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Abstract Lambda-S is an extension to first-order lambda calculus unifying two
approaches of non-cloning in quantum lambda-calculi. One is to forbid duplication
of variables, while the other is to consider all lambda-terms as algebraic linear
functions. The type system of Lambda-S has a constructor S such that a type A
is considered as the base of a vector space while S(A) is its span. Lambda-S can
also be seen as a language for the computational manipulation of vector spaces: The
vector spaces axioms are given as a rewrite system, describing the computational
steps to be performed. In this paper we give an abstract categorical semantics
of Lambda-8* (a fragment of Lambda-S), showing that S can be interpreted as
the composition of two functors in an adjunction relation between a Cartesian
category and an additive symmetric monoidal category. The right adjoint is a
forgetful functor U, which is hidden in the language, and plays a central role in
the computational reasoning.
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1 Introduction

Algebraic lambda calculi aim to embed to the lambda calculus, the notion of vector
spaces over programs. This way a linear combination a.v + 8.w of programs v and
w, for some scalars a and 3, is also a program [3]. This kind of construction has two
independent origins. The Algebraic Lambda Calculus (ALC for short) [21] has been
introduced as a fragment of the Differential Lambda Calculus [13], which is itself
originated from Linear Logic [14]. ALC can be seen as the Differential Lambda
Calculus without a differential operator. In the ALC the notion of vector spaces
is embedded in the calculus with an equational theory, so the axioms of vector
spaces, such as a.v + f.v = (a+ ).v are seen as equalities between programs. On
the other hand, the Linear Algebraic Lambda Calculus (Lineal for short) [2] was
meant for quantum computation. The aim of Lineal is to provide a computational
definition of vector space and bilinear functions, and so, it defines the axioms of
vector spaces as rewrite rules, providing a confluent calculus. This way, an equality
such as —v + v + 3.w — 2.w = w is described computationally step by step as

(-Dw+v+3w+(—2)w — 0.0+ 3w+ (—2).w
— 0w+ 1w
— 0+ 1w
— 1w

—rw

Rules like a.v + 8.v — (a+ 8).v say that these expressions are not the same but
one reduces to the other, and so, a computational step has been performed. The
backbone of this computation can be described as having an element a.v + S.v
without properties, which is decomposed into its constituents parts «, 3, and v,
and reconstructed in another way. Otherwise, if we consider a.v 4+ B.v being just
a vector, as in the ALC, then it would be equal to (a+ 3).v and the computation
needed to arrive from the former to the latter would be ignored. The main idea in
the present paper is to study the construction of Lineal from a categorical point
of view, with an adjunction between a Cartesian closed category, which will treat
the elements as not having properties, and an additive symmetric monoidal closed
category, where the underlying properties will allow to do the needed algebraic
manipulation. A concrete example is an adjunction between the category Set of
sets and the category Vec of vector spaces. This way, a functor from Set to Vec
will allow to do the needed manipulation, while a forgetful functor from Vec to
Set will return the result of the computation.

The calculus Lambda-S [78] is a first-order typed fragment of Lineal, extended
with measurements. The type system has been designed as a quantum lambda cal-
culus, where the main goal was to study the non-cloning restrictions. In quantum
computing a known vector, such as a basis vector from the base considered for
the measurements, can be duplicated freely (normally the duplication process is
just a preparation of a new qubit in the same known basis state), while an un-
known vector cannot. For this reason, a linear-logic like type system has been put
in place. In linear logic we would write A the types of terms that cannot be du-
plicated while !A types duplicable terms. In Lambda-S instead A are the types of
the terms that represent basis vectors, while S(A) are linear combinations of those
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(the span of A). Hence, A means that we can duplicate, while S(A) means that we
cannot duplicate. Therefore, the S is not the same as the bang “!”, but somehow
the opposite. This can be explained by the fact that linear logic is focused on the
possibility of duplication, while here we focus on the possibility of superposition,
which implies the impossibility of duplication.

In 78] a first denotational semantics (in environment style) is given where the
type B is interpreted as {|0),|1)} while S(B) is interpreted as Span({|0),|1)}) =
C?, and, in general, a type A is interpreted as a basis while S(A) is the vector
space generated by such a basis. In [I0,[I1] we went further and gave a prelimi-
nary concrete categorical interpretation of Lambda-S where S is a functor of an
adjunction between the category Set and the category Vec. Explicitly, when we
evaluate S we obtain formal finite linear combinations of elements of a set with
complex numbers as coefficients and the other functor of the adjunction, U, allows
us to forget the vectorial structure. In this paper, we define the abstract categori-
cal semantics of the fragment of Lambda-S without measurement, which we may
refer as Lambda-S™, so we focus on the computational definition of vector spaces,
avoiding any interference produced by probabilistic constructions.

The main structural feature of our model is that it is expressive enough to de-
scribe the bridge between the property-less elements such as a.v+ 5.v, without any
equational theory, and the result of its algebraic manipulation into (a+f).v, explic-
itly controlling its interaction. In the literature, intuitionistic linear (as in linear-
logic) models are obtained by a monoidal comonad determined by a monoidal
adjunction (S,m) - (U,n), i.e., the bang ! is interpreted by the comonad SU
(see []). In a different way, a crucial ingredient of our model is to consider the
monad US for the interpretation of S determined by a similar monoidal adjunc-
tion. This implies that on the one hand we have tight control of the Cartesian
structure of the model (i.e. duplication, etc) and on the other hand the world of
superpositions lives in some sense inside the classical world, i.e. determined exter-
nally by classical rules until we decide to explore it. This is given by the following
composition of maps:

US(B) x US(B) = U(S(B) ® S(B)) 2 US(B x B)

that allows us to operate in a monoidal structure explicitly allowing the algebraic
manipulation and then to return to the Cartesian product.

This is different from linear logic, where the ! stops any algebraic manipulation,
i.e. (IB) ® (IB) is a product inside a monoidal category.

Outline. The paper is structured as follows.

— Section [2 gives the intuition and formalization of the fragment of Lambda-S
without measurements, called Lambda-S*, we give some examples, and state
its main properties.

— Section [3 presents the categorical construction for algebraic manipulation.

— Section [4] gives a denotational semantics of Lambda-S™, using the categorical
constructions from Section B

— Section [£.2] proves the soundness and completeness of such semantics.

— Finally, we conclude in Section Bl We also include an appendix with detailed
proofs.
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2 The calculus Lambda-S8*

In this section we define Lambda-S*, a fragment of Lambda-S, without measure-
ments. In addition, instead of considering the scalars in C, we use any commutative
ring, which we will write C, so to make the system more general.

The syntax of terms and types is given in Figure [Z where we write B™ for
B X - - - x B n-times, with the convention that B! = B. We use capital Latin letters
(A,B,C,...) for general types and the capital Greek letters ¥, ¢, =, and 7" for
qubit types. B = {B" | n € N}, Q is the set of qubit types, and T is the set of types
(B < Q C 7). In the same way, Vars is the set of variables, B is the set of basis
terms, V the set of values, and A the set of terms. We have Vars C B C V C A.

U =B"|SW)|¥xV¥ Qubit types (Q)
A:=0|¥=A|S5(A) Types (T)
b:=x|Ax:W.t||0)]|1)|bxb Basis terms (B)
vi=b|(v+v)|0g |av|vxv Values (V)
t:=v|tt|(t+t)|at|?t|txt]|headt|tailt|firt|fet Terms (A)

where a € C.

Fig. 2.1: Syntax of types and terms of Lambda-S™.

The intuition of these syntaxes is given by considering C = C. The type B is
the type of a specific base of C?, the base {|0),[1)}, where we use the standard
notation from quantum computing |0) and |1): |0) denotes the vector (}) and |1)
denotes the vector (9). This way, B x B = {|0) x |0),]0) x |1),]1) x [0),[1) x 1)}
is the base of C*. The type S(B) is the type of any vector in C?, so S can be
seen as the span operator. For example, 2.|0) + . |1) may live inside S(B). On the
other hand, a type of the form B x S(B) is the type of a pair of a base vector
with a general vector, for example |0) x (a.|0) + $.|1)) will have this type. There
is no type for pair of function types, only pair of qubit types are considered. The
type constructor S can be used on any type, for example, the type S(B = B)
is a valid type which denotes the types of superpositions of functions, such as
2. z:B.z + 3.2\x:B. |0). We will come back to the meaning of superposed functions
later.

Terms are considered modulo associativity and commutativity of the syntactic
symbol +.

The term syntax is split in three: basis terms, which are values in the base of
a vector space of values. Values, which are obtained by the formal linear combi-
nations of basis terms, together with a null vector 0g(4) associated to each type
S(A). And a set A of general terms, which includes the values.

The syntax of terms contains:

— The three basic terms for first-order lambda-calculus, namely, variables, ab-
stractions and applications.

— Two basic terms |0) and |1) to represent qubits, and one test ?r-s on them. We
may write t?7r-s for (?r-s)t, see Example[Z] for a clarification of why to choose
this presentation.
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— A product x to represent associative pairs (i.e. lists), with its destructors head
and tail. We may use the notation |b1b2...by) for |b1) X |b2) X -+« X |bp).

— Constructors to write linear combinations of terms, namely + (sum) and .
(scalar multiplication), without destructor (the destructor is the measuring
operator, which we have explicitly left out of this presentation), and one null
vector Og(4) for each type S(A).

— Two casting functions {},» and f}¢, which allows us to consider lists of superpo-
sitions as superpositions of lists (see Example 2.2]).

The rewrite system has not yet been exposed, however the next examples give
some intuitions and clarify the ?r-s and the casting functions.

Ezample 2.1 The term ?r-s is meant to test whether the condition is |1) or |0).
However, defining it as a function, allows us to use the algebraic linearity to im-
plement the quantum-if [1J:

(7r-8) (. |1)+6.10)) = (. |1) + B.]0))?r-s —™ a.|1)?r-s+5.]0)?r-s —" a.r+f.s

Ezample 2.2 The term (%(|0> +1]1))) x |0) is the encoding of the qubit %(|0> +
|1)) ® |0). However, while the qubit %(|O> + 1)) ®10) is equal to %(|O> ®10) +
[1) ® |0)), the term will not rewrite to the encoding of it, unless a casting f} is
preceding the term:

1 1
V2 V2
The reason is that we want the term (%(|0) +11))) x |0) to have type S(B) x B,
highlighting the fact that the second qubit is a basis qubit, i.e. duplicable, while the
term %(|0) x [0) +]1) x |0)) will have type S(B x B), showing that the full term is
a superposition where no information can be extracted and hence, non-duplicable.

e (—5(10) +11))) x [0) —" —=(]0) x [0) + [1) x [0))

The rewrite system depends on types. Indeed, Ax:SW.t follows a call-by-name
strategy, while Az:B.t, which can duplicate its argument, must follow a call-by-
base strategy [3], that is, not only the argument must be reduced first, but also
it will distribute over linear combinations prior to S-reduction. Therefore, we give
first the type system and then the rewrite system.

The typing relation is given in Figure Contexts, identified by the capital
Greek letters I', A, and ©, are partial functions from Vars to 7. The contexts
assigning only types in B are identified with the super-index B, e.g. ©@F. When-
ever more than one context appear in a typing rule, their domains are considered
pair-wise disjoint. Observe that all types are linear (as in linear-logic) except on
basis types B", which can be weakened and contracted (expressed by the common
contexts OF).

Notice that rule S; makes type assignment not unique, since it makes possible
to add as many S as wished. Also, there can be more than one type derivation
tree assigning the same type, for example:

F 05w : S(B) AZ" F 05 : S(B) ‘;"0
- 05 : S(S(B)) ; F1.05) : S(B)
F 1.0 : S(SB))  and  F 1.05g : S(S®B)
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Ax Axg — Axjgy ——— Ax}y
OB ax:Wka:w OB k- 0g(4) : S(A) 6B |0):B GBH|1):B
Ikt:5(A) [EPrt:S(A) AP Fu:SMA) rpy.a
_  ay -
I'oat:S(A) A 08 - (t+u): S(A) I't:S(A)
I'tbt:A I'br:A Iao:WkHt: A
I'c7tr:B= A I'EXxWt: = A
A0 Fu:¥ 5O Ft:w=A ABB - SW) IEBt:S(W= A)
E
AT,0BFtu: A A, T,08 Ftu : S(A)

St

=1

=ES

re%rt.w A7QB|—u:@XI Crt:BY n>1 IEt:B” ne1

IAGBFtxu: WX I'Fheadt:B Tk tailt:Br1

T't:SWx Sk®) k>0 w#s(4) . T't:S(SF(W) x®) k>0 w#S(A) .
THiet: S(W x @) ! T i t: S x ®)

X Bl

T

Fig. 2.2: Typing relation

If b has type B™ and b € B, (Az:B™.t)b — (b/z)t (Bb)
If w has type S¥, (A\x:S¥.t)u — (u/x)t (Bn)

Fig. 2.3: Beta rules

If t has type B" = A, t(u +v) — (tu +tv)  (lin

If ¢ has type B" = A, t(a.u) — a.tu (Iinro‘;
If ¢ has type B" = A, t0g@n) — Og(4) (lin%)
(t +uw)v — (tv + uw) (Iin|+)

(a.t)u — atu (linf*)

Os(Er=a)t — Og(a) (lin?)

Fig. 2.4: Linear distribution rules

The rewrite relation is given in Figures to

The two beta rules (Figure 2.3]) are applied according to the shape of the ab-
straction. If the abstraction expects an argument with a superposed type, then
the reduction follows a call-by-name strategy (rule (8,)), while if the abstraction
expects a basis type, the reduction is call-by-base (rule (f3y)): it S-reduces only
when its argument is a basis term. However, typing rules also allow to type an
abstraction expecting an argument with basis type, applied to a term with su-
perposed type (cf. Example 23)). In this case, the S-reduction cannot occur and,
instead, the application must distribute using the rules from Figure 2.4t the linear
distribution rules.

Figure gives the two rules for the conditional construction. Together with
the linear distribution rules (cf. Figure [2.4)), these rules implement the quantum-if
(cf. Example [2.)).

Figure [Z8] gives the rules for lists, (head) and (tail).
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2tr —st (if1) )2t —s 1 (ifo)

Fig. 2.5: Rules of the conditional construction

Ifh#uxvand h €B, head h xt— h (head)
Ifh#uxvand h€B, tail h xt—t (tail)

Fig. 2.6: Rules for lists

(0s(ay +t) —t (neutral)

1t —t (unit)

If t has type A, 0.t — Og(a) (zeroq)
a.0g5(a) — Og(a) (zero)

a.(B.t) — (af).t (prod)

a.(t+u) — (at+ awu) (adist)

(.t + B.t) — (v + B).t (fact)
(at+1t) — (a+1).t (fact!)

(t+1) — 2.t (fact?)

Fig. 2.7: Rules implementing the vector space axioms

Figure2.7ldeals with the vector space structure implementing a directed version
of the vector space axioms. The direction is chosen in order to yield a canonical
form [2].

Figure 2.8 are the rules to implement the castings. The idea is that x does not
distribute with respect to +, unless a casting allows such a distribution. This way,
the types B x S(B) and S(B x B) are different. Indeed, |0) x (|0) 4 |1)) has the first
type but not the second, while |0) x |0) + |0) x |1) has the second type but not the
first. This way, the first type give us the information that the state is separable,
while the second type does not. We can choose to take the first state as a pair
of qubits forgetting the separability information, by casting its type, in the same
way as in certain programming languages an integer can be cast to a float (and
so, forgetting the information that it was indeed an integer and not any float).

A second example is to take again Example[2.2} The term %(|0)+|1>) % |0) has
type S(B) x B, expressing the fact that it is the composition of a superposed qubit
with a basis qubit. However, the term %(|0> x 10) 4+ ]1) x |0)) has type S(B x B),
expressing the fact that it is a superposition of two qubits. The first type give us
information about the separability of the two-qubits state, which is gathered from
the fact that the term is indeed written as the product of two qubits. Contrarily,
the second term is not the product of two qubits, and so the type cannot reflect
its separability condition. In order to not lose subject reduction, we need to cast
the first term so we “forget” its separability information, prior reduction.

Finally, Figure[Z.9 give the contextual rules implementing the call-by-value and
call-by-name strategies.
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e (r4+8) X u— (ffrrxu+frsxu) (dist}
feux(r+s)— (teuxr+1feuxs) (distl7L

)

)

e (r) Xu — a.ftrr Xu (disty*)

TeuX (ar) — a.firuxr (dist()

If uw has type ¥, fir O5(a) X u — Og(axw) (dist?)
If w has type ¥, ft¢ u X Og(5) — Os(wx ) (dist?)
TEt+u) — Pt+Nu) (dist$)

T (at) — a. it (dist%)

fr Og(s(sw)xd) —Mr Og(sw x®) (dist), )

fir Os(s(@r)xa) — OsBnx) (neut]) )

fre Os(wxs(s#)) —Me Os(wx55) (dist},)

fre Os(wxsmn)) — Os(wxBn) (neut{!,)

IfveB, fruxv—uxwv (neut!)

IfueB, fruxv—uxwv (neut?)

Fig. 2.8: Rules for castings 1}, and f},

If t — u, then

tv — uv Az:B™.0)t — (Az:B™.v)u (t+v) — (u+0)

at — a.u tXv—uXv
vXt—vXu Mt —Mru et —Meu
head t — head u tail t — tail u t?r-s — ulr-s

Fig. 2.9: Contextual rules

Ezxample 2.3 The term Az:B.x X = does not represent a cloning machine, but a
CNOT with an ancillary qubit |0). Indeed,

(AzB.z x ) 5.(10) + 1)) o, 75-QxB.a x )(|0) +[1))
(i), L (Ao B.a x 2)[0) + (\w:B.x x 7) [1))
2y L (10) x [0) + (Aa:Box x ) [1))
LN Z5-(10) x 0) + [1) x [1))

1 The CNOT quantum gate is such that CNOT|0z) = |0z) and CNOT|1z) = |1Z). Therefore,
CNOT(ev. [0) + 8. [1))|0) = a.CNOT [00) + 8.CNOT |10) = av. [00) + . [11).
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The type derivation is as follows:

— Axp - Axp
Brz:B 7 BFz.B, _HI0):B s FIm:B
z:BFaxxz: B2 =, H10) : S(B) H11): S(B) +
FAz:B.z x z : B = B? s F10) + 1) : S(B) oy
Faz:B.x x z: S(B = B?) - %.(|0> + 1)) : S(B)
=ES

= (AwB.x x ) 75.(|0) + 1)) - SB?

Ezample 2./ A Hadamard gatdd can be implemented by H = Az:B.x?|—):|+),
where |[+) = % |0)+%. [1) and |-) = % |0)—%. [1). Therefore, H : B = S(B)
and we have H |0) —* |+) and H |1) —" |—).

Correctness has been established in previous works for slightly different versions
of Lambda-S*, except for the case of confluence, which has only been proved for
Lineal. Lineal can be seen as an untyped fragment without several constructions (in
particular, without measurement), extended with higher-order computation. The
proof of confluence for Lambda-S§ is delayed to future work, using the development
of probabilistic confluence from [I2]. The proof of Subject Reduction and Strong
Normalization are straightforward modifications from the proofs of the different
presentations of Lambda-S.

Theorem 2.5 (Confluence of Lineal, |2, Thm. 7.25]) Lineal is confluent.
O

Theorem 2.6 (Subject reduction on closed terms, |8, Thm. 5.12]) For
any closed terms t and r and type A, ift — r and bt : A, thentr: A. 0O

Theorem 2.7 (Strong normalization, [8, Thm. 6.10]) If "'+ t: A then t is
strongly normalizing. 0O

Why first order. The restriction on functions to be first order answers a technical
issue with respect to the no-cloning property on quantum computing. Lambda-S
is meant for quantum computing, and, in quantum computing, there is no univer-
sal cloning machine. Defining an affine type system, as we did, we avoid cloning
machines such as Az°®) .z x z, which cannot be typed. However, with high order
it would be possible to encode a cloning machine by encapsulating the term to be
cloned inside a lambda abstraction, as in the following example:

Ay ®. (m%w(m 10)) % (x |o>)) (Azﬁ.y)

First order ensures this cannot be done.

Since the calculus is first order, it adds atomic terms (|0) and |1)), and so, no
need to encode those. Therefore, products of functions are not needed either, this
is the reason why Lambda-S does not include them.

|0)+[1)) and H [1) = —=(/0) — [1)).

2 The Hadamard quantum gate is such that H |0) = 5

1
L
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More intuitions. Despite that Lambda-S has been defined with quantum compu-
tation in mind, it can be seen just as a calculus to manipulate vector spaces. This is
the feature that we want to highlight in this work, which is more general than just
quantum computing. In particular, the derivation of v+ (—1).v+3.w+(—2).w = w
given in the introduction can be replicated with the rules from Lambda-S* as fol-
lows.

1
(-Dw+v+3w+(—2)w LGN P +3w+ (—2)w

@) O0v+ 1w

(zero)

— OS(A) + 1w

(neutral)

l.w

(unit)

Also, with the help of the casting, we can write step by step distributions between
+ and ®. In Lambda-S™ we write x instead of ® because it does not behave as a
® unless it is preceded by a casting {}. For example, u® (v+w) = (u®v) + (U w),
but u x (v+ w) does not reduce to (u X v) + (u X w), unless the casting is present,
in which case we have

(dist;")
feux (v+w) — e u X v+ ffeuXw

neuﬂ
(neste) (u x v) + (u x w)

3 A categorical construction for algebraic manipulation
3.1 Preliminaries

In this section, we recall certain basic concepts of the theory of categories and
we establish a common notation that will help to define our work platform. For
general preliminaries and notations on categories we refer to [19)].

Definition 3.1 A symmetric monoidal category, also called tensor category, is a
category V with an identity object I € V, a bifunctor ® : V x V — V and natural
isomorphisms A\ : A®QT - A, p: IQ®A— A a: AR (BRC) - (A®B)®C,
0:A® B — B ® A satisfying appropriate coherence axioms.

A symmetric monoidal closed category is a symmetric monoidal category V
for which each functor — ® B : ¥V — V has a right adjoint [B,—] : V — V, i.e.,
V(A® B,C) 2 V(A,[B,C)).

Definition 3.2 A Cartesian category is a category admitting finite products (that
is, products of a finite family of objects). Equivalently, a Cartesian category
is a category admitting binary products and a terminal object (the product of
the empty family of objects). A Cartesian category can be seen as a symmetric
monoidal category with structural maps defined in an obvious way.

A Cartesian closed category is a Cartesian category C which is closed as a
symmetric monoidal category.
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Definition 3.3 A symmetric monoidal functor (F,ma, g, mr) between symmetric
monoidal categories (V,®, 1, a, p, \,0) and (W, ", I',a’,p’, X, o’) is a functor F :
V — W equipped with morphisms ma g : FA® FB — F(A® B) natural in A
and B , and for the units morphism m; : I’ — F(I) satisfying some coherence
axioms. A monoidal functor is said to be strong when m; and ma p for every A
and B are isomorphisms and strict when all the m 4 g and my are identities.

Definition 3.4 A monoidal natural transformation 0 : (F,m) — (G,n) between
monoidal functors is a natural transformation 84 : FA — GA such that the
following axioms hold: na,g o (04 ® 05) = 0agr oma,pg and 07 omr = ny.

Definition 3.5 Let (V,®,1) and (W, ®’,I’) be monoidal categories. We say that
((Fym), (G,n),n,e) is a monoidal adjunction if
— (F,G,n,¢) is an adjunction.
— (F,m), (G, n) are monoidal functors
(F,m)
T
(V7 ®7 I) J_ (W7 ®I7II)
~_

(G,n)

—n:1d= GoF and € : F o G = Id are monoidal natural transformations, as
defined in Definition [3.4]

Definition 3.6 A preadditive category is a category C together with an abelian
group structure on each set C(A, B) of morphisms, in such a way that the compo-
sition mappings

CABC - C(A, B) X C(B,C) — C(A, C)
(f,9) = gof

are group homomorphisms in each variable. We shall write the group structure
additively.

An additive category is a preadditive category with a zero object and a binary
biproduct.

Definition 3.7 An additive symmetric monoidal closed category is a category
(V,®,®) such that (V,®) is a symmetric monoidal closed category, (V,®) is an
additive category, and ® is bi-additive.

3.2 Adjunction for algebraic manipulation

In this section we give the main categorical construction on this paper, which is
the adjunction for algebraic manipulation.

Definition 3.8 An adjunction for algebraic manipulation is a monoidal adjunc-
tion
(S,m)
/_\
(c, x,1) 1 V,®,1)
\/

(U,n)



12 Alejandro Diaz-Caro, Octavio Malherbe

where

— (C, x,1) is a Cartesian closed category with 1 as a terminal object.
- (V,®,®,p, A\, 0) is an additive symmetric monoidal closed category.
— The following axiom (Axiom,) is satisfied for any f and g

; uv o
A/ \ Uw
N

where 0 is the zero morphism of the additive category.
— The following axiom (Axiom,,,) is satisfied

UV x UV xUW —P2 L yvav)xuw

Jd ;

UV x UW x UV x UW U((VeV)o W)

Jen Jos

UVeW)xUVeW) L5 U((VeW)d (Ve Ww))

where

— Themap d: UV x UV x UW — UV x UW x UV x UW is defined by
(Id x o x Id) o (Id x A).

— The map § is an isomorphism determined by the fact that ® has a right
adjoint. Explicitly, 6 : (V@ V)W — (VW)@ (V@ W) is given by
6= <71'1 ®Id, T2 ® |C|>.

— The map p is an isomorphism determined by the preservation of product
of the functor U given by the fact that U has a left adjoint. Explicitly,
pvw : UV x UW — U(V & W) is given by p = ¢((¢p™ " (1), ¢~ ! (m2)),,)
where ¢ : V(S(UV x UW), Vo W) 2 C(UV x UW,U(V & W)), in which
m UV X UW — UV and w2 : UV x UW — UW are the projection
maps.

— There exists an object B € |C| and maps 41, i2 such that for every 1 N
and 1 & A, there exists a unique map [f, g] such that the following diagram

commutes
12 .B<2
\ l[fy
f g
A
Remark 3.9

— The object B allows us to represent the type B, and the map [f, g] to interpret
the if construction (Definition A.3]).

— C is a Cartesian closed category where n“ is the unit and £* is the counit
of — x A 4 [A,—], from which we can define the curryfication (curry) and
un-curryfication (uncurry) of any map.
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— The adjunction S - U gives rise to a monad (T',n, 1) in the category C, where
T =US, n:Ild — T is the unit of the adjunction, and using the counit ¢, we
obtain p = Ueg : TT — T, satisfying unity and associativity laws (see [19)]).

— Remember that in an additive category the morphism factoring through the
zero object, i.e. the zero morphisms 0 are exactly the identities for the group
structure in each V(A, B) for every A and B.

— Notice that since the tensor ® is bi-additive, it satisfies that f®0=0® f =0
for every f.

Intuitively, the axiom Axiom, carries the absorbing property of the zero mor-
phism, to the category C. Indeed, an analogous situation to this axiom, in the
category V is

which is valid since the dashed arrow makes the diagram commute. However, using
the functor U we would obtain

which is less general than Axiom,. Indeed, in Axiom, we allow the domain to be
any A, and not necessarily of the form UW, capturing the absorbing property of
a zero morphism, but in C.

The axiom Axiomg, gives us explicitly the intuition developed in the intro-
duction. In the Cartesian category C we do not have all the structure and prop-
erties as in the additive symmetric monoidal closed category V. However, we can
mimic the distributivity property of ® with respect to & by simply duplicating
the last element and performing a permutation, i.e., {{a,b),c) — ({(a,b), (c,c)) —
({a,c), (b,c)) mimic (aPb)®c = (a®c) D (bRc). While this property may be trivial
when concrete categories are given, such as Set for the Cartesian category and
Vec for the additive symmetric monoidal closed category, we have to axiomatize
it in this abstract framework.

Ezample 3.10 One concrete model for Lambda-S* has been briefly mentioned,
which is the one presented in [I0,[11]: an adjunction for algebraic manipulation
where C = Set and V = Vec.

We must prove that those categories satisfy the requirements from Defini-

tion B8

— Axiom, is satisfied for any f and g since the zero morphism is absorbing in
Vec and this property is preserved by U.

— Axiom,,, is satisfied since the concrete maps are the following:

(a,b,¢) = {{a,b),c) = {a,b) ®c— (a®c,b® c)
{a,b,c) = {a,c,b,¢) — (a®¢,b® c)
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— We identify the object B € |Set| with {|0),|1)}, which satisfies the required
properties.

Ezxample 3.11 More general, a family of examples is obtained by replacing Vec by
a category Modpgr of modules on a commutative ring R. The proof is essentially
the same as the previous example.

Ezample 3.12 Let (C, x,1) be the category of sets Set and (V,®, ®) be the cate-
gory Ab of abelian groups and group homomorphisms. These categories are carte-
sian and symmetric monoidal closed respectively. The tensor in Ab is defined by
a universal property, concretely, is the quotient of the free abelian group on the
direct sum determined by the subgroup that satisfies some well-know relations
and where I = Z. Also, Ab is an additive category (see [9]). The functor S is
the free construction S(X) = {{ze}zex : 22 € Z;|{z : 25 # 0}| < w} and U is
the forgetful functor U : (Ab,®z,Z) — (Set, x, {*}) where the mediating map
na,p:U(A) xU(B) - U(A® B) sends (a,b) — a ® b the map ny : * — 1.

Ezample 3.13 Let C be a cocommutative cosemisimple K-coalgebra, where K is
a field. We consider (C, x,1) to be C = Coalg/C as the slice category of K-
cocommutative coalgebras and morphisms of coalgebras defined as follows: objects
are morphisms of coalgebras with codomain in C,if¢: D — C and ¢ : E — C are
morphisms of coalgebras (as object in the slice category), morphisms f : (¢) — (¥)
correspond to coalgebra morphisms f : D — FE such that ¥ o f = ¢. Cartesian
product is given by pullbacks and 1 = id¢c the identity morphism.

The structure (V, ®,®) is defined as follows: V is the additive (abelian) cate-
gory of C-comodules M€ (see [6]) such that the tensor is defined by an equalizer:
Let (V,v) and (W, w) be C-comodules, where v and w are right coactions. There
is a structure of C-comodule denoted by V ®° W in the vector space generated
by {z@y e VW |v(zx) @y =2 ®7(w(y))} where the coaction is defined by
d(x®y) =x@w(y) (see [1617]). If C is a cocommutative coalgebra, the category
(MC,®C,C) is symmetric monoidal. Moreover, it is closed if and only if C is
cosemisimple. (see [I6,17]). We define S : Coalg/C — ME to be the functor that
takes each object ¢ : D — C to the comodule (D,d), where d : D — D ® C'is
the coaction defined by d = (idp ® ¢) o Ap and each morphism to its underlying
morphism in M€. This functor is a strong monoidal functor and the existence of
a right adjoint follows from the special adjoint functor theorem (see [I6,19]) which
implies the existence of a monoidal adjunction (see [18]).

4 Denotational semantics
4.1 Definitions

In this section we give the denotational semantics of Lambda-S* by using the
adjunction for algebraic manipulation defined in the previous section.

Definition 4.1 Types are interpreted in the category C, as follows:

[B] = B
[7 = A] = [[¥], [A]]
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[S(A)] = US 4]
[¥ x &] = [] x [4]

Remark 4.2 To avoid cumbersome notation, we will use the following convention:
We write directly USA for [S(A)] = US[A] and A for [A], when there is no
ambiguity.

In addition, we abuse notation and write [I'] for the product of the inter-
pretations of all the types in I'. E.g. If I’ = z1 : Wi,...,2q : Uy, then [[] =
[#1] x -+ X [¥,]. We may write directly I" for [I'], when there is no ambiguity.

Before giving the interpretation of typing derivation trees in the model, we need
to define certain maps which will serve to implement some of the constructions in
the language.

To implement the if construction we define the following map.

Definition 4.3 Given t,r € C(I', A) there exists a map f: € C(B, [I, A]) defined
by fi.r = [t,7] where £ € C(1,[I', A]) and 7 € C(1,[I", A]) are given by £ = curry(t o
wr) and § = curry(romp).

1 —2 s B+2 1
(I A

The sum in Lambda-S8* will be implemented internally by the map V issued
from the universal property of ®. This way, we define a sum + in C as follows.

Definition 4.4 The map + is defined by

UVxUV—>UveaV)

where p has been defined in Definition 3.8

The sum + on USUV x USUV is performed in the following way USUV x

USUV & U(SUV & SUV) LY USUV. Notice that the map V used in this
construction is fundamentally different from the map V defined over V & V. In
order to perform all the sums at the same “level”, we would need to do USUV x

USUV 25 US(uv xuv) L8 usuv ev) LYY, USUV USUV, where g1 factorizes

the first U'S. We can generalize this idea to (US)*UV x (US)*UV with a map gy
factorizing the first k& (US)s. Such a map is defined as follows.

Definition 4.5 The map gy : (US)*UV x (US)*UW — (US)¥(UV x UW) is
defined by

go=1Id

g = ((US)*'Um) o (US)*'n) o (US)**Um) o (US)* *n)o---0(Um)on
Ezxample 4.6 We can define a map sum on USUSUV x USUSUV by using the

sum + on UV as USUS+ o ga, where go = (USUm) o (USn) o (Um)on. This gives
the following diagram
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USUSUV x USUSUV —"— U(SUSUV ® SUSUV)
lsum \\\\ lUm

Ususuv 7 US{USUV xUSUV)
TUSUS—?— // lUSn

USUSUV x UV) £USUm_ g gu(suv @ SUV)

The aim of the casting f}, is to implement the distributivity property in C by
mapping USA x B into US(A x B). We want to perform such a property by using
the underlying distributivity property in V.

In fact, the casting is defined more generally between US(USA x B) and
US(A x B). A map denoting f}, can be defined as follows.

Definition 4.7 Let {1} be defined as follows

US(USA x B) i US(A x B)

lUS(Idxn) NT

US(USA x USB) Y5 USU(SA® SB) Y598 USUS(A x B)

We generalize {1 to the case US((US)* A x B) with the map #F: US((US)*A x
B) — US(A x B) is defined by

fir=fr ooty
Analogously, we define {}§: US(A x (US)*B) — US(A x B).

Using all the previous definitions, we can finally give the interpretation of a
type derivation tree in our model. If I" F ¢ : A with a derivation m, we write it
generically 7] as I' 24, A. When A is clear from the context, we may write just
t for t 4. Also, each interpretation depends on a choice of scalars, i.e., a function
¢:C — V(I,I); without loss of generality we denote the values ¢(a)) with the same
letter a.

Definition 4.8 If 7 is a type derivation tree, we define [7] inductively as follows,

Ax IxId
Azo B!
A:L‘m) ]BI il
[[F]B”_ J=r*s128
AI|1> B! 4 i
't SM(A) t m us)y"'ux m—1
arll =T US)"A Us USARIT
[[”at i ] = r 4 wsyma L2 sy u(sas

(US)™ U (ld®a) (US)mflU(SA®I)

(us)ym—ux— (US)mA
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— I'xAxE® 4 PxEPxAxE®
P (US)™A x (US)™A
gmt (US)m YUSA x USA)

LEPRE:S™(A) AE FrS™(4)
I
LA EE Rt 47 :S™(A)

(US)’"L (US)mA
[ rEt:A o t
THt:S(A) H F=A=USA
't A TI'Fr: A " curry(uncurry(ftn.) o swap)
[[Fl—’?tr B= A ]] B, 4]
Iez: Wkt A é}] F_)[prw] JCIIN @, A]
T'FAxWt 0= A

AZuw NEPRt:w=A
AT ERHtu: A

:AxeEBi>A><EB><F><EB

uXt

— ¥ x ¥, A]‘—>A
AP w0 NEHt:S@=4) |
AT 55 tu: S(A)

= AXFXEIBi>A>< =B Ix =8

X USW x US[W, A
2 U(ST ® S([, A))
I UsSWw x [, A))

Use? USA

uXt

=Bt 0 AEEhy:d
DAEPHtxu: T x&

Xfﬂ —I'xAxE® 4 PxEPx AxER 2% g e

TFe:B |=rbe =
_ree:BY DLt B
[[Fl—headt:IB% ) -r
rt-t:B" XEIH:FLBnan_l
[ F tail t : B"!
r . k K
rht:S(S7(¥) x ) m]] — P L US(US) W x ) 1 USw x )
Tt S x @)

[Tt S(W x S*(P))
| TFet: S(W x D)

.
m]] — L Usw x (US) o) 1 Usw x @)

4.2 Properties

In this section we prove that the given denotational semantics is sound (Theo-
rem [LTT]) and complete (Theorem [£.14).

Proposition 4.9 allows us to write the semantics of a sequent, independently of
its derivation. Hence, due to this independence, we can write [I" - ¢ : A], without
ambiguity.

Proposition 4.9 (Independence of derivation) If I' Ft : A can be derived
with two different derivations 7 and 7', then [r] = [n']
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Proof Without taking into account rules =g, =gs and Sy, the typing system is
syntax directed. In the case of the application (rules =g and = gg), they can be
interchanged only in a few specific cases.

Hence, we give a rewrite system on trees such that each time a rule S; can
be applied before or after another rule, we chose a direction to rewrite the tree
to one of these forms. Similarly, we chose a direction for rules =g and =pgg.
Then we prove that every rule preserves the semantics of the tree. This rewrite
system is clearly confluent and normalizing, hence for each tree m we can take the
semantics of its normal form, and so every sequent will have one way to calculate
its semantics, i.e. as the semantics of the normal tree.

The full proof is given in the appendix. 0O

Lemma 4.10 (Substitution) If I,z : ¥, -t : A and - r : ¥, then the
following diagram commutes:

s — Tt g

b

Idx rxId

I'x1xI =25 T"xwxT
That is, [I', T+ (r/z)t: A] = [, : ¥, '+t : A] o ([Fr: ¥] x Id).

Proof By induction on the derivation of I,z : ¥, I' -t : A. The full proof is given
in the appendix. O

Theorem 4.11 (Soundness) IfF¢: A, andt — r, then [-t: A] = [Fr: A].

Proof By induction on the rewrite relation, using the first derivable type for each
term. The full proof is given in the appendix. O

In order to prove completeness (Theorem [LI4), we use an adaptation to
Lambda-S* of Tait’s proof for strong normalization [20] (cf. [I5, Chapter 6] for
reference).

Definition 4.12 Let A, B be sets of closed terms. We define the following oper-
ators on them:

— Closure by antireduction: A = {t |t —* r, with r € A and FV (t) = 0}.

— Product: AxB={txu|te Aand u € B}.

— Arrow: A= B={t|Vue A, tu € B}.

— Span: SA={>", aur; | s € A} where ar is a notation for c.r when « # 1, or
1.r or just r when @ = 1. Also, we use the convention that 23:1 QiTi = Q4T
and Or = Og(4) for any 7.

The set of computational closed terms of type A (denoted C4), is defined by
Ce = {[0),[1)} Cosa=Cy=Ca
CaxB=Ca xCp Cs(A):SCA

A substitution o is valid with respect to a context I' (notation o F I') if for
eachx:Ael,orecCa.
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Lemma 4.13 (Adequacy) IfI'+t: A and o E I', then ot € C4.

Proof By induction on the derivation of I" F ¢ : A. The detailed proof can be found
in the appendix. O

Theorem 4.14 (Completeness) If [F¢: S(B")] = [+ r: S(B™)], then for any
concrete model interpretation injective on values there exists s such that t —™ s
and r —* s.

Proof By Lemma T3, t € Cg@mn) = SCgn = S(B™). Hence, t —* 1, with I 1) :
S(B") and ¢ = Y, a; |bi1) X -+ X |bin). Then, by Theorem LTIl [t : S(B™)] =
[F v : S(B™)]. Analogously, r —™ ¢ and so by Theorem [LI1] [F r: S(B")] =
[F¢: SB")], with ¢ =37, 85 [bj1) X -+ X |bjn). Therefore, since [t : S(B")] =
[Fr:S(B")], we have [+ : SB™)] = [+ ¢ : S(B™)], and so, since the model is
injective on values, we have v = ¢ =s. O

Remark 4.15 1t is easy to verify that the model from Example is injective on
values, and hence, the model is Complete (Theorem [£.14).

On the other hand, there exist non injective concrete models. An easy example
is the degenerated concrete model where both C and V are the terminal category
(the category with a unique object and morphism), which is trivially both, Carte-
sian closed, and additive symmetric monoidal closed, and both axioms are satisfied
trivially.

5 Conclusion

In this paper, we have given an abstract categorical semantics of Lambda-S*,
a fragment of Lambda-S without measurements, and we have proved that it is
sound (Theorem L TT)) and complete (Theorem [£14). Such a semantics highlights
the dynamics of the calculus: The algebraic rewriting (linear distribution, vector
space axioms, and typing casts rules) emphasize the standard behavior of vector
spaces, in a computational way: the vector space axioms give rise to computational
steps. We have enforced this computational steps by interpreting the calculus
into a Cartesian category C, without distributivity properties, and defining and
using an adjunction for algebraic manipulation between this category C and an
additive symmetric monoidal closed category V with all the properties needed for
the vectorial space axioms. This way, in order to transform an element from the
category C, we use the adjunction to carry these elements to V', where the proper
transformation properties are in place.

As an immediate future work, we are willing to pursue a complete semantics
for quantum computing, for which we need to add back the measurement operator,
and define a notion of a norm, maybe following [9].

Acknowledgments We thank the anonymous reviewer for the suggestion with some
examples on concrete models.
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A Detailed proofs

Proposition 4.9 (Independence of derivation). If I' - ¢ : A can be derived with two
different derivations ™ and 7', then [7] = [7’]

Proof Without taking into account rules =g, =gp and Sy, the typing system is syntax
directed. In the case of the application (rules =g and =gg), they can be interchanged only
in few specific cases.

Hence, we give a rewrite system on trees such that each time a rule S; can be applied

before or after another rule, we chose a direction to rewrite the three to one of these forms.
Similarly we chose a direction for rules = g and = gg. Then we prove that every rule preserves
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the semantics of the tree. This rewrite system is clearly confluent and normalizing, hence for
each tree m we can take the semantics of its normal form, and so every sequent will have one
way to calculate its semantics: as the semantics of the normal tree.

In order to define the rewrite system, we first analyze the typing rules containing only one
premise, and check whether these rules allow for a previous and posterior rule Sy. If both are
allowed, we choose a direction for the rewrite rule. Then we continue with rules with more than
one premise and check under which conditions a commutation of rules is possible, choosing
also a direction.

Rules with one premise:

— Rule aj:
I'+t:5(A) s, I'+t:S(A) o
I't:S5(S(A)) o — I'Foat:S(A) s, (A1)
I'tat:S(S(A)) 't at:S(S(A))

— Rules =, Xg,, Xg,;, fir, and fy: These rules end with a specific types not admitting two
S in the head position (i.e. B/ x S(B"~7), ¥ = A, B, B»~ 1, and S(¥ x ®)) hence removing
an S or adding an S would not allow the rule to be applied, and hence, these rules followed
or preceded by S; cannot commute.

Rules with more than one premise:
— Rule +;:
=Bt S(A) s A EB i S(A)
I,ZB -t S(S(A)) A, EBFu: S(S(A))
VA EB (4 u) : S(S(A))

+1

IEBEt:S(A) AERFwu:S(A)
— A EB - (t4u): S(A)
A ZB (4 w) @ S(S(4))

S
(A.2)
— Rules = and = gg:
AER W s, =8t w= A
AZB o Sw IEBt: S = A)
AT, =B - tu : S(A)

St

=ES

AEBFw: 0w NEBRt: 0= A
=E
— AT EB-tu: A
AT EB -ty S(A)

St

(A.3)

— Rules If and xj: These rules end with a specific types not admitting two S in the head
position (i.e. B = A and ¥ x &), hence removing an S or adding an S would not allow the
rule to be applied, and hence, these rules followed or preceded by S; cannot commute.
The confluence of this rewrite system is easily inferred from the fact that there are not critical
pairs. The strong normalization follows from the fact that the trees are finite and all the rewrite
rules push the Sy to the root of the trees.

It only remains to check that each rule preserves the semantics.

— Rule (A): The following diagram gives the semantics of both trees (we only treat, without
lost of generality, the case where A # S(A’)).

r
lt
USA ——" 5 USUSA —U5U2 ., ysu(sae 1) 2% ysu(sas 1)
o ‘ o __Usr

S, T
UA Tl T J/USUA*1

vsAae D LYY, rsagn — YA gy " X USUSA
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Let h=XA"1o(ld®a)o ) and f = Uh. The diagram commutes by naturality of n with
respect to f.

— Rule (A2): The following diagram gives the semantics of both trees (we only treat, without
lost of generality, the case where A # S(A')).

2
I'x 28 x Ax 28 X7 (USA)2 s (USUSA)?

Id><a><IdT lgo:hﬁ @) 91 (]-;[\D\\J}\
TR

I'x Ax 5B x 5B (USA)? -5 US(USA)? ¢;--- U(SUSA® SUSA)
Idx AT l_@ (]3]) lUS_;_
I'x Ax =B USA —" 5 USUSA

1. Definition of g;.
2. n is a monoidal natural transformation.
3. Naturality of n with respect to +.

— Rule [(A3): The following diagram gives the semantics of both trees.

Ax 5B x [ x 5B Jaxoxtoldxd) b =B

luxt

¥ x [, A] ”—2> USW x US([#, A]) —— " U(S¥ ® S([7, A)))
le7 T @ [om
A n US(A) s W)“““} US(¥ x [, A])

1. Naturality of n with respect to e¥.
2. n is a monoidal natural transformation. O

Lemma A.1 (Weakening) If I' -t : A, then I, AB F t : A. Moreover, [[F, AB ¢ A]] =
[FEt:Alo(ld x1).

Proof It is easy to show that a tree deriving I' ¢ : A can be transformed into a tree deriving
I, AP -t : A just by adding AP to the contexts in its axioms. Moreover, since FV (t)N AP = 0,
we have [ ABRt: Al =[I'Ft: Ao (ldx!). O

Lemma 10| (Substitution). If [,z : W, I"'+t: A and - r : ¥, then the following diagram

commutes:

s — Tty

Ay xldl J

’ /
r xlelmdF XV xI
That is, [I" x 't (r/z)t : A] = [[yz : W, I Ft: Al o (Id X [ 7 : ¥] x Id).

Proof By induction on the derivation of I'/,x : ¥, " - t : A. Also, we take the rules a; and
+7 with m = 1, the generalization is straightforward.

T AR Ok W
(r/z)x

AP —
| .
RN @ e 1. Naturality of the projection.
Ax @ 117 z=!xId 2. Lemma[A Tl
e @ 3. Functoriality of the product.
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I'z:¥,I't:S(A)
INz:¥,I'Fat: S(A)

U(SA ® ]) 2
A~
U(ld®a)!
USA®I)
PN
UX|
USA
@

I''x1xTI

I x:w,IER-t:S(A)

A EB 1w S(A)

1. Definition of the map a.(r/z)t.
I x W x I' 2. Definition of the map «.t.
3. Induction hypothesis.

We only treat the case when x € FV (¢),
the cases x € FV(u) and x € FV(u) N

IMag: W, IA SRt +u:S(A)

FV (t) are analogous.
(r/z)(t+u)

I'"'xI'x Ax =B USA
. I /,>(
&3} -
NG USA x USA
\\\ gu:|di
X x)tXu !
Aexld| T x T xEBx Ax =B I psaxusa @  |t+u
@ i)\xxld @ f,><'uT
v 1
I'x1xTxE8x Ax 5B gy p oy 28 5 A x 5B
‘/\\\
(1 \\\\

I"x1xI'xAxZB

IdxrxId

I'x¥xI'xAx =B

1. Induction hypothesis.

2. Naturality of d.

3. Definition of +.
I'z:w,rtt:A I'z:W,T'ks

c A

I'z: W, I'-7%s:B= A

(r/z)G

I'xr B, A]
/\Xxldl TG
I''x1xTI I''xw¥ xTI'

ldxrxI1d

Iz U Ly:®+-t: A
I'z: O, F'Fy:dt: = A

(r/z)(Ay:@.t)=Ay

where (r/x)G = curry(uncurry(f(, /z)¢,(r/z)s) ©SWap)
and G = curry(uncurry(ft s) o swap).

By the induction hypothesis, (r x Id) ot = (r/x)¢
and (r x Id) o s = (r/x)s, hence, (r x Id) o fi s =
frja)t,(r/z)s and so (r/x)G = (r x Id) o G, which
makes the diagram commute.

D (r/x)t

I'xr — [@, A]
\\\\”\J) © \\d,(’r//f}t,\///'// S 1. Naturality of n®.
N =T 4, 2. Definition of the map
@ [@,I"xT] (&) . Ay:D.(r/x)t.
Axcxid| IdAy xId] i // @ | Ayt . Induction hypotvhe'sis
~ (1, d 1] , and the functoriality
[, 1" x 1 x I ---=--5 YD, I X W x I of [#,—].
n® LY . Definition of the map
it @m n® s Ay:d.t.
I'"'x1xrI I'"'xwxr

IdxrxId
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AERFuw:® IO IEPHt: 0= A
AT 0,58 Ftu: A

(r/@)(tu)=(

r/x)tu

AXT'xI'x =8

I

id

g
AXEB x " x ' x =B
Ay xId

@

I
Hdx Ay xId
2

AxEBx M x1xI'x =8

A~
d
|

AXT' X1XxT'xE8 — s AxI'x¥ xI'x 5B

Naturality of d.
Definition of the map (r/z)tu.

R

. Definition of the map tu.
Az W AEP-u:d INEBHt: 0=

Id><|d><r>><ld

A
@

IdxrxId

A

A g W ATERFtu: A

AERB S I x:W EBFt:S(P= A)

ATz W, T, 58 Ftu: S(A)

(r/z)(tu)=(r/z)tu

A
@ |
X g (@, 4]
u><tT (m) tu

X EB x " x W xI x =8

~
d|
I

Induction hypothesis and functoriality of the product.

Analogous to previous case.

JUSA

AxT'x I x =B

Ay x1d .
Ax EB x T xI'x =8

@

I
Hdx Xy xId
2

d_ -7

@

‘ IdxId xrxId
AXEBX T x1xI'xEB -y AxEB X I x W xI'x =B

@

Use® T

US(@ x (3, A])
UmT

U(so @ S[@, A))

n!
I

@

tu
> US® x US[®, A

~
uxt|

AXT!'xWxI x =B

AXT'x1xI x =B

Naturality of d.
Definition of the map (r/z)tu.

IdxrxId

Induction hypothesis and functoriality of the product.
Definition of the map tu.
Az W AEP Y86 IEBLt:S(@= A)
Ax W, AT, E8 Ftu: S(A)
I z: O NEPFt:d AEPFw:T
I z: W IAERFtxu: dxT

(r/z)(txu)
=(r/z)txu

el

Analogous to previous case.

This diagram commutes by the
induction hypothesis and the
functoriality of the product

U x7T

tXuT

I"X1XAXIxEE — 5 I"xUxAxT x =8
IdxrxId

=IldxrxldxId

I'"'xTI'x Ax EB

Ay XId=X « xldxldi

INEBrt: ¢ A z: U AERW:T
A 2 U, AEPFtxu:PxT

Analogous to previous case.
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Mz W Ft:B?
I,z :W, '+ headt:B

I % F(T/:c)(head t)=head (7‘/.'1:)I,B
Y (r/:r,)f(]z) m/,/’/7
IS T 1. Induction hypothesis.
A xid| () A gn 7 @) |head ¢ 2. Definition of the map head (r/z)t.
Tt 3. Definition of the map head t.

I"x1xI ———— s I'"x¥xTI
IdxrxId

I z:0,I+t:B"
I, x:W 't tailt: B!

%I (r/x)(tail t)y=tail (r/x)t Bn—1
G N T
N 7 1. Induction hypothesis.
Ay xid| () . B) | tair ¢ 2. Definition of the map tail (r/z)t.
Tt 3. Definition of the map tail .

I"x1xI ———— s I'"x¥x I
IdxrxId

I Tt S(SH(@) x T)
I'z: W, Iy t: S(@XT)

(r/z)(Mrt)=fr(r/x)t

I"'xTr US(@x7T)
T (r/2)t e T
Ty @ 7 1. Induction hypothesis.
Ay xid| () US((US)k® x 1) @) |[f-t 2. Definition of the map i (r/x)t.
Fel ¢ 3. Definition of the map 1}, t.
I'"'x1xTI I''xwxTI
IdxrxId

I'z: ¥, 'Et:S(®xS(T))
I'z: U, 't S(@xT)
I'z: W, I'Ht: A
I'z:¥,I'tt:S(A)

Analogous to previous case.

(T/x)tUSA

Ir'xr USA
/o) T
s e 1. Induction hypothesis.
A x1d| () ‘AT @) |vsa 2. Definition of the map (r/z)tVS4.
ﬁ\\1&"‘ 3. Definition of the map tUS4,
I"x1xTI I'"'xwvxI’
IdxrxId

[m]
Theorem [ 17] (Soundness). Iftt: A, andt — r, then [Ft: A] = [Fr: A].

Proof By induction on the rewrite relation, using the first derivable type for each term. We
take the rules ay and +; with m = 1, the generalization is straightforward.

(comm) (¢t +7r) = (r+t). We have

Ft:S(A) Fr:S(A) d Fr:S(A) Ft:S(A)
F@t+r):S(A) F(r+t):S(A)

Then,
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1x1 L —— USAx USA
,f”’/rr/’/r L= /;7
U(SA® SA)
rxt ,/// Uo_ T \\\\ il
L7 I SO U
o U(SA@SA) Nl
T \‘*\\\\ U1ld,\d] \\\\
X e 1 ) Tt
USAxUSA "3 USA

Where « is the symmetry on X and ¢ the symmetry on &.
(asso) ((t+7)+s)=(t+ (r+s)). We have

Ft:S(A) Fr:S(A) Fr:S(A) Fs:S(A)
F(@+r):S(A) Fs:S(A) and Ft:S(A) F(r+s):S(A)
F({(t+7r)+s):5(A4) F{t+(r+s)):5(A4)
Then
13
tXrxs (]I[) tXrXs
USA x (USA)? ——---"“———— (USA)% x USA
tdx £ @ Hd>xp pxld! @ i
1dxUV UV xld

(USA)2 DI USAxU(SA®SA) @ U(SA® SA) x USA -~ » (USA)?

R (m) Vp N p\L @) ////
\y(SA @ (SA ®SA)) -——-F 5 U(SA® SA) S A) -

-7

/1,

‘U(|d@v) L/(V“Id)‘

(EDU(éAGSéA) U(SA@SA)@D

+

Naturality of ax.

Definition of +.

U monoidal functor.

Naturality of p with respect to V.

. Associativity property of &®.

(Bp) If b has type B™ and b € B, then (Az:B™.t)b — (b/x)t. We have,

CU e

z:B"FHt: A
FAXx:B"t:B"=> A Fb:B"™ and Fb/z)t: A
F(Az:B™.t)b: A

Then,
(b/z)t

\/

This diagram commutes because of Lemma
(Bn) If u has type S¥, then (Azx:S¥.t)u — (u/x)t. We have,

r:SUFtL:A
FAx:SUt:SU=A Fu:SP and F(u/z)t: A
F(Az:SP.t)u: A

Then,
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1 (u/z)t A
/

This diagram commutes because of Lemma 10

(If1) |1)?t-r — t. We have,

Ft:A Fr:A
F?2%r:B=A F|1):B and Fi A
FD?7tr: A
Then,
i Xcurry (uncurry(ft, )oswap) B x [37 A]

1 2
I

A

N

I8 (1, A] (which is the

Notice that curry(uncurry(fs ) o swap) transforms the arrow B
arrow |0) — 7, |1) — ¢) into an arrow 1 — [B, A], and hence, ¢ o (i2 X curry(uncurry(ft,r) o

swap)) = t.

(Ifo) Analogous to (If1).
(linf) If ¢ has type B” = A, then t(u + v) — tu + tv. We have,

Ft:B"=> A Fu:SB" Fuv:SB™
Ft:S(B" = A) Fu+ov:SB”
Ftlu+v): S(A)
and

Ft:B" = A Ft:B*"= A

Ft:SB" > A) Fu:SB" Ft:S(B" > A) Fuv:SB"
Ftu: S(A) Ftv:S(A)

Ftu+tv: S(A)
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® N oot

USB" x US[B", Al n U(SB" ® S([B", A)))
K AN
PN SN
[N A | N
ixia| @ T @ & N USE" x[BT,A])
SO 7N | \ A
AN N ! \ // n
. / ! \ /. |UseB
s n g pxXld U(SB™ @ SB™) / | 1
(USB™) xl\]&i[IB NG ool L USA
N ‘\\\ | /,’ } | /// N
o, @ @ @
\ S U((SB" @ SB™) 1 P )
N N n i ! ! (USA)
.. ®S[B \,A]) ; fis
N \\ \\\UL; | L
s ldx A Sy ! ,} ' @ go=Id
U((SB™ .
\ ®S[B", A])
N @ @ \ @(S}Bgn A g wsay
\ \ 1 \
N\ W @SB, A]) \
\ + i L |Wwsety?
\\\ \\\ ; i \\
N \ ! | 2
L US(B"
USB™)? x (US[B™, A%, | n ( )
( ) g\[ D\\; \ x[B", A])
i \\\ \\\ I‘y \‘\
(USB™)? x [B", A] axn?i N\ \ AP (Um)?
T~ | \\\ | ‘\\ N
uXvXt (]ﬂ) \\\\{d\)iq i \\6;\ VN \\\
RSt i N | N 2
WX UXEXT N Sso U(SBW’(@
1 7777>7<17><7’7><7’7‘> USB™ 2 % ]Bn7 Al? ‘CF/ \ ~-- < )
B oy EnATe S([B", AD)
uxtxoxt e < AN M
Wt @ N °
©

n n aAl2 (ldxn)? USB"x \?2
(USB™ x [B", A]) US[B™, Al

Definition of .
Naturality of V.
Axiomp, .

Let f=7m1®Id, g =72 ®Id, and A = B = SB™ ® [B", A]. Hence,

e s

Vod=]ldIdo(f,g)
=[ld,Id] o ld o (f, g)
=|[ld,ld]o(ig0oma +igomp)o{f,g)
= (([Id,ld]oig 0oma)+ ([Id,Id]0ig omp)) o (f, g)
=(ma+mp)o(f, 9
=ma0(f,9)+mpo(f g
=f+g
=m QId+m®Id
=V®ld

Naturality of +.
Naturality of A.
Definition of d.

Naturality of o.
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(lin&) If ¢ has type B™ = A, then t(a.u) — «a.(tu). We have,

Ft:B*"= A

- u: SB™

Ft:S(B" = A)

Fa.u: SB™ and

Ft(au) : S(A)

Ft:B"= A
Ft:SB" = A) Fu:SB"
Ftu: S(A)

F o (tu) : S(A)

Then,

1 uxt USB™ x [B", A]
Idxn UAXn
USB" x US[B™, A] - e — » U(SB™ ® I) x US[B", A]
nl = /;l’// J{U(Id@a)xld
U(A®Id) <
U(SB" ® S[B™, A]) —-————- <) s U(SB" @ I ® S[B", A})@DU(SB" ®I) x US[B™, A]
Uml @ 7 uGdeasia J{UA_lxld
N UM /’/:/g@d\ ~ 13
US(B™ x [B", A])» U(SBr ® I © S[B™, A]) @ USB™ x US[B, A]
L@ @ |
\ } \\\ 7 —1lg
USEBn ‘\ U(S]Bn ®S[Bn7‘4] 81) }UUd@U) \\\L\(A 1)
\ o) - |
\UX ;L“ T AV . pavt
USA'\ U(m@Id) ! U(SB™ @ S[B™, Al © )75 U(SB™ @ S[B", A])
N \ i (H) i
. v ;
Ux @) U(SB™x [B™ A)®I) U (m@ld) @ Um
ad T T Uldea) i
k) s¢ s v Uax—1
USA®I) ® U(S(B" x [B*, A]) @ I)UA% US(B™ x [B", A])
U(d®a) T lUS BT
l Lo U(S<E" @1d) @ :
USARI)

— USA
UX

. Functoriality of x.

. Naturality of n.

Coherence of o.

. Naturality of A with respect to m.
Functoriality of ®.

Naturality of A with respect to SeB”
Naturality of A~! with respect to m.

N O W

(1in%) If ¢ has type B"” = A, then t05@n) — Og(a). We have,

Ft:B" = A
Ft:SB*"= A) + Og5(pn) : SB™
FtOS(Bn) : S(A)

and

= OS(A) : S(A)

Then,
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USB™ x [B", A] Y USB" x US[B", A] - U(SB" ® S[B", A]) U US(B" x [B", A])

*~ ~ R
D
% 3
- n & N
US1EUST - + U(S1ap S1)
/j( % ;§L \\
dID /// 3 m ; \
¥ 7 ; /t \‘\
@ +/<\ @ i 3 @
b ST UST X UL ———--Te »UsEen) vo, @
// //>( EDK ’1 v
e 8 ‘ B
////// } //
USLx1, Uxj /
@ AT e T L
1~12 i 3 Ust vo USA

1. Naturality of n and functoriality of the product.

2. Naturality of n.

3. Property of monoidal adjunctions.

4. Notice that 0 ® (St o my) = 0, hence, this diagram commutes by property of 0.
5. Property of the morphism 0.

6. Property of monoidal categories.

7
)

. Naturality of Ax.
(Iml (t + u)v — (tv + wv). This case is analogous to (lin}}). Notice that the axiom is valid

only for + x Id, not for Id x §, however, one can be transformed into the other by using a
swap.

(linf*) (e.t)u — a.(tu). This case is analogous to (linf).

(Iin?) Os(@n= Ayt — Og(a)- This case is analogous to (lin9).

(neutral) (0g5(4) +t) —> t. We have

FOg(a) i S(A) Ft:S(A)

FOS(A)+t:S(A) and Ft:S(A)
Then,
1x1 -2 st x Usa Y28 ysax vsa 278 ysa x UsA
~< _-T |
L bxt (]II)UOXUJ’d,/ @ ;p(ﬁl)
. - oy
Ax=A USA x USA --"-5 U(SA® 54) "2 u(saa s4) |
EUV
g
1 USA
1. By Axiom, and functoriality of product.
2. Naturality of p.
3. Definition of .
4. Naturality of A.
5. U preserves product.
6. Property of sum in an additive category.
7. The map 0 is neutral with respect to the sum.

(unit) 1.t — t. We have
Ft:S(A)

F1.t:S5(A) and Ft:S(A)
Then,
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UsA — S usaen —CY, vsae )

1 -+ USA
zeroq) If ¢t has type A, 0.t — Og(4). We have
(4)

Ft:S(A)

Foris@ M FOswyS@)

Then,
vsaA — L usaen 0 ysas

Nt @ o
bl e \\“"‘*L*Q"’“"/ @ [U(A_l)

L UsA

1. Axiom,.
2. Property of the map 0.

(zero) a.0g(4) — 0g(a)- We have

= OS(A) : S(A)

B SV A — and F O0ga) : S(A)
FQ.OS(A) S(A) ( )

Then
1" Us1 4% usa) L uisa) e MV u(sus(a) e 1)
l’? @ ;\\“\*—59;\\\; @ lU(A*)
Us1 vo S US(A)
1. Same arrows.
2. Property of the morphism 0.
(prod) a.(B.t) — (aB).t. We have
Ft:S(A
iS5 i S(A)
FpB.t:S(A) and _
_ F (ap).t: S(A)
Fa.(B.t): S(A)
Then
USA®T) U(1d®8) USA®T) — Y21 L ysa
UAT \\\‘\'9\ lUA
s
USA USA®I)
t]\ lU(Id@a)
1 USA®I)
f e
USA —Ux s pysaer) L9 g gid) — VAL psa
This diagram commutes by functoriality of ®.
(adist) a.(t +u) — a.t + c.u. We have
Ft:S(A) Fu:S(A) Ft:S(A) Fu:S(A)
Ft+u:S(A) and Fat:SA) Foau:S(A)
Foa(t+u): S(A) Foat+au: S(A)

Then
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(USA)2 + USA U U(SA®I)
3 -7
goT e J/U(Id@a)

WA — UV ((sae ) U(SA®I)

A
tXuT 7 J/U)\fl

12 (U(ld®a))? -~ USA
P
AXT +]
- —152
1 wEsAe )2~ ysaz

The three subdiagrams are valid by the naturality of 4.
(fact) (a.t+ B.t) — (a+ B).t. We have

Ft:S(A) Ft:S(A) s
Foat:S(A) FB4:S(A)  and ——
F (.t +B.t) : S(A) F(a+B).t:S(A)

Then
2 U(ld®a)x U (Id®3) —142
USAX N USA0 ) x USAST) — USA®T) x U(SA® )24 (UsA)?
2 T EN PN Y
t/\T // p—l} @) p’l} \p \\\
/ / | U((ld@a)®(1d®3)) %S N
i@/ USARD®(SA®I) > U(SA®I) @ (SA®I))\ go=Id
V’ 1/ /’7 0 n AN \\
@)r’ v‘ /7 : : \\\ \\
A ! \ / o | N\ @» | 2
; @ /@ v (&) vsr @ @ USA)
/ A val ! ! v /
1/ O usAe (e n) LD psag ey +
tL/ TUdea) @) U(dev)!
S hN i v ook
(SA®I) —————— USA
UXx™

USA ———5— U(SA® ) —pamrray— U

1. Naturality of A.
2. Functor U preserves product.
3. Distributivity property given by the fact that the tensor is a left adjoint.
4. Naturality of p—1.
5. Additivity of the category.
6. Definition of .
7. Naturality of +.
(fact!) (a.t +t) — (a +1).t. This case is a particular case of fact.
(fact?) (t +t) — 2.t. This case is a particular case of fact.
(head) If h # u X v, and h € B, head h x t — h. We have

Fh:B Fi¢:Br 1
Fhxt:B"
F head h xt:B

and Fh:B

Then
12 hxt B

] |

11—t B

This diagram commutes since 71 is just the projection.
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(tail) If h # u X v, and h € B, tail h x t — t. We have

Fh:B +t:B*1
Fhxt:B? and F¢:Bn L
Ftail h x t : B~ 1

Then

hXxt
12 Xty pn

W e

11—t Bn-t!

This diagram commutes since 72 is just the projection.
(dist) tr ((r +5) X u) —fr (r X W)+ fr (s X w).

We have,

Fr:S¥ Fs:S¥ Fr:SY Fu:d Fs: S Fu:d
Fr4s: SV Fu:P Frxu:S¥xo Fsxu:S¥xd
Fr+s)xu:S¥xo and Frxu:S(SYxP) Fsxu:S(S¥ xP)
F(r+s)xu:S(SY xP) Fir (rxu) : S(UXP) iy (s xu): S XP)

Fir ((r 4 s) xu) : S(@ X D) Fir (r X w)+ fir (s X u) : S(¥ X D)

Then

USw x & —1 5 USWUsw x #) 2V ygwsw x use) ZRusu(sw o s9)

J}xldT @ \\\\‘\‘*nlixff\\\ @ ///7 lUSUm
USP)? x & -5 (USW)? x USD dei USW x US® /7// USUS(¥ x &)
P
d @ ld B  UST®SP) --YTs USW x B)
I B
WUsw x 82 Y505 (USw x USH)? -2 (U(Sw ® 58)2 U (USW x B)?
= @ e @ @ (e
(US(USY x q??/);(uﬁx%gww X Us¢))2( m [USU(SY ® Sqﬁ)gés?mgQSUS(w x @))?2

Functoriality of the product.

Naturality of 7.

Naturality of n (remark that by the axioms of monads, pon = Id).
Naturality of d.

Axiom,,, and definition of +.

Naturality of +.

(dist;r) o u X (r+s) —ftg (u x 1)+ ¢ (u x s). Analogous to case (dist;")
(dist®) frr (1) X u — a. fir 7 X u. We have,

S Gtk W

For: Sy Fr:Sv Fu:o

Far: S Fu:d Frxu:S¥x®
For)xu: ST x & and Frxu:S(S¥ xP)
F(ar) xu: S(S¥Y x ®) Fir (r X u) : S(@ x D)
Fr (ar) X u: S(¥ x D) Faffrrxu: SWxP)

Then
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UST x & — 15 US(WUST x &) L1 ysUsw x Use) UL USU (ST @ SB)

TU/\’I xId lUSUm

UST RT) x & -3 US(U(SY @ I) x &) USUS(¥ x ®)

"/ Justaxn (@) lu
i US(U(S¥ & I) x US®) USUS(W x ) —--“-—3 US(W x &)
I | N s
n': 'USn UsU)rlT \\*>ﬁ>"/U>\_1T
| ' I
1 USU(S¥ @ I @ SP) USU(S(II/ x®) @) USW xd)®I)
i U SU(Id®0) UbU(Id®a)‘ @ U(Id®a)T
! e USU(m®Id)
/ USU(S¥ @ S @ I) ----» USU(S(II/ x D)@ 1)  USW x )@ 1)

/ A~
/ @ U(m®ld) !
(ld®o !

ey

U

/

UGSt eI xe L usee 1) X USP "5 U(ST @1 58] 37U (S¥ @ 56 @ I)

UL W

UAxIdT @ U/\><Id‘ @ v 1®Id)\ GEI)(Q/

/v

@
USE x & U0 USW X US® Ty U(SW 2 8) -y US(W x )
rqu @) in @ in @ muT

12\, US(UST x USP) —U5™s Us(U(S¥ ® 58))V2YUSUS(& x &)

U(ldx 7])/’\
US(USY x &)

. See next diagram.

. Naturality of 7.

. Functoriality of product.
. Naturality of n.

. Coherence.

. Naturality of .

U (ldxn)

USU xd —— 1 5 US(USY x &) ———L 5 US(USY x USP) —Usn , USU(S¥ @ SP)

™~ ) i
Uk’lxldT ! et lUSUm

@ i
USSP RI)xd US((U)\’I)xId)i / . .

~ e

7 USUS(W x @)

/ Pid
~~on ‘ - e
o v T~ n
T~ P .
D:

R
U(ldga) xId US(U(ST ® I) x &) xﬁ\“ e g USEx®

A 5 7‘ -7 .
P ‘I/S(Idxn%%»\%’ ‘26\1& @) s WT

.

UST@I) xd \+‘& - US(U(SW ®I)x USP) . - USUST © 5P © 1) USUS(¥ x &)

=y ~ Uspime

b
SUr~~~_
(”Zéc/d)\\\ USUA’IT
~~4

b . -
l gOQ - ‘USnng(\dfg(ﬂ -

US(U(ST ® I) x &) O USU(SY @ T ® S5b) UsU(d@a)| USU(S(¥ x &) @ I)

lUS(Idwf\@’ - LéU(Id@gaé@ld)‘ () @ USU(Id®a)T

US(U(S¥ @ I)'x US®) *> USU(S¥ 8% SP), saag, USU(S? 250 I USU(S(¥ x &) @ I)

(dist;

Q

N O W=

USU(ld®o) USU(m&ld)

Naturality of 7.

Functoriality of the product.

Naturality of n.

Coherence

. Naturality of A and functoriality of USU.
. Naturality of o.

Functoriality of the tensor.

) fre u X (a.r) — a. ft¢ u X r. Analogous to case (dist®).
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(dist?) If w has type &, 1 Os(w) X u — Og(wx ). We have

FOsw): S Fu:d
FOg) xu:SY x®
FOsw) x u: S(S¥ x P)
Fir Og(p) X u: S(¥ x D)

and  F Og(gya) : ST x D)

Then
12— usixd L2 ysw x ¢ — 1 US(USW x B)
\\\\ (m) i|d><'r1 i
N v |
A N Us1xUSe :
N /1\ \\\ i
AN Haxn @) US(ldxn)
N N |
(H) Mo \\ . |
1 (US1)2 Woxd
o . |
n /A/,/// in \\\\ i
/// \L ’ N v
Us1 @ Us1es1) @ USYxUSH --"-5 US(UST x USH)
vo Yo i o
\\\ E /// n
@ Ty ok @
US(¥ x &) 4-7---- U(SWp S&) USn
ulin m
USUS(¥ x P) TS USU(S¥ @ SP)
1. Naturality of n.
2. Functoriality of the product.
3. Naturality of A.
4. U(0 ® Su) = UO, hence, we conclude by Axiom, with the maps n o A and Id.
5. Naturality of n.
6. Property of map 0.

(dist®) If u has type ¥, fp u X 0s(#) — Og(wxa)- Analogous to case (dist?).

(dist?{) T (t+u) — (t t+ 1t u). We only give the details for f},, the case {}, is analogous.

Ft:S(SW x®) Fu:S(S¥ x b) Ft:S(SW x®) Fu:S(SY x P)
Ft4+u:S(SY x D) and et : S(WW X D) Hru: S xP)
Fir (t+ ) : S(F x P) Fir e+ i u : S(¥ x D)

Then
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(US(USW x ®))? * US(USW x &)
lw(ldxmf lU(Idxn)
(US(USW x USP))2 ~—- oot y US(USW x US®P)
l(USn)2 lUSn
(USU(SW @ SB))2 - » USU(SW @ S&)
l(USUm)2 lUSUm
IO ) A —— R s USUS(¥ x &)

e o

(US(W x &))? US(W x &)

+

This diagram commutes by naturality of .

(dist%) ft (a.t) — a. ) t. We only give the details for 1}, the case {}y is similar.

Ft:S(S¥ x &) Ft:S(S¥ x &)
Fat: S(SY xP) and et S(@ x D)
i (at) : S(¥ x &) Foa.frt: S xd)
Then
UM U(ld®a) Ux—!
US(USW x &) —I2 5 U(S(UST x &) @ I) ——% U(S(UST x &) @ I) —L2— US(USY x &)
lU(Idxn) @ L (sadxm e @ LU (s (dxn)@id) @) lU(Idxn)
~ ; o ~ o
US(WUST x US®) -5 U(sUsE x Use) @ )" YU (s(sw x Use) o 1) V275 USUSE x US®)
lUSn @m iU(Sand) iU(sm’old) @ lUSn
. ~ ~ -
USU(S¥ ® 58) Y2+ USU(SY @ S&) 0 1) @ USUSY @ S6) @ 1) Y25 US(U(ST © SP))
lUSUm (m) LLT(SUW@H) . L(J(S[;’m@ld) @21 lUSUm
USUS(W x ®) ——-Y2 5 U(SUS(W x &) @ I) -5 U(SUSW x &) @ I) --Y2——5 USUS(W x &)
lu\px¢:l/"55(w><q>) ® lU(fs(xpxqs)@'d)(B[) lb‘v(c’s(xpxm‘xld) @) Hoxe=Usswxa)

US(W x @) —————— U(S(¥ x &) @ I) U@ x 9) @ 1) ————— USW x @)

S(ld@a)

Naturality of .

Naturality of A and the definition of monad given by an adjunction.
Functoriality of tensor.

Naturality of A\~1.

Naturality of A~! and the definition of monad given by an adjunction.

Gul e

(dist] ) fir O5(5(sw)x@) —Mr Os(swxs). We have

FOS(S(S‘P)X?) S(S(Sg’) X@) FOS(S‘PX?) :S(SWX@)
Fr Os(s(sw)xa) : S(¥ X ) Fr Os(swxa) : S(¥ x @)

Then,
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Us1 —U0 . usus)2w x &) "D us((Us)2w x Use)
d

1

l" USn
Us1

Jo

US(USW x @) «—— USUS(USW x &) = USU(SUS¥ @ SP)
lU(Idxn)
US(USY x US®) -Y5ms USU(ST ® S¢) —L5U™, ysus(w x &)
lu
US(¥ x D)

This diagram commutes by the property of the map 0.
(dist%l) e O5(axs(sw)) — e O5(sx sw)- Analogous to case (dist%r).
(neutIr) Ifu€B, iy uXv— u X v. We have

4
Fu:SY Fo:d Fu:¥ Fov:®
Fuxv:S¥XxP and Fuxv:¥xo
Fuxov:S(S¥ x P) Fuxv:SW x )
e uxv: S(¥ X P)
Then
1~ 12 L>¢xqsL'd>Us¢/xqs—>US(USWxgzﬁ)
l @ US (nx1d) /_,,/—/""
USW x &) @ Ulldxn)
) ;\‘\~~~;\;\;US(7]><7])
@T L/Al/‘S'l @) \\\\\;‘\

58
USUS(¥ x @) 4= US(U(S¥ ® SP)) ¢=— US(US¥ x USD)

1. Naturality of 7.
2. Functoriality of product.
3. Remark that poUSn = Id.
4. 7 is a monoidal linear transformation.
(neuty) If v € B, iy u X v — u X v. Analogous to case (neut?).

(neutgr) ™ OS(S(]}B")X'@) — OS(]B"'X';b)- We have

= OS(S(]B")X45) : S(S(Bn) X @)
Fir Os(s@n)xe) : SB™ x @)

and F OS(]B"'X';b) : S(]Bn X @)

Then,

USs1 — U0, gswssr x ¢) —2 L rsSBr x US®)

i Jose

1 USU(SB™ @ Sb)
l" lUSUm
US1 —Y8 5 US(B" x &) +—————— USUS(B" x @)

Remark that 0 = f o 0 for any f.
(neutoe) e Os(ax 5(Bn)) — O5(sxBn)- Analogous to case (neutgr)
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Contextual rules Trivial by composition law. 0O
Lemma [4.13] (Adequacy). IfI't¢: A and o E T, then ot € C4.

Proof We proceed by structural induction on the derivation of I' ¢ : A.
Ax

T IR Wz W Since o E I'® 2 : ¥, we have oz € Cyp.
-  Axp L
— BpL OS(A) : S(A) By definition, O'OS(A) = OS(A) € CS(A)-
A e
T IPRH|0):B 10) By definition, ¢ |0) = |0) € Cg.
- A .
T IEH):B L By definition, o |1) = |1) € Cg.
I'Ht:S(A)
- v a
I'toat:S(A)

By the induction hypothesis, ot € Cg(a), hence, one of the following cases occur:
— t € SCa, then t =37, Bir; with r; € C4. Since a. Y, Biri —* 3, (a0 X B;)ri, we have
a.t € CS(A)-
— t —* 7 with r € SC4, then t € SC4 C Cg(4)-
IEBt:S(A) A EBFu:S(A) .
— 1
A ER - (t4u): S(A)
By the induction hypothesis, o10t,020u € Cg(4), where o1 F I', 00 F A, and o F =B,
By definition 010t + o20u = o1020(t +u) € S(A)-
I'bt:A I'kr:A

r'72tr:B=A .
By the induction hypothesis, ot € C4 and or € C4. Hence, for any s € Cp, s?ot-or reduces

either to ot or to or, hence it is in C4, therefore, ?ot-or € Cg— 4.
A

z:¥kt:
— =7

'zt 0= A
Let r € Cg. Then, o(Az:¥.t)r = (Ax:W.ot)r — (r/z)ot. Since (r/x)o E I,z : ¥, we have,

by the induction hypothesis, that (r/x)ot € C4. Therefore, Az:¥.t € Cy=. 4.

AEB w0 IMERLt: 0= A
_ =E

AT ERFtu: A
By the induction hypothesis, c1ou € Cy and o20t € Cy— 4, where o1 F A, 09 F I', and
o = ZB. Then, by definition, oyotosor = o120 (tr) € Ca.
AEB S IEBLt: S(W= A) -
ES

AT, EB - tu s S(A)
By the induction hypothesis 010t € Cg(w=a) = SCp=4 and o20u € Csy = SCy, where
o1 FEI', 00 F A, and 0 F ZB. Let 010t —* >, a;t; with t; € Cy— 4 and ozo0u —
>2; Bjug, with uj € Cg. Then o1020(tu) = (o10t)(020u) —* 37, @ifjtiu; with tiu; €
Ca, therefore, o1020(tu) € Cs(a)-

I'Ht: A
I'+t:S(A)
By the induction hypothesis, ot € C4 C SC4 C Cg(4)-
=8t w AEPLu:d y

— I

NAERPHtxu: ¥ xP
By the induction hypothesis, o10t € Cy and o20u € Cg, hence, o10t X oao0u = o1020(t X
u) ECy XCqp CCuxe-

_LEt:B a1

't head t : B "

By the induction hypothesis, ot € Cgn = Cg X Cgn—1 = {u | v —™* w1 X ug with u; €
Cp and ug € Cyn—1}. Hence, o(head t) = head ot —* head(u1 X u2) — u1 € Cp.
I'Et:B® n>1

= P X
T\ tail t : B~ 1
By the induction hypothesis, ot € Cgn = Cg X Cgn—1 = {u | u —* u1 X u2 with u; €
Cp and ug € Cgn—1}. Hence, o(tail t) = tail ot —* tail(u; X u2) — u2 € Cgn—1.
I't¢:S(S¥ x P)

_ 1
T t: S(W x &)

By the induction hypothesis, we have that ot € C5(swx#)- Therefore, ot € S(SCy x Cg).
Hence, ot —* Zz (:1{2((2:]Z Bijiriji) X ul) with u; € Cg and Tij; € Cy.
Hence, i, t —* Z].i (@iBij;) e (rij; X ui) € Cswxa)-

St
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I'Ht:SWx SP)

- M Analogous to previous case. O
I'Het: S x D)
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