relates the results of this
section with the formal construction of selfadjoint extensions. Finally, section
8 is devoted to the computation of the multiple poles for the case of general
boundary conditions. To conclude, in Section 9 we summarize our results and
draw some conclusions.

2 Quantization on a Classical Background
This preliminary section is aimed at providing a self-contained review of some
aspects of the use of spectral functions in the computation of the effective
action due to an interaction with a classical background.

Let us consider a typical quantum field ϕ(x) whose dynamics is given by
a Euclidean classical action S[ϕ]. For any arbitrary external source J(x), the
mean value φ(x) of the quantum field is determined by the functional integral

φ(x) =

∫
Dϕ ϕ(x) e−S[ϕ]+

∫
dx J(x)ϕ(x) . (2.1)

We assume that the source J(x) and the mean field φ(x) uniquely determine
each other. The quantum effective action Γ[φ] can be defined through the
average

e−Γ[φ]+
∫
dx J(x)φ(x) =

∫
Dϕ e−S[ϕ]+

∫
dx J(x)ϕ(x) (2.2)

for any arbitrary source J(x) or, equivalently, mean field φ(x). Expanding the
integration field ϕ(x) around φ(x) one readily obtains, at one-loop order,

Γ[φ] = S[φ] + 1
2

log Det
δ2S[φ]

δφ(x)δφ(x′)
. (2.3)

For a local action S[φ], the second functional derivative produces a differential
operator, whose determinant is generally divergent: this is a manifestation of
the one-loop divergences of quantum corrections. Apart from the diagram-
matic techniques, the heat-kernel and the ζ function provide two of the most
commonly used procedures for regularizing these determinants.

Let us take as an example a real scalar field ϕ(x), with xµ = (t, ~r) ∈ R1+3,
in interaction with a classical static background V (~r). The corresponding
Euclidean action is

S[ϕ] = 1
2
∂µϕ∂µϕ+ 1

2
m2 ϕ2 + 1

2
V (~r)ϕ2 . (2.4)
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Quantum fluctuations are given by the functional derivative in (2.3), which
corresponds to the second-order differential operator

D = −∂2
t + A+m2 , (2.5)

where

A = −4+ V (~r) (2.6)

is a Laplace-type operator that acts on L2(R3). An appropriate regularization
of the functional determinant can be implemented by means of Schwinger’s
proper-time procedure, in which the determinant DetD is written in terms of
the heat-trace5,

log DetD = −
∫ ∞

Λ−2

dτ

τ
Tr e−τ D = −T

∫ ∞
Λ−2

dτ

τ

e−τm
2

√
4πτ

Tr e−τ A . (2.7)

In this representation UV-divergences are handled through the UV cutoff Λ
which, eventually, tends to infinity. In the last equality T represents the infinite
timelike volume.

Spectral theory shows that for smooth backgrounds V (~r) on Rd, the heat-
trace admits the small-τ asymptotic expansion [7]

Tr e−τ A ∼ 1

(4πτ)
d
2

∞∑
n=0

an(A) τn , (2.8)

where the Seeley-DeWitt coefficients an(A) involve the integral on Rd of the
background V (~r) and its derivatives. In a more general setting—such as on
curved spacetimes—the Seeley-DeWitt coefficients also include information on
the geometric properties of the base manifold. Furthermore, in the presence
of boundaries the asymptotic expansion (2.8) includes half-integer values of n
as well.

In this way, representation (2.7) translates the small-τ behavior of the heat-
trace into UV divergences. In fact, replacing (2.8) (for d = 3) into (2.7) one
isolates the divergent contributions to the one-loop effective action,

Γ[φ] = S[φ]− T a0(A)

64π2

(
Λ4 − 2m2Λ2 + 2m4 log

(
Λ
m

))
+

− T a1(A)

32π2

(
Λ2 − 2m2 log

(
Λ
m

))
− T a2(A)

16π2
log
(

Λ
m

)
+ Γfinite[φ] . (2.9)

The term Γfinite[φ] is finite as Λ → ∞. For a smooth background V (~r), the

5This definition is inspired by the identity log (λ/µ2) = −
∫∞
0
dτ τ−1(e−τλ − e−τµ2

).
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first Seeley-DeWitt coefficients are well-known [37]. In particular, for d = 3,

a0(A) =

∫
R3

d3r 1 , (2.10)

a1(A) = −
∫
R3

d3r V (~r) , (2.11)

a2(A) =

∫
R3

d3r
(

1
2
V 2(~r)− 1

6
4V (~r)

)
. (2.12)

In this way, Seeley-DeWitt coefficients indicate how UV divergences are re-
moved through a renormalization of bare parameters in the action: as shown
by (2.10), the O(Λ4)-divergence in (2.9) can be removed through a renormal-
ization of the cosmological constant; on the other hand, the remaining O(Λ2)-
and log Λ-divergences in (2.9) depend on the background so are related to the
bare parameters involved in the dynamics of the field V (~r). The rest of the
effective action is then given by Γfinite[φ].

Alternatively, the functional determinant of a differential operator D can
also be computed using the ζ function

ζ(s) = Tr

(
D

µ2

)−s
=
∞∑
n=1

(
λn
µ2

)−s
(2.13)

where λn denote the eigenvalues of D. Note we have introduced an arbitrary
mass scale µ for dimensional consistency. This definition must be used for
Re(s) large enough so that the series converges to an analytic function; other-
wise, ζ(s) is defined as its analytic extension to the rest of the complex plane.

The functional determinant in the ζ function approach is then defined as

log Det

(
D

µ2

)
=
∞∑
n=1

log

(
λn
µ2

)
= −ζ ′(0) . (2.14)

The series in this expression is not convergent but should be understood as
a formal motivation for the last equality. One can prove that the analytic
extension of ζ(s) admits a finite derivative at s = 0. Indeed, the ζ function
and the heat-trace are related by a Mellin transform6,

ζ(s) =
µ2s

Γ(s)

∫ ∞
0

dτ τ s−1 Tr e−τ A . (2.15)

This expression7, together with the asymptotic expansion (2.8), shows that
ζ(s) is analytic at s = 0: the integral close to τ ' 0 has a simple pole at

6This relation is a direct consequence of the identity Γ(s)λ−s =
∫∞
0
dτ τs−1 e−τλ.

7Note that (2.15) gives an alternative regularization of the divergent integral in (2.7): in
that case one introduced an UV cutoff whereas the analytic extension suggested by (2.15)
gives instead −ζ ′(0) plus a divergent term proportional to ζ(0).
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s = 0 (with residue proportional to ad/2(A)) which is canceled by Γ(s) in the
denominator.

All in all, both the heat-trace and the ζ function can be used to com-
pute the effective action: the differences between these approaches amount to
distinct choices of the renormalization scheme. In particular, the heat-trace
produces UV-divergent terms whereas, as just shown, the ζ function leads—in
the smooth background case—to a finite renormalization.

The model we analyze in the present article provides a simple example in
which the ζ function regularization is not finite. Actually, these quite gen-
eral procedures cannot be straightforwardly applied in the presence of sin-
gular backgrounds. In fact, as can be already seen from (2.11) and (2.12),
the well-known expressions for the Seeley-DeWitt coefficients are ill-defined if
the backgrounds V (~r) (or their powers or derivatives) contain non-integrable
singularities.

In this article we analyze a singular Coulomb-type background and find in-
teresting properties of the spectral functions which depart from the standard
behavior described in this section: the asymptotic expansion of the heat-trace
is not of the form (2.8) but also contains logarithms of the proper time. Cor-
respondingly, the ζ function (2.13) has a simple pole at s = 0. For simplicity,
we just present the analysis corresponding to a field in 1+1 dimensions.

3 The Singular Operator
In relation to the context set up in the previous section, we consider a scalar
field ϕ(t, r) on a compact spacelike segment r ∈ [0, L] in interaction with a
Coulomb-type background

V (r) =
α

r
, (3.1)

where α is a constant with dimension of mass. To compute the corrections
introduced by quantum fluctuations we must analyze the spectral properties
of the second-order differential operator,

A = −∂2
r +

α

r
, (3.2)

acting on square-integrable functions ϕ(r) ∈ L2(0, L). Our purpose is to de-
termine the effect of the singularity on the spectral functions of A.

In general, the microscopic interaction of the wave function ϕ(r) with the
singularity at r = 0 is characterized by the boundary condition. In this first
part of the article we consider Dirichlet boundary conditions at both endpoints,

ϕ(0) = ϕ(L) = 0 , (3.3)

because this suffices to exhibit some unusual spectral properties of the op-
erator A. Afterwards, we will analyze which other boundary conditions can
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be imposed at the singularity as well as their consequences on the spectral
functions.

The eigenvalue equation (
A− z2

)
ϕz(r) = 0 , (3.4)

where we assume z belongs to the right half-plane Re(z) ≥ 0, has the following
set of (unnormalized) solutions:

ψz(r) = r e−izr M
(

1 +
α

2iz
, 2; 2iz r

)
, (3.5)

χz(r) = r e−izr U
(

1 +
α

2iz
, 2; 2iz r

)
; (3.6)

M and U are confluent hypergeometric functions [38], which are linearly inde-
pendent for 1+α/2iz /∈ Z−. Close to the singularity the independent solutions
(3.5) and (3.6) behave as ψz(r) ∼ O(r) and χz(r) ∼ O(1), so only the former
satisfies the boundary condition at the singularity.

Let us first determine the non-positive eigenvalues of A. Numerical analysis
shows that only one eigenstate with negative eigenvalue exists as long as αL
is less than a critical value −3.67049266 . . .

As regards zero modes, only for a discrete set of negative values of αL,
given by −1

4
j1

2 (where j1 is any zero of the Bessel function J1) does (3.4)
admit a solution with z = 0. Not surprisingly, the highest value of α for which
A has a zero mode is given by the first zero of J1 as αL = −3.67049266 . . .

Since we are interested in the growth of the eigenvalues and there is only
a finite number of those which are non-positive, in the sequel we restrict for
simplicity to the case α > 0.

Under Dirichlet boundary conditions, both at r = 0 and at r = L, the
discrete positive spectrum z2

n of A is given by the solutions to the following
transcendental equation:

e−i LznM

(
1 +

α

2izn
, 2; 2iL zn

)
= 0 . (3.7)

The exponential in this expression is retained for later convenience. As we will
see, the appearance of zn in both arguments of the confluent hypergeometric
function will be crucial for the unusual asymptotic behavior of the eigenvalues.

Figure 1 displays the l.h.s. of (3.7) as a function of zn, for αL = 1; the
zeroes determine the spectrum of A. Figure 2 shows the first three lowest
eigenfunctions between the rigid boundaries at r = 0 and r = L: the wave
functions are (slightly) driven away from the singularity.
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1.5

Figure 1: The intersections zn with
the positive real axis give the spectrum
z2
n of A for α = 1. L is taken as the
unit length.

0.0 0.5 1.0

-2

0

2

4

6

Figure 2: Normalized eigenfunctions
for α = 1. The dashed line shows the
potential 1/r. L is taken as the unit
length.

4 The Zeta Function
In this section we analyze the ζ function of the singular operator A defined on
the compact domain of length L,

ζ(s) = µ2s TrA−s = µ2s

∞∑
n=1

z−2s
n . (4.1)

In particular, we will focus our study on its analytic structure, which is de-
termined by the asymptotic behavior of the spectrum. For large values of zn,
(3.7) is asymptotically equivalent [38] to

Re

ei(Lzn− α
2zn

log (2Lzn))

Γ
(

1 + i α
2zn

) ∞∑
k=0

Γ
(
k + 1 + i α

2zn

)
Γ
(
k + i α

2zn

)
k! (2iLzn)k

 ∼ 0 , (4.2)

which can be recursively solved by expanding zn for large values of n. The
result for the leading contributions reads

zn ∼
π n

L
+

α

2πn
(log (2πn) + γ)−

− α

(2πn)3

{
2αL log2 (2πn) + 2(2γ − 1)αL log (2πn) +

+
ζR(3)

3
(αL)3 + (1− 2γ + 2γ2)αL− 1

}
+O(n−5) , (4.3)

where γ is Euler’s constant. The term indicated as O(n−5) contains a cubic
polynomial in log (2πn). This approximation to the large eigenvalues—derived
from an asymptotic expansion—is illustrated in Table 1, which shows the first
13 values of zn for α = L = 1 together with the successive approximations
obtained by considering higher-order terms in the asymptotic expansion (4.3),
including up to the O(n−5) correction.
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O(n) O(n−1) O(n−3) O(n−5) Eigenvalues

3.141592654 3.525966600 3.496795708 3.502157775 . . . 3.500788704
6.283185307 6.530531180 6.523724838 6.524144307 . . . 6.524098380
9.424777961 9.611185802 9.608488391 9.608573947 . . . 9.608568384
12.56637061 12.71762300 12.71625615 12.71628294 . . . 12.71628173
15.70796327 15.83606806 15.83526998 15.83528069 . . . 15.83528033
18.84955592 18.96114614 18.96063508 18.96064010 . . . 18.96063996
21.99114858 22.09030217 22.08995291 22.08995554 . . . 22.08995548
25.13274123 25.22215715 25.22190665 25.22190815 . . . 25.22190812
28.27433388 28.35589756 28.35571107 28.35571198 . . . 28.35571196
31.41592654 31.49101071 31.49086768 31.49086826 . . . 31.49086825
34.55751919 34.62715654 34.62704415 34.62704454 . . . 34.62704453
37.69911184 37.76410010 37.76401000 37.76401027 . . . 37.76401026
40.84070450 40.90167360 40.90160012 40.90160031 . . . 40.90160031

Table 1: Successive approximations, up to the order indicated
at the top of the column, to the first eigenvalues (displayed at
the rightmost column) of the operator A for α = L = 1.

The presence of log n terms in zn can be regarded as the most remarkable
effect of the singularity 1/r. As we will see next, these logarithms are the
source of the unusual properties of the spectral functions.

The asymptotic expansion (4.3) not only shows that the series (4.1) is
convergent for Re(s) > 1

2
, but can also be used to determine the full pole

structure of its analytic extension. In order to illustrate the procedure, we
replace the first terms of (4.3) into (4.1) and expand the resulting expression
for large values of n,

ζ(s) =
(µL)2s

π2s

{
ζR(2s) +

αLs

π2
[ζ ′R(2s+ 2)− (log 2π + γ) ζR(2s+ 2)]

}
+ . . .

(4.4)

The ellipsis represents a function which is analytic for Re(s) > −3
2
; ζR(s) is

the Riemann’s ζ function, which has a single pole at s = 1 with residue 1.
Representation (4.4) shows that ζ(s) presents a simple pole at s = 1

2
with

residue µL/2π, proportional to the space volume. Most remarkably, ζ(s) has
a double pole at s = −1

2
with Laurent coefficient α/8πµ. The source of this

double pole can be traced back to the presence of the logarithm log n in the
asymptotic behavior of the eigenvalues shown in (4.3).

We summarize the singularities of ζ(s) up to Re(s) > −5
2
:

◦ s = 1
2
: simple pole with residue

µL

2π

◦ s = −1
2
: double pole with coefficients

α

8πµ
and

α

4πµ
(log 2µL+ γ − 1).

◦ s = −3
2
: simple pole with residue − 3α3

16πµ3

(
ζR(3)

3
αL+

1

αL
− 1

α2L2

)
.
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5 10 15 20 25

Figure 3: The integration path C enclosing zn (blue dots),
where z2

n are the positive eigenvalues of A. In this figure
αL = 1.

Since the asymptotic expansion of zn contains increasing powers of log n,
the function ζ(s) involves higher derivatives of ζR(s) as one explores regions
of the complex plane with lower Re(s), so one could expect poles of increas-
ing multiplicity. Nevertheless, an explicit calculation shows that there are
cancellations between separate contributions which cause that the remain-
ing singularities of ζ(s) are just simple poles at negative half-integers. This
notwithstanding, there still exist conditions under which poles of increasing
multiplicity might appear—this is the subject of Section 8.

To clarify this point we follow now a different procedure which explains
the absence of poles, other than s = −1

2
, with higher multiplicity. Note that

this alternative procedure also relies on the asymptotic behavior of expression
(3.7) for large values of zn.

Since the function in the l.h.s. of (3.7) vanishes at the discrete set zn, the
series (4.1) can also be expressed as

ζ(s) =
(µL)2s

2πi

∮
C
dz z−2s ∂z log

{
e−iz M

(
1 +

αL

2iz
, 2; 2iz

)}
, (4.5)

where C is a curve in the complex plane enclosing counterclockwise the positive
zeroes zn of (3.7) (see fig. 3). The curve is chosen to lie entirely in the half-
plane Re(z) > 0, at finite distance away from z = 0. The poles of ζ(s) arise
from the integration at |z| → ∞.

It is first convenient to turn the complex integration along the imaginary
axis. Thus, we write down the asymptotic behaviour of the integrand for
z = ±iw and large w ∈ R+,

∂w log

{
e±w M

(
1∓ αL

2w
, 2;∓2w

)}
∼ 1− 1

w
− αL

2w2
(log 2w − 1) +

+
αL

2w2
ψ

(
1 +

αL

2w

)
+ ∂w log 2F0

(
1− αL

2w
,−αL

2w
;

1

2w

)
. (4.6)

We have neglected exponentially decreasing terms because, as will become
clear below, they do not contribute to the singularities of ζ(s). The leading
term in (4.6) confirms that the integral in (4.5) is convergent for Re(s) > 1

2
.
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Expression (4.6) allows us to write (4.5) as

ζ(s) =
(µL)2s

Γ(s)Γ(1− s)

∫ ∞
1

dww−2s ∂w log

{
e−w M

(
1 +

αL

2w
, 2; 2w

)}
+ . . .

(4.7)

The ellipsis represents an integration along a finite path on the half-plane
Re(z) > 0 which runs from z = i to z = −i; we disregard this integral for it is
a holomorphic function in the whole complex plane s ∈ C.

Since the singularities in ζ(s) arise from the integration at large w, we
consider the contribution to (4.7) of each of the terms in (4.6). The first term
in the r.h.s. of (4.6) gives

(µL)2s

Γ(s)Γ(1− s)

∫ ∞
1

dww−2s =
µL

2π

1

s− 1
2

+O(s− 1
2
)0 . (4.8)

We confirm the simple pole at s = 1
2
, whose residue—proportional to the

volume—coincides with the one due to the leading term in (4.3).
The subleading term in (4.6), proportional to w−1, would give a pole at

s = 0 but, because of the denominator Γ(s) in (4.7), its residue vanishes. Let
us remark that ζ(s) is then regular at s = 0.

Next, we consider the contribution of the terms in (4.6) proportional to
w−2 which do not involve logw,

− (µL)2s

Γ(s)Γ(1− s)

∫ ∞
1

dww−2s αL

2w2
(log 2− 1 + γ) =

=
α

4πµ
(log 2 + γ − 1)

1

s+ 1
2

+O(s+ 1
2
)0 (4.9)

More remarkably, the integral of the term involving logw gives

− (µL)2s

Γ(s)Γ(1− s)

∫ ∞
1

dww−2s αL

2w2
logw =

=
α

8πµ

1(
s+ 1

2

)2 +
α log µL

4πµ

1

s+ 1
2

+O(s+ 1
2
)0 (4.10)

Collecting (4.9) and (4.10) we confirm the behavior of ζ(s) at s = −1
2
.

The remaining terms in (4.6) are O(w−3) so they give contributions which
are analytic for Re(s) > −3

2
. Moreover, they admit an asymptotic expansion

in integer powers of w so they do only produce simple poles at negative half-
integers (due to the term Γ(s) the function ζ(s) is finite at negative integers).

In conclusion, the logarithm in the asymptotic expansion (4.6) does only
introduce a double pole at s = −1

2
; the remaining terms, being pure integer

powers of w, give the usual poles of multiplicity 1.
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5 The Heat-Trace
In this section we explore the consequences of the log n behavior of the eigen-
values on the asymptotic expansion of the heat-trace,

Tr e−τA =
∞∑
n=1

e−τz
2
n . (5.1)

As an operator on an infinite-dimensional space of functions, the heat-trace
diverges as the proper time τ tends to zero. For smooth backgrounds, this di-
vergent behavior is well-understood through the small-τ asymptotic expansion
(2.8) in terms of half-integer powers of τ . We now show that the heat-trace of
the singular operator (3.2) also contains log τ terms as τ → 0+.

If we evaluate (5.1) using (4.3) we get

Tr e−τA =
∞∑
n=1

e−τ
π2n2

L2

{
1− τα

L
(log 2πn+ γ) +O(n−2, τ) +O(τ 2)

}
. (5.2)

The first term in the series gives

∞∑
n=1

e−τ
π2n2

L2 ∼ L√
4πτ
− 1

2
, (5.3)

as one expects for the free case α = 0. The second term can be estimated as

− τα

L

∞∑
n=1

e−τ
π2n2

L2 log n− τα

L
(log 2π + γ)

∞∑
n=1

e−τ
π2n2

L2

∼ −τα
L

∫ ∞
0

dn e−τ
π2n2

L2 log n− (log 2π + γ)α√
4π

√
τ +O(τ)

∼ α

4
√
π

√
τ log

( τ
L2

)
− γα

4
√
π

√
τ +O(τ) , (5.4)

where we have used Euler-Maclaurin formula to replace the series by the in-
tegral. Collecting these expressions we obtain the small-τ asymptotics of the
heat-trace,

Tr e−τA ∼ 1√
4πτ

(
L−
√
π τ

1
2 +

α

2
τ log

( τ
L2

)
− γα

2
τ +O(τ

3
2 )
)
. (5.5)

Comparing with the asymptotic expansion (2.8) we get

a0(A) = L (5.6)
a 1

2
(A) = −

√
π (5.7)

a1(A) = −α (logL+ γ
2
) (5.8)
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The coefficient a0(A) coincides with the usual expression (2.10). The coefficient
a 1

2
(A) also coincides with the case of a smooth background in one dimension

under Dirichlet boundary conditions at both endpoints [37]. On the contrary,
a1(A) is certainly not given by the integral of 1/r, as in (2.11). Furthermore,
this coefficient contains a logL contribution which suggests—upon dimensional
arguments—the presence of another log-term. Indeed, the heat-trace contains
a new term b1(A) τ log τ , not present in the smooth case, with

b1(A) =
α

2
. (5.9)

Using the relation (2.15) and the asymptotic expansion of the heat-trace
(5.5) one confirms that the ζ function has a simple pole at s = 1

2
with residue

µL/2π, as well as a double pole at s = −1
2
with Laurent coefficients α/8πµ

and (log 2µL+ γ − 1)α/4πµ.

6 The Effective Action
In this section we will point out some interesting consequences of the double
pole in the ζ function and the log-term in the heat-trace on the effective action
computation.

According to (2.3), one-loop contributions to the effective action of a real
massless scalar field in interaction with a Coulomb-type background are given
by

1

2
log DetD = −T

2

∫ ∞
Λ−2

dτ

τ

1√
4πτ

Tr e−τ A , (6.1)

where

D = −∂2
t + A , A = −∂2

r +
α

r
. (6.2)

Replacing the asymptotic expansion (5.5) into the heat-trace representation of
the determinant we obtain the following UV-divergent terms:

−TL
8π

Λ2 +
TΛ

4
√
π

+
Tα

8π
(logLΛ− γ) logLΛ . (6.3)

Thus, apart from the usual volume and boundary contributions, there is a
log2 Λ divergence—proportional to Tα—which should be removed trough an
appropriate counterterm.

The ζ-function regularization exhibits a more remarkable aspect. We use
(2.15) to write a relation between the ζ functions of the operators D and A,

ζ(D)(s) =
µ2s

Γ(s)

∫ ∞
0

dτ τ s−1 Tr e−τ(−∂2t+A) =
µ2s

Γ(s)

∫ ∞
0

dτ τ s−1 T√
4πτ

Tr e−τA

= µT
Γ(s− 1

2
)

2
√
π Γ(s)

ζ(A)(s− 1
2
) . (6.4)
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As a consequence, the behavior of ζ(D)(s) at s = 0 is given by the values
of ζ(A)(s) at s = −1

2
. However, the double pole of ζ(A)(s − 1

2
) at s = 0 is

not anymore canceled by Γ(s) in the denominator. Therefore, ζ(D)(s) has a
simple pole at s = 0; this does not jeopardize the computation of the effective
action but one must take into account that, in the singular case, the ζ-function
approach does not provide a finite renormalization anymore.

The results of Section 4 indicate

ζ(A)(−1
2

+ ε) =
ζ−2

ε2
+
ζ−1

ε
+ ζ0 +O(ε) , (6.5)

where

ζ−2 =
α

8πµ
, (6.6)

ζ−1 =
α

4πµ
(log 2µL+ γ − 1) . (6.7)

Following (2.14), we can now use (6.4) and (6.5) to compute the functional
determinant

log Det

(
D

µ2

)
= −ζ(D)′(ε)

∣∣
ε=0

= −Tα
8π

(
1

ε2
+ 4(log 2− 1)(log 2µL+ γ)− 2 log2 2− π2

6

)
+ µTζ0 . (6.8)

Note that the ζ-function regularization produces scale-dependent and diver-
gent terms, proportional to Tα, which should be absorbed into the classical
action. This renormalizes bare parameters associated with the dynamics of the
background field—in particular, with terms linear in V (x). Since this proce-
dure strongly depends on the particular dynamics that models the background
field we do not pursue this analysis further but focus instead on the remaining
contribution ζ0.

To evaluate ζ0, the finite part of ζ(A)(s) at s = −1
2
, we perform the integral

in (4.5) along the imaginary axis. Upon an appropriate rearrangement, and
consistently removing terms proportional to Tα, we obtain

1

T
log Det

(
D

µ2

)∣∣∣∣
reg

=
1

πL

{
1

2
−
∫ 1

0

dww ∂w log
[
e−wM(1 + αL

2w
, 2; 2w)

]
+

−
∫ ∞

1

dww

(
∂w log

[
e−wM(1 + αL

2w
, 2; 2w)

]
+

− 2w2 − 2w − αL(log 2w + γ − 1)

2w2

)}
. (6.9)

Figure 4 shows the r.h.s. of this expression as a function of L, for α = 1.
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Figure 4: The finite part of the one-loop effective action
(per unit time) as a function of L, for α = 1, as represented
in the r.h.s. of (6.9).

Since the spectrum of A gives the frequencies of the normal modes of a
massless field within the rigid boundaries at r = 0 and r = L, the finite
part (FP) of ζ(A)(s) at s = −1

2
represents a contribution—due to the vacuum

oscillations of the quantum field—to the ground energy,

E0 =
µ

2
FP ζ(A)(−1

2
) =

1

2
µ ζ0 . (6.10)

Still, this is a one-loop correction to the contribution given by the background
field, which depends on the particular model of the dynamics of V (x).

7 The Field at the Singularity
So far we have restricted ourselves to a discussion of the case in which the
field vanishes at the singularity, but this is not the most general behavior the
singularity admits. In fact, there exist infinitely many boundary conditions
under which the singular operator A is selfadjoint. In other words, the standard
analysis of its deficiency spaces indicates that A admits a one-parameter family
of selfadjoint extensions, each of which corresponds to a particular boundary
condition. In appendix A we summarize this approach but in the current
section we prefer to follow instead a more intuitive procedure: we analyze
the domain D(A) of the operator A under some general assumptions on the
expected behavior of the fields at r = 0; this will determine the appropriate
boundary conditions.

Let us take ϕ(r) ∈ D(A) and assume ϕ ∼ rp as r → 0, for some p. Since
ϕ ∈ L2, then p > −1

2
. Moreover, we also expect ∂2

rϕ ∈ L2, which would
further restrict p > 3

2
. However, this is a too restrictive condition for the fields
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at r = 0. Indeed,

Arp ∼ −p(p− 1) rp−2 + α rp−1 ∈ L2 (7.1)

can also be satisfied for p ≤ 3
2
as long as p = 1. Thus, ϕ(r) ∼ r ∈ D(A).

It is immediate to see that there exists a linearly independent function
which also satisfies Aϕ ∈ L2, namely ϕ(r) ∼ 1 + αr logαr. This is a conse-
quence of ∂2

r (1 + αr logαr) = α/r, so that the kinetic terms compensates the
non-integrable contribution from the singularity.

We conclude that any function in the domain of A behaves as

ϕ(r) ∼ aϕ(1 + αr logαr) + bϕ αr + o(r
3
2 ) , (7.2)

for some (aϕ, bϕ) ∈ C2. Thus, the “boundary values” of each function in D(A)
determine a point in C2. On the other hand, selfadjointness implies hermitic-
ity8,

0 = (Aϕ, χ)− (ϕ,Aχ) ∼ ϕ′∗χ− ϕ∗χ′ ∼ b∗ϕaχ − a∗ϕbχ . (7.3)

Selfadjoint extensions are given by the Lagrangian subspaces of the boundary-
values space C2 under the symplectic product b∗ϕaχ − a∗ϕbχ. Therefore, the
selfadjoint extensions Aβ can be characterized by a single parameter β ∈ R,
which determines their domain as

D(Aβ) = {ϕ(r) : bϕ = β aϕ} . (7.4)

Note that A∞ corresponds to the operator under Dirichlet conditions at r = 0.
Let us now use the boundary condition (7.4) to determine the spectrum of

the operator Aβ. Since we are interested in the effects of the singularity 1/r,
we simply impose Dirichlet conditions at r = L. Thus, an appropriate solution
to (3.4) reads

ϕz(r) = r e−izr
{
M
(
1 + α

2iz
, 2; 2izL

)
U
(
1 + α

2iz
, 2; 2iz r

)
+

− U
(
1 + α

2iz
, 2; 2izL

)
M
(
1 + α

2iz
, 2; 2iz r

)}
, (7.5)

whose behavior close to r ' 0 is given by

ϕz(r) ∼M
(
1 + α

2iz
, 2; 2izL

)
(1 + αr logαr) +

+ αr
{
M
(
1 + α

2iz
, 2; 2izL

) [
iz
α

+ ψ( α
2iz

) + log (2iz
α

) + 2γ − 1
]

+

− U
(
1 + α

2iz
, 2; 2izL

)
Γ
(
α

2iz

)}
. (7.6)

8For this analysis we omit the contribution of the boundary at r = L.
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Figure 5: The figure shows the l.h.s. of (7.7). The intersections with
a given horizontal line at height β corresponds to the spectrum of a
particular selfadjoint extension Aβ . In the figure we display β = −20
and β = 35, for α = 1 (in units of L). The dashed asymptotes indicate
the spectrum for Dirichlet boundary conditions (β =∞).

This behavior is in accordance with our derivation (7.2). Actually, comparing
(7.6) and (7.2) one readily obtains the equation that determines the spectrum
of the operator Aβ:

f(z)− Γ
(
α

2iz

) U
(
1 + α

2iz
, 2; 2izL

)
M
(
1 + α

2iz
, 2; 2izL

) = β , (7.7)

where we have defined the function

f(z) :=
iz

α
+ ψ( α

2iz
) + log (2iz

α
) + 2γ − 1 . (7.8)

In figure 5 we plot the l.h.s. of (7.7): The intersections with each horizontal line
give the spectrum of a definite selfadjoint extension. The asymptotes (β =∞)
represent the spectrum for Dirichlet boundary conditions (see e.g. fig. 3).

An asymptotic analysis of (7.7) gives the spectrum z2
n for large n,

Lzn ∼ πn+
π

2
− αL

2πn
(log 2πn− 2 logαL+ γ − 2− 2β) + . . . (7.9)

Successive approximations would allow us to explore, one by one, the poles of
the ζ function for each selfadjoint extension. However, as in the Dirichlet case,
a representation in terms of a contour integration in the complex plane will be
much more revealing.
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8 Higher-Order Poles
In this section we determine the analytic structure of the ζ function for a par-
ticular selfadjoint extension Aβ. In order to do that, we describe its spectrum
(7.7) as the zeroes (in units of L) of the function

Fβ(z) = M
(
1 + αL

2iz
, 2; 2iz

) (
f( z

L
)− β

)
− U

(
1 + αL

2iz
, 2; 2iz

)
Γ
(
αL
2iz

)
. (8.1)

Thus, the ζ function can be written as

ζβ(s) =
(µL)2s

2πi

∮
C
dz z−2s ∂z logFβ(z) , (8.2)

where C encloses the zeroes of Fβ(z) as in figure 3. If we deform the integration
contour to the imaginary axis we obtain

ζβ(s) =
(µL)2s

2πi

∫ ∞
1

dww−2s
{
−e−iπs ∂w logFβ(iw) + eiπs ∂w logFβ(−iw)

}
+ . . .

(8.3)

where the ellipsis represents a holomorphic function of s ∈ C. To identify the
poles of ζβ(s) we need the asymptotic expansion of Fβ(±iw) for large w,

∂w logFβ(±iw) ∼ ∂w logM
(
1∓ αL

2w
, 2;∓2w

)
+

+ ∂w log
( w
αL
− log 2w + logαL− ψ(1 + αL

2w
)− 2γ + 1 + β

)
. (8.4)

We have explicitly separated the confluent hypergeometric functionM because
this contribution exactly reproduces the pole structure under Dirichlet condi-
tions, which we have already determined. Consequently, in the rest of this
section we will focus on the new poles of ζβ(s) in relation to those of ζ∞(s).

Replacing the asymptotics of Fβ(±iw) into (8.3) we obtain

ζβ(s) = ζ∞(s) +
(µL)2s

Γ(s)Γ(1− s)

∫ ∞
1

dww−2s ×

× ∂w log

(
1− αL

log 2w − logαL+ ψ(1 + αL
2w

) + 2γ − 1− β
w

)
+ . . .

= ζ∞(s) +
(µL)2s

Γ(s)Γ(1− s)

∫ ∞
1

dww−2s

∞∑
n=2

(αL)n−1

wn

n−1∑
k=0

cn,k logk w + . . .

(8.5)

where the coefficients cn,k are polynomials in β, αL and logαL. In particular,
cn,n−1 = 1. Integration in w gives the pole structure of ζβ(s),

ζβ(s) = ζ∞(s)+

+
(µL)2s

Γ(s)Γ(1− s)

∞∑
n=2

(αL)n−1

n−1∑
k=0

cn,k
k!

2k+1
(
s− 1−n

2

)k+1
+ . . . (8.6)
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In consequence, ζβ(s) − ζ∞(s) has poles at s = 1
2
− n

2
, with n = 2, 3, 4, . . .,

of multiplicity n for even n, and multiplicity n − 1 for odd n. To illustrate
this result we explicitly indicate the behavior of the ζβ(s) function at its first
singularities:

s = 1
2

:
µL

2π

1

(s− 1
2
)

+O(s− 1
2
)0

s = −1
2

: − α

4πµ

1

(s+ 1
2
)2
−
α (log 2µ

β̃α
− 2

3
)

2πµ

1

(s+ 1
2
)

+O(s+ 1
2
)0

s = −1 : − α2

4µ2

1

(s+ 1)2
−
α2 (log 2µ

β̃α
− 1

6
)

2µ2

1

(s+ 1)
+O(s+ 1)0

s = −3
2

:
3α3

8πµ3

1

(s+ 3
2
)4

+
3α3 log 2µ

β̃α

4πµ3

1

(s+ 3
2
)3

+

+
3α3 (log2 2µ

β̃α
− 1

9
− π2

6
)

4πµ3

1

(s+ 3
2
)2

+

+
α3 [log3 2µ

β̃α
− (1

3
+ π2

2
) log 2µ

β̃α
− 2

27
− 3

4
ζR(3)]

2πµ3

1(
s+ 3

2

) +

+O(s+ 3
2
)0 (8.7)

To avoid cluttering, we have introduced a new parameter 0 < β̃ = eβ−γ+ 4
3 ≤ ∞.

We conclude that, in the most general case, the singularity 1/r generates
an infinite series of poles with increasing multiplicities. As opposed to the case
of smooth backgrounds (cfr. relation (2.15)), the ζ function is also singular at
negative integers.

9 Conclusions
Inspired by the results that describe the effects of conical singularities on
spectral functions, we addressed in this article the corresponding problem
for Coulomb-like singularities. We began by considering a one-dimensional
Schrödinger operator with a Coulomb-type potential under Dirichlet bound-
ary conditions. The most remarkable finding is the presence of a double pole
in the meromorphic extension of the ζ function.

In the context of a quantum field interacting with a static classical back-
ground, this ζ function represents the spacelike part of the operator of quantum
fluctuations. Since the addition of each extra dimension makes a shift in the
argument of the ζ function, the timelike part of the operator transforms the
double pole at s = −1

2
into a simple pole at s = 0. In conclusion, the quantity
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−ζ ′(0) is ill-defined in the 1+1 setting. It is worth stressing that this a priori
unexpected behavior shows up under the simplest boundary condition, namely,
the vanishing of the field at the singular point. As a matter of fact, the dou-
ble pole can be traced back to the presence of a log n term in the subleading
behavior of large eigenvalues λn, and this is due to the singular coefficient and
not to the type of boundary condition—this is a significant difference with
respect to the case of conical singularities. At the same time, one can easily
see that this log-term leads to log τ terms in the small-τ asymptotics of the
heat-trace.

Next, we searched for the most general boundary conditions that make
the operator selfadjoint, and found “hospitable” conditions—as referred to in
[39]—in the sense that the fields can probe the singularity for they do not
need to vanish there. We studied the meromorphic extension of the ζ function
and found, this time, infinitely many multiple poles with increasing multi-
plicity. At this point it is also important to underline another substantial
difference with the case of conical manifolds: in a higher-dimensional setting
under 1/r-type backgrounds, the boundary conditions under which multiple
poles appear respect rotational invariance. Indeed, the selfadjoint extensions of
the one-dimensional operator A considered in this article apply to each angu-
lar momentum eigenspace separately, without mixing them. On the contrary,
as shown in [19], multiple poles for 1/r2-type singularities appear for bound-
ary conditions which combine different eigenvalues of the transversal part of
the Laplacian (viz., different angular momenta); in particular, they do only
appear if the zero modes in the transversal directions play some role in this
combination. From this perspective, the multiple poles in the case of 1/r2-type
backgrounds strongly rely on a peculiarity of the boundary conditions9.

We hope that our results motivate more formal studies on the effects of
Coulomb-like singularities on the ζ function, which would contribute to a bet-
ter understanding of the behavior of spectral functions when smoothness con-
ditions are relaxed. On the other hand, it would be interesting to pursue a
complete analysis of a 3+1-dimensional quantum field in the presence of a
Coulomb background. Of course, a specific model for this background should
be firstly assumed in order to fully interpret the renormalization of the relevant
parameters. Work along this line is currently under consideration.
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9It might be interesting to point out that boundary conditions that mix different angular
momenta could be related to “global” boundary conditions if the tip of the cone were regarded
as the limit of circumferences of decreasing radii (strictly speaking, every condition at a single
point is, of course, local).
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A Selfadjoint Extensions
In this section we analyze the deficiency subspaces K± = Ker(A† ∓ i) to de-
scribe the complete set of selfadjoint extensions of A; this determines appro-
priate boundary conditions. Since we are only interested in the effect of the
singularity, we just impose Dirichlet conditions at r = L. In this setting, an
eigenfunction of A† can be written as (7.5) and its behavior at the origin is thus
given by (7.6). Therefore, the deficiency subspaces are one-dimensional and
the selfadjoint extensions are characterized by the isometries U : K+ → K−,
which are thus characterized by a single phase e2iθ ∈ U(1).

In this context, the functions in the domain of a particular selfadjoint
extension behave near the singularity as

φ(r) ' eiθφ+(r) + e−iθφ∗+(r) , (A.1)

where φ+(r) is an eigenfunction of A† with eigenvalue i (given by (7.5) with
z = z+ =

√
i).

Finally, a straightforward comparison between an eigenfunction (7.6) (with
z ∈ R+) and the general behavior (A.1) reproduces condition (7.4), with

β(θ) =
1

Re
{
eiθM(1 + α

2iz+L
, 2; 2iz+)

} Re
{
eiθ
(
M(1 + α

2iz+
, 2; 2iz+L)

)
f(z+) +

− U(1 + α
2iz+

, 2; 2iz+L) Γ( α
2iz+

)
}
. (A.2)
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