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Abstra
t. The evolution of a va
uum bubble embedded in an inhomo-

geneous spa
etime is relevant for the modelling of in�ation in the presen
e

of inhomogeneities. We developed a numeri
al s
heme based on Israel's

mat
hing 
onditions to solve the evolution of the bubble for spheri
ally

symmetri
 inhomogeneous ba
kgrounds. Parti
ular attention is paid to

spa
etimes with perfe
t �uid with non-zero pressure as a sour
e, whi
h

are des
ribed by Lemaître solution of Einstein's equations. As a previous

step that serves as a 
he
k of the numeri
al s
heme, we present here the


ase of a bubble evolving in a FLRW metri
 with radiation as a sour
e.

1. Motivations

Although in�ation is spe
i�
ally designed to solve some of the problems of the

standard 
osmologi
al model, it is not free of its own problems. Among these,

perhaps the most relevant ones are those related to the beginning of in�ation

in the presen
e of inhomogeneities, and the evolution of an in�ating region in

an inhomogeneous ambient. Regarding the �rst problem, numeri
al (Goldwirth

& Piran, 1989) and analyti
al (Perez & Pinto Neto, 2011) studies show that

spa
etime has to be homogeneous and isotropi
 to a high degree for in�ation to

start. Regarding the se
ond problem, an in�ating region may stop in�ating in

parti
ular ambient spa
etimes, as dis
ussed in (Fis
hler et al., 2009; Raki
 et

al., 2009) for the FLRW and LTB 
ases.

The question of whether an in�ating region 
an 
ontinue to in�ate if the

ambient region is inhomogeneous has been explored by several authors for dif-

ferent ba
kgrounds (Goldwirth & Piran, 1989; Fis
hler et al., 2009; Raki
 et

al., 2009). In all these 
ases, the in�ating region was modelled by a va
uum

bubble, separated from the exterior by a thin wall. The results show that the

presen
e of matter slows down (and may even stop) the expansion of the bubble.

An inhomogeneous outer spa
etime was only studied for spheri
ally symmetri


dust (Fis
hler et al., 2009; Raki
 et al., 2009), whi
h is a �rst step aiming at a

more realisti
 des
ription in terms of ultrarelativisti
 matter. We intend here to

undertake this latter task.
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2. General Framework

A propagating bubble divides the spa
e-time into three regions:

1. The inner region, whi
h is des
ribed by a de Sitter spa
etime in the 
ase

at hand.

2. The bubble, whi
h is assumed to be a thin-shell, with a perfe
t �uid energy-

momentum tensor with an equation of state (EoS) given by P = wσ. It is
des
ribed by the hypersurfa
e Σ with geometry

ds2|Σ = dτ2 − ρ2(τ)dΩ2. (1)

3. The ba
kground, whi
h will be assumed to be spheri
ally symmetri
 and

�lled with a perfe
t �uid with non-zero pressure (Tµν = (ǫ+p)uµuν−pgµν).
This ba
k is des
ribed by Lemaître's solution of Einstein's equations, whi
h

in 
omoving 
oordinates takes the form

ds2 = eA(t,r)dt2 − eB(t,r)dr2 −R(t, r)2dΩ2. (2)

Einstein's equations for this geometry are given by

κR2R,rǫ = 2M,r (3)

κR2R,tp = −2M,t, (4)

where M(t, r) is de�ned by

2M = R+Re−AR2
,t − e−BR2

,rR− ΛR3/3. (5)

Using the 
onservation of Tµν , we obtain

A,r = −2p,r/(ǫ+ p) (6)

eB =
R2

,r

1 + 2E
exp

(

∫ t

t0

2R,t

[ǫ+ p]R,r
p,rdt̃

)

, (7)

where E(r) is an arbitrary fun
tion related to the lo
al 
urvature (Bolejko

et al., 2006). Note that in the 
ase of dust, the above equations reprodu
e

the LTB model, where eA = 1 and eB = R2
,r/(1+ 2E). The FLRW limit is

obtained when R(t, r) → a(t)r, M → M0r
3
and E → E0r

2
.

3. Numeri
al S
heme

In order to des
ribe the evolution of the bubble we use the general thin-wall for-

malism based on the Israel's jun
tion 
onditions (Israel, 1966; Berezin & Kuzmin,

1987; Visser, 1996). They relate the dis
ontinuity in the extrinsi
 
urvature to

the energy-momentum tensor of the bubble a
ross the hypersurfa
e Σ whi
h sep-

arates two given spa
etimes. The outer 
oordinates are related to the 
omoving

time of the bubble by dτ2 = eAdt2 − eBdr2. Sin
e the 
oordinates r and t are
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both fun
tions of τ on the shell, the evolution of the radius of the bubble ρ(τ)

an be parameterized by the fun
tion r̃ = r(t)|shell, with ρ(τ) = R(t, r̃(t)).

The equations that govern the evolution of the radius and the density of the

bubble are

(

dr̃

dt

)2

(R,r̃2 + eB(R2C2 − 1)) + 2R,tR,r̃

(

dr̃

dt

)

+R2
,t − eB(R2C2 − 1) = 0, (8)

dσ

dt
+

2R,t

R
σ(1 + w)−

[

eA/2eB/2(ǫ+ 3p)

(

dr̃

dt

)]

/

√

eA − eB(dr̃/dt)2 = 0, (9)

where

C2 =
Λin

3
+

[

σ

4
+

1

σ

(

Λout − Λin

3
+

2M

R3

)]2

.

These expressions depend on the ba
kground geometry and are general in the

sense that they 
an be used for FLRW, LTB or Lemaître ba
kgrounds by 
al
u-

lating the 
orresponding metri
 fun
tions A and B, and using a proper EoS for

the perfe
t �uid on the shell.

The evolution of a bubble of va
uum on a ba
kground with a non-zero

pressure �uid and non-zero Λ will substantially depend on the pressure balan
e

and on the relation of the surfa
e tension to the di�eren
e in inner and outer Λ,
and dust density (Raki
 et al., 2009). This 
an be seen from the equation for the

a

eleration of the radius of an initially 
omoving bubble, whi
h in the FLRW


ase is given by

r̈|ṙ=0 =
1

a

(

Λout − Λin

24πσ
− 2πσ −

2ρ+ αp

3σ

)

, (10)

where α is a numeri
al 
oe�
ient. It follows from this equation that both the

density and the pressure of the external �uid tend to slow down the expansion

of the bubble.

4. Results and Dis
ussion

We obtained a system of ordinary di�erential equations whi
h determines the

evolution of the shell based in the Israel's jun
tion 
onditions. These general ex-

pressions allow us to analyze several 
ombinations of ba
kground metri
s and/or

matter 
ontent, and di�erent EoS for the matter on the shell.

A numeri
al s
heme was developed to solve the problem for di�erent 
hoi
es

of the initial 
onditions and the parameters whi
h des
ribe the shell and the

ba
kground. The goal of the analysis is to determine if the outer non-zero pres-

sure �uid 
an slow down the bubble and eventually stop the in�ation of the

va
uum region in inhomogeneous ba
kgrounds. We will also investigate if the

external inhomogeneities leave any tra
es in the region 
ontained in the bubble.

The 
ase of an homogeneous ba
kground with radiation �uid as a sour
e is

presented as an example. The outer FLRW metri
 is des
ribed by Λ = 3× 10−5
,


urvature fun
tion E(r) = −kr2 with k = 4 × 10−6
, ρrad = A/a4(t) with A =

1 × 10−3
, and the initial 
ondition a0 = 1. The evolution of the radius of the

bubble for several initial sizes and di�erent 
hoi
es of the EoS is shown in Fig. 1.
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Figure 1. A 
losed FLRW ba
kground with perfe
t �uid as a sour
e

that will eventually asymptote to a de Sitter spa
etime is 
onsidered.

Solid and dashed lines indi
ate, respe
tively, the pure radiation and the

pure dust 
ases. The two panels show the evolution for di�erent initial

radius of the bubble (r̃0 = 10, 100, respe
tively). The initial density

of the shell is σ0 = 1 × 10−3
and several values of the parameter w

of the EoS are 
onsidered. Qualitatively, the asymptoti
 behaviour of

the 
omoving bubble 
oordinate r̃(t) does not depend on the initial


onditions or on the EoS of the bubble.

As a test for our 
ode, and for 
omparison with the radiation 
ase, the 
urves

for the dust 
ase presented in Fis
hler et al. (2009) are also displayed in the

Figure. The plots show that the evolution of the bubble when pure radiation is


onsidered is qualitatively the same as in the 
ase of pure dust.

We are presently exploring the evolution of the bubble for di�erent 
urvature

pro�les for inhomogeneous ba
kgrounds des
ribed by the Lemaître metri
 (i.e.

spheri
ally symmetry and non-zero pressure perfe
t �uid as a sour
e). We are

also dedu
ing a theoreti
al expresion for the a

eleration of the bubble, that will

generalize Eq. (10) in order to gain insight on the role of the density and pressure

in the evolution equations.
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