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Finite element algorithms implemented in numerical codes were developed by the authors for irregular
3D food systems, to simulate: (i) the chilling process considering domains of different thermo-physical
properties, and (ii) the freezing operation using a combined enthalpy and Kirchhoff transformation.
The specific heat of the food materials were measured using Differential Scanning Calorimetry and the
heat transfer coefficients of the low temperature equipments were determined; this information was fur-
ther used as inputs in the model.

The numerical solutions, previously validated with analytical solutions, were compared to experimen-
tal time–temperature curves using different bakery products for chilling and freezing. A good agreement
between measurements and model predictions were obtained in all cases. In the complex freezing pro-
cess the application of the enthalpy–Kirchhoff formulation decreased the computational efforts improv-
ing the rate of convergence and the execution speed with respect to the commercial softwares. The codes
were applied to determine the required time–temperature conditions for food chilling and freezing.

� 2010 Elsevier Ltd. All rights reserved.
1. Introduction

The bakery industry has been deeply changed due to developing
technologies. The chilling and freezing processes incorporated at
different steps during the manufacturing of bakery products, has
enabled the introduction of semi-processed goods to the market.
Several technologies consist of dough refrigeration, freezing of a
fermented, pre-fermented dough, or partially baked dough, and
freezing of a completely baked product (Ribotta et al., 2006).

The ‘‘Bake-Off Technologies” (BOT) consist in the manufacturing
of the dough at an industrial scale and the distribution to the dif-
ferent commercial-shops. The idea behind this process is to give
consumers a high quality product with a better level of freshness,
since the final stage of the preparation is carried out in small shops
where the product is baked. The market share of BOT is increasing
at an estimated 10% per year and there is a considerate transfer of
the traditional baking towards the BOT manufacturing (Le Bail and
Goff, 2008).

Normally these semi-processed products cannot be properly
assimilated to an object of regular geometry, which is a very
important aspect to be considered when trying to numerically sim-
ulate the chilling and freezing processes. Examples of typical
ll rights reserved.
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bakery products that implemented the BOT are croissants, pastries,
and ethnic food. Croissants are well-known pastry products in al-
most every country. ‘‘Empanadas” is a typical food eaten in differ-
ent South American countries quite similar to Cornish pastries,
where small circles (11 cm of diameter) of pastry dough are topped
with different fillings and folded over into a half-moon, which can
be later fried or baked (Lorenzo et al., 2009). A traditional filling is
made of cooked minced lean meat. The pastry edges are firmly
pressed together to seal the filling and fluted. ‘‘Empanada” is there-
fore a heterogeneous product made of two different materials
(meat and dough). Before the baking or cooking stage these prod-
ucts can either be chilled and/or frozen. This kind of product has an
irregular 3D geometry that must be considered to predict cooling
times and find optimal process conditions.

A possible approach to obtain the actual shape of an irregular
foodstuff is to use Computer Aided Design (CAD), where the objects
shape is generated in a specific 3D drawing Software such as Solid-
works. These 3D geometry images can be later imported to a mesh
generator for the discretization of the continuous 3D domain.

The finite element method is an established formulation for the
solution of heat conduction problems (Cleland et al., 1984) such as
chilling and freezing. It has the great advantage that it can deal bet-
ter with problems where the object has an irregular geometry with
defined regions (domains) of different composition (Arce et al.,
1983; Pham, 2008).

http://dx.doi.org/10.1016/j.jfoodeng.2010.03.024
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Nomenclature

T temperature, vector of nodal temperatures (�C)
CG global capacitance matrix
Cp specific heat J/(kg �C)
Cpap apparent specific heat J/(kg �C)
E Kirchhoff function (W/m)
FG global force vector
N vector containing the shape functions
Nj shape function j
h surface heat transfer coefficient (W/m2 �C)
H volumetric enthalpy (J/m3)
k thermal conductivity (W/m �C)
KG global conductance matrix
MG global convective matrix
t time (s)
Text external fluid temperature (�C)
Tf initial freezing temperature (�C)
Tref reference temperature (�C)

Greek letters
Dt time increment (s)
dO surface of the domain
e residual (W/m3)
q density (kg/m3)
O domain

Subscripts
0 initial
1, 2 domain
e element
e1 border element
w water

Superscript
t transpose
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During the freezing process, which involves the phase change of
water into ice in the food product, the thermo-physical properties
such as specific heat, thermal conductivity, and density undergo
abrupt changes due to the latent heat release. The system is then
established as a highly non-linear mathematical problem. Several
techniques were applied to deal with the large latent heat release
when using the finite element method. One of the traditional meth-
ods is the use of the apparent specific heat, where the sensible heat
is merged with the latent heat to produce a specific heat curve with
a large peak around the freezing point, that can be considered a
quasi-delta-Dirac function with temperature (depending on the
amount of water in the food product). The abrupt change in the
apparent specific heat curve requires several iterations for each
time step and usually destabilizes the numerical solution. In some
commercial simulation softwares that implement the finite ele-
ment method, such as COMSOL, the use of the apparent specific
heat is the only method available (Pham, 2008). Many authors have
done approximations by ‘‘softening” the peak curve in order to ob-
tain some convergence of the method, modifying the shape of the
apparent specific heat curve while maintaining the total latent heat
constant. However, this softening method is not recommended, be-
cause the actual temperature range around the freezing zone, is al-
tered becoming wider than the actual temperature freezing range.

The implementation of the enthalpy method, which can be ob-
tained through the integration of the specific heat with tempera-
ture (Comini et al., 1974; Mannapperuma and Singh, 1988, 1989;
Pham, 2008), and the Kirchhoff function, which is the integral of
the thermal conductivity, allows the reformulation of the heat
transfer differential equation into a transformed partial differential
system with two mutually related dependent variables H (enthal-
py) and E (Kirchhoff function) (Scheerlinck et al., 2001). Works
combining the enthalpy and Kirchhoff transformations are scarce
in the literature, even though it generates great advantages to the
resolution of the phase change problem, since all the non-linearities
are incorporated into a single functional relationship between the
volumetric specific enthalpy and the thermal conductivity integral
(Fikiin, 1996, 1998; Scheerlinck et al., 1997). Combining both trans-
formations helps to avoid inaccuracies and/or divergence of the
numerical method, caused by the latent heat peak release and the
jump of the thermal conductivity at the phase transition, with the
great numerical advantage of minimizing the execution speed of
the program, since the resulting finite element matrices are
constant.
The goals of this work are:

(1) To develop a code that simulates: (a) the chilling process in
irregular 3D food systems with domains of different thermo-
physical properties using the finite element method; (b) the
freezing process of an irregular shaped food using a com-
bined enthalpy and Kirchhoff transformation method.

(2) To measure the specific heat of the bakery products by Dif-
ferential Scanning Calorimetry (DSC) and the heat transfer
coefficients of the low temperature equipments, incorporat-
ing these data in the numerical model.

(3) To validate the numerical solutions with analytical results
and to compare the numerical simulations with experimen-
tal data using different bakery products for the chilling and
freezing processes.

2. Materials and methods

2.1. Finite element simulation during the chilling process

The differential heat equation that governs the cooling process
without phase change in a three dimensions is as follows:

qCp
@T
@t
¼ r � ðkrTÞ in X ð1Þ

In the case of constant thermal conductivity (such as in the
chilling process):

r � ðkrTÞ ¼ k
@2T
@x2 þ

@2T
@y2 þ

@2T
@z2

 !
ð2Þ

The equation is valid in the domain X, where T is the tempera-
ture, k is the thermal conductivity, Cp the specific heat, and q the
density (Carslaw and Jaeger, 1959). The initial and boundary con-
ditions are:

T ¼ T0 t ¼ 0 in X ð3Þ

�k
@T
@x
� nx þ

@T
@y
� ny þ

@T
@z
� nz

� �
¼ hðT � TextÞ t P 0 in dX ð4Þ

where dX is the domain of the convective interface which corre-
sponds to external surface in contact with the cooling air, nx, ny,
and nz are the normal outward vector components, Text is the
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external air temperature; T0 is the initial food temperature and h is
the surface heat transfer coefficient.

In order to solve the governing heat transfer equation a numer-
ical finite element algorithm was developed. The temperature dis-
tribution at any point in the domain was approximated by using
interpolating functions (Nj) and the node temperatures in the given
element.

After applying Galerkin weighted residual method (Bathe,
1996; Zienkiewicz and Taylor, 1994a,b), the following system is
obtained:

X
e

Z
Xe

NtqCpNdX

" #
_T þ

X
e1

Z
dXe1

NthNddXe1 þ
X

e

Z
Xe

BtkBdX

" #
T

¼
X

e1

Z
dXe1

NthTextddXe1

" #
ð5Þ

where N is the vector of dimensions [1 � 4] containing the shape
functions (Nj) with j = 1–4 for the reference tetrahedron element,
Nt is the transpose vector (dimension 4 � 1), e refers to the finite
elements, e1 refers to the boundary elements, Xe is the integration
domain, dXe1 is the boundary integration domain. The matrix B
(dimension 3 � 4) is defined as follows:

B ¼
N1x N2x N3x N4x

N1y N2y N3y N4y

N1z N2z N3z N4z

2
64

3
75

where Nix ¼ @Ni
@x , Niy ¼ @Ni

@y and Niz ¼ @Ni
@z for i = 1–4.

Eq. (5) can be written as follows:

CG � _T þ KG � T ¼ FG ð6Þ

where

CG ¼
Xn

e¼1

Z
Xe

ðNtqCpNÞdXe ð7Þ

KG ¼
Xn

e¼1

Z
Xe

ðBtkBÞdXe þ
Xne1

e1¼1

Z
dXe1

ðNthNÞddXe1 ð8Þ

FG ¼
Xne1

e1¼1

Z
dXe1

ðNthTextÞddXe1 ð9Þ

CG is the global capacitance matrix, KG is the global conduc-
tance matrix, and FG the global force vector. T is the vector that
represents the temperature values at the node points, and _T repre-
sents the @T

@t . This semi-discrete problem (Eq. (6)) is a system of stiff
ordinary differential equations. This system was solved using the
standard Matlab routines ordinary differential equations (ODE)
(Shampine and Reichelt, 1997), specifically ODE15s subroutine
was applied which is an automatic algorithm for stiff problems;
it was implemented using an implicit Backward Differentiation
Formula (BDF) of order 5, as recommended by Scheerlinck et al.
(2001). Due to the computational cost, the choice of the time step
scheme is very important. In this regard, the use of ODE schemes is
efficient since they have an automatic control time-step size. As
the order of the BDF increases, the stability region is reduced, how-
ever in all the cases studied in this work, results showed both sta-
bility and accuracy, with minimum computational efforts.

2.2. Finite element simulation during the freezing process

During the phase change transition in the freezing process the
thermo-physical properties are strongly dependent on tempera-
ture and Eq. (2) is no longer valid. This constitutes a highly non-lin-
ear mathematical problem that can be written as:
qðTÞCpðTÞ @T
@t
¼ r � ðkðTÞrTÞ in X t P 0 ð10Þ

By performing the following change of variables:

HðTÞ ¼
Z T

T�
qðTÞ � CpðTÞdT ð11Þ

EðTÞ ¼
Z T

T�
kðTÞdT ð12Þ

where H is defined as the volumetric specific enthalpy (Comini et al.,
1990), E is the Kirchhoff function that represents the thermal conduc-
tivity integral (Comini et al., 1990; Fikiin, 1996), and T* is a reference
temperature that corresponds to a zero value of H and E. By combin-
ing Eqs. (10)–(12), and the initial and boundary conditions repre-
sented by Eqs. (3) and (4) the following equations were obtained:

@H
@t
¼ r2E in X t P 0 ð13Þ

�ðrEÞ � n ¼ h � ðT � TextÞ in dX t P 0 ð14Þ

H ¼ H0 t ¼ 0 ð15Þ

Defining the residual as:

r ¼ @H
@t
�r2E ð16Þ

Applying the weighted residual method,Z
X

Nt @H
@t
�r2E

� �
dX ¼ 0 ð17Þ

Using the differentiation rule, the term �Ntr2E can be written
as �r � ðNtrEÞ þ rNt � rE. After applying the divergence theorem,
the following equation is obtainedZ

X
Nt @H

@t
dX�

Z
dX

NtrE � nddXþ
Z

X
rNt � rEdX ¼ 0 ð18Þ

The boundary condition (14) was incorporated into the varia-
tional formulation in the second term of Eq. (18) leading to:Z

X
Nt @H

@t
dXþ

Z
dX

NthðT � TextÞddXþ
Z

X
rNt � rEdX ¼ 0 ð19Þ

Z
X

Nt @H
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dXþ
Z

dX
NthTddXþ

Z
X
rNt � rEdXþ ¼

Z
@X

NthTextddX

ð20Þ

Rearranging, and after applying Galerkin method:

CG � dH
dt
þ FG � TðHÞ þ KG � EðHÞ ¼ m ð21Þ

where

CG ¼
Xne

e¼1

Z
Xe

ðNtNÞdXe is the global capacitance matrix

KG ¼
Xne

e¼1

Z
Xe

ðBtBÞdXe is the global conductance matrix

FG ¼
Xns

s¼1

Z
Xs

ðNthNÞddXs is the global convection matrix

m ¼
Xns

s¼1

Z
dXs

ðNthTextÞddXs is the global thermal load vector

H, E, and T are the nodal values of enthalpy, the Kirchhoff function,
and temperature, respectively.
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It can be observed that the thermal properties of the foodstuffs
are not present in the calculations of the matrices; therefore these
matrices need to be calculated only once, which reduces the com-
puter time significantly. If the surface heat transfer coefficient is
considered constant during the process, FG and m also remain
constant.

Eq. (21) is also a system of ordinary differential equations with
three unknown variables, H, E, and T that are interrelated through
non-linear algebraic functions (H(T), E(T), H(E), T(H), T(E), E(H)).
Incorporating the functions E(H) and T(H) in Eq. (21) the system
can be rewritten as:

dH
dt
¼ f ðHÞ ð22Þ

The system was solved using the standard Matlab routines or-
dinary differential equations (ODE) as described in Section 2.1.

In order to obtain the temperatures, the function T(H) was used,
since the solution is given in enthalpy values at the mesh nodes.

2.3. Mesh generation

The 3D representation of the irregular bakery products were ob-
tained using Computer Aided Design (CAD) in Solidworks. These
files were imported into a mesh generator, discretizing domain
into tetrahedral elements.

2.4. Experimental procedure

2.4.1. Materials
Two different bakery products, ‘‘empanada” (Cornish pastry)

and ‘‘croissants” were used to verify the computer code. The
semi-elaborated product Cornish pastry was prepared using
cooked minced lean beef and dough circles (2 mm thick). With
the object of maintaining the exact irregular shape of the product
for each experiment, a plastic cast was used; half of the dough disk
was placed in the cast with the half moon shape hole (leaving the
other half loose but still attached to the dough disk) then filled
with cooked ground beef (66 ± 3% water content) and finally sealed
with the other half of the dough disk, pressing firmly to seal the
interior filling. Once the Cornish pastry was prepared it was placed
in a cold chamber at 5 �C, recording the temperature in the product
by inserting several copper–constantan thermocouples connected
to a data acquisition system (Testo 175, Testo AG, Germany).

The dough composition was 47% carbohydrates, 30% water, 15%
lipids, 6% protein, and 2% fiber, as given by the producer.

Croissants were elaborated using a 2 mm thick dough which
was cut into isosceles triangles (15 cm base, 21 cm height) and fur-
ther rolled into the croissants shape. They were selected to analyze
the freezing process. Several samples were placed in a tunnel free-
zer with circulating air in order to obtain similar industrial operat-
ing conditions. The temperature curves of the samples at several
points inside the product were recorded using a temperature
acquisition device (Testo 175, Testo AG, Germany). The cooling
air velocity in the tunnel freezer was measured using a hot wire
anemometer (TSI model 1650).

2.4.2. Experimental determination of the food properties
Specific heat of the dough samples and the filling of the Cornish

pastry was determined using a Differential Scanning Calorimeter
(DSC) TA Instruments, New Castle, Delaware, USA model Q100 con-
trolled by a TA 5000 module with a quench cooling system under a
nitrogen atmosphere at 20 mL/min.

Samples of cooked minced lean beef (filling) and the dough
samples were prepared before the analysis and enclosed in a sealed
aluminum pans. An empty pan was used as a reference sample. A
heating rate of 2 �C/min was used with an isothermal period of
10 min at �50 and 100 �C. In order to measure the specific heat
of each material three scans have to be made: one for the sample,
one for a standard (sapphire), and one for the empty sample pan. In
all three scans the reference holder contains an empty pan. The
specific heat can be calculated following the ASTM E1269 and
McNaughton and Mortimer (1975) instructions.

The moisture contents (%) of the meat and the dough products
were determined by drying triplicate samples in an oven at 80 �C
until reaching constant weight.

The density (mass/volume) of the dough component at room
temperature (20 �C) was calculated using the method described
by Baik et al. (2001) where a sample of dough is cut into a regular
geometry, whose volume can be calculated using the dimensions
measured by a caliber instrument. The volume of the cooked
minced lean beef was measured using a Seed Replacement Method,
previously wrapping the minced meat in a plastic film in order lo
avoid product loss.

The initial freezing temperature Tf of the dough was experimen-
tally determined by using thermocouples inserted in a dough cyl-
inder that was placed in the tunnel freezer at �20 �C. From the
cooling curves Tf was measured using the tangent method de-
scribed in Fennema et al. (1973).

2.4.3. Determination of the surface heat transfer coefficient (h)
In order to estimate the surface heat transfer coefficient the

transient method was used; the numerical solution of heat conduc-
tion equation is the most appropriate method when dealing with
heterogeneous foodstuffs, complex 3D geometries or variable
boundary conditions (Arce et al., 1983; Rahman et al., 2005).

Two solid bodies of the same shape as the bakery products (Cor-
nish pastry and croissant) were made in acrylic (prototypes). In or-
der to build the object with the exact shape as the foodstuff the CAD
files were imported into a PC-based computer numerical control
drilling machine. The adopted values of the thermo-physical prop-
erties of the acrylic resin at the studied range (�40 to 40 �C) were:
k = 0.2075 W/m �C, Cp = 1464 J/kg �C, q = 1180 kg/m3 (given by the
producer, Acrilico Paolini S.A.I.C.); they were considered constant in
the temperature interval since there is no phase change transition.
The Cornish pastry prototype was placed in the cooling chamber
and the croissant prototype in the tunnel freezer, at the same oper-
ating conditions as the industrial bakery processing. The tempera-
ture evolution at the center and surface of each prototype, as well
as the external cooling air temperature was recorded by means of
an acquisition system using copper–constantan thermocouples.
Different heat transfer coefficients were used to simulate tempera-
ture profiles; experimental and predicted temperatures for each
proposed h coefficient were compared. The heat transfer coefficient
that minimized the residual sum of squares (RSS) given by Eq. (23)
was selected.

RSS ¼
X
ðTexp � TpredÞ2 ð23Þ

The surface heat transfer coefficients for each system (chilling
or freezing) were then compared with correlations given in
literature.
3. Results and discussion

3.1. Chilling of irregular 3D heterogeneous foodstuffs

Fig. 1a–c shows a photograph of the actual product (Cornish
pastry) and the spatial representation of the mesh generated by
the software Solidworks including the visualization of the interior
domain discretized into tetrahedral elements. The interior domain
consists of the cooked minced lean beef and the outer domain is
the thin layer (2 mm thick) of dough.



Fig. 1. (a) Digital photograph of the Cornish pastry bakery product; (b) and (c) spatial representation of the irregularly shaped body using tetrahedral elements, in the meat
filling (inner domain) and dough (external domain).
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3.1.1. Thermo-physical properties of the product
The experimental water content of the cooked meat filling was

66 ± 3%; the density above 0 �C was 604 kg/m3, and the thermal
conductivity was estimated using the following equation (Sweat,
1975):

k ¼ 0:08þ 0:52 � xw ð24Þ

where xw corresponds to the moisture content of the meat compo-
nent. The obtained thermal conductivity value used for the chilling
process of the cooked minced lean beef was 0.433 W/m �C.

The specific heat measured by DSC for both components (meat
and dough) did not show significant changes at the studied range
(0–25 �C) and average values of 2951 ± 39 J/kg �C for meat filling,
and 1938.5 ± 1 J/kg �C for the dough, were used.
The dough used for the preparation of Cornish pastry was of a
commercial type with a composition of 47% carbohydrates, 30%
water, 15% fat, 6% protein and 2% fiber, as given by the producer.
The experimental water content for the dough was 30 ± 2.5%, with
a measured density of q = 1220.9 kg/m3. The thermal conductivity
was calculated using the formula given by Choi and Okos (1986),
and was considered independent of temperature in the range 0–25 �C;
the average value used was k = 0.3278 W/m �C (SEM = 0.0001 W/
m �C), which was in agreement with k values reported in literature for
un-leavened dough (Baik et al., 2001).

3.1.2. Surface heat transfer coefficient
The surface heat transfer coefficient (h) that minimized the RSS

(Eq. (23)) for the chilling process of the irregularly shaped Cornish
pastry in the cooling chamber was 5.5 W/m2 �C. The surface heat



Fig. 2. (a) Numerical predictions (- -) and experimental (—) time–temperature curves at (x, y, z) = (0, 0.10, �0.01) (coordinates in m), during the chilling of Cornish pastry in a
cold chamber with external fluid temperature Text = 5 �C. Initial product temperature 21.8 �C, h = 5.5 W/m2 �C; temperature distribution in the product after being cooled
during 5 min (b) at the surface, (c) at the symmetry plane.
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transfer coefficient h was estimated using literature correlations
for immersed objects in a natural air convection chamber (Earle,
1988; Nesvadba, 2008) which lead to h values ranging between 5
and 20 W/m2 �C. The experimental procedures in the cooling



Table 1
Chilling times (min) for different values of Text and h (surface heat transfer
coefficients).

Text (�C) Surface heat transfer coefficient h (W/m2 �C)

5 10 15 20 40

0 46.6 25.6 18.5 14.8 9.1
2 59.5 32.3 23.1 18.5 11.3
3 70.3 38.0 27.1 21.6 13.2

Fig. 3. (a) Digital photograph of the croissant; (b) and (c) 3D discretization of the
bakery product.

Fig. 4. Thermo-physical properties of the bakery product used for the freezing proce
conductivity, (c) density.
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chamber were made under these conditions, with a low circulation
of the air, therefore a natural convection can be assumed. The pre-
dicted values of h for the chilling process in Cornish pastry satisfac-
torily agreed with the literature values considering an object
submerged in a fluid.
3.1.3. Validation of the numerical method for the chilling process and
comparison with experimental results

The numerical model which consisted in a pre-processing,
main, and post-processing routines, were all coded in Matlab lan-
guage. The codes implemented in 3D geometries were validated
using the analytical solution of the heat conduction equation with
convective boundary conditions for a sphere and a cylinder (Welty,
1974; Carslaw and Jaeger, 1959). The accuracy and convergence of
the numerical predictions were corroborated, calculating the dif-
ference between numerical and analytical solutions (Santos et al.,
2008). The numerical results were in agreement with the analytical
solutions for both systems studied (sphere and cylinder), therefore
the numerical code was considered theoretically validated.

Furthermore the codes were compared with experimental re-
sults during the chilling process for an irregularly 3D shaped food
system with heterogeneous composition (Cornish pastries).

Fig. 2a shows the experimental and predicted temperatures at
point (x, y, z) = (0, 0.10, �0.01) of the Cornish pastry (initial tem-
perature = 21.8 �C) chilled with air at 5 �C in a cold chamber. As
can be seen the numerical model satisfactorily predicts the time–
temperature evolution of the chilling process. For all experiments
the infinite norm (maximum value of the absolute error,
max jTexp � Tpredj) was less than 1.3 �C.

Fig. 2b shows the temperature distribution of the product after
5 min in the cooling chamber. Fig. 2c visualizes the interior
ss as a function of temperature (a) specific heat (obtained by DSC), (b) thermal
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temperatures at a symmetry plane of the domain (x = 0) with the
same chilling residence time.

3.1.4. Application of the numerical model to predict chilling times
The numerical model, once validated and verified experimen-

tally, was used to predict chilling times for different cooling air
temperatures (0, 2, 3 �C) and surface heat transfer coefficients, con-
sidering a uniform initial product temperature of 20 �C. The time
needed to reach 5 �C at the warmest point inside the product
was calculated (Table 1). All the numerical runs were tested for
their computational speed, the maximum CPU time was 2.3 min
using a PC Intel(R) Core(TM) 2 6300 with a processor speed of
1.86 GHz and a RAM of 2 GB.

The implementation of the ODE routine enhanced the computa-
tional speed of the code considerably.
Fig. 5. Functional relationships used in the combined formulation of the freezing proces
function vs. enthalpy, (d) temperature vs. enthalpy.
3.2. Freezing of irregular 3D bakery products

Fig. 3a shows a digital image of the croissant used in the simu-
lations. The croissants have inherent folds which in all cases are
smaller than 1.5 mm in thickness. An interpolating surface was
used to smooth these folds, generating a continuous boundary sur-
face which reduced the number of elements and node points
needed to create the final mesh. Fig. 3b and c shows the corre-
sponding 3D representation of the irregular shaped body of the
croissant and the mesh used to describe the domain.

3.2.1. Thermo-physical properties of the product
The specific heat of the dough (between �40 and 20 �C) includ-

ing the frozen temperature region, was obtained using the experi-
mental data obtained by DSC (Fig. 4a).
s (a) enthalpy vs. temperature, (b) Kirchhoff function vs. temperature, (c) Kirchhoff
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Thermal conductivity of the frozen dough was calculated using
the Choi and Okos (1986) equation as follows:

kðTÞ ¼
X

xv
i � kiðTÞ ð25Þ

where k is the global conductivity, ki is the thermal conductivity of
the component i (where i corresponds to the different components:
water, ice if the temperature is lower than the initial freezing tem-
perature Tf, carbohydrate, fat, etc.), xv

i corresponds to the volumetric
fraction of each component (Fig. 4b).

The density of the product was calculated using the model pro-
posed by Choi and Okos (1986):

qðTÞ ¼ 1P xi
qi

ð26Þ

where q(T) is the global density and qi is the density of the compo-
nent i (water, carbohydrates, ice, ash, etc.). The fractions ‘‘xi” corre-
sponds to the mass fraction of each component (Fig. 4c).
Fig. 6. (a) Experimental and predicted temperatures during the freezing process at: (a)
following coordinates expressed in meters (0.020, �0.005, 0.010). Text = �20 �C, Ti = 10 �
tunnel freezer (h = 18 W/m2 �C, Ti = 10 �C) (a) at the surface (d) at a symmetry plane.
The ice content of the dough as a function temperature (at
T < Tf) was estimated using the equation proposed by Miles (1974):

xh ¼ ðxw � xbÞ 1� Tf

T

� �
ð27Þ

where xh is the mass fraction of ice, Tf is the initial melting point of
the product, xw is the mass fraction of water in the foodstuff, and xb

is the mass fraction of bound water. The xb value was experimen-
tally calculated using the DSC thermogram. The xb is related to
the ratio between the latent heat of fusion of the food (obtained
through integration of the endothermic melting peak) and the la-
tent heat of fusion of water, 333.2 J/g (Weast and Astle, 1981).
The xb of the dough was 18.4% and this value agrees with published
data for un-leavened pastry products (Lind, 1991).

The initial freezing point of the dough obtained from the freez-
ing curves using the tangent method was �7.5 �C. This value was
confirmed by DSC measurements.
the center point of the croissant (point (0, 0, 0)) and (b) a border point given by the
C. (c) Temperature distribution of the croissant after 25 min residence time in the



Fig. 6 (continued)

Table 2
Freezing times (min) for different values of Text and h (surface heat transfer
coefficient).

Text (�C) Surface heat transfer coefficient h (W/m2 �C)

5 10 15 20 40 50

�30 85.5 47.0 33.8 27.0 16.8 14.8
�35 69.0 38.0 27.3 22.0 13.8 12.2
�40 58.3 32.3 23.3 18.8 11.8 10.5
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The volumetric specific heat in Eq. (10) was obtained by multi-
plying the q(T) by the Cp(T), and further numerically integrated
using Eq. (11) to obtain the enthalpy function (Fig. 5a). The same
procedure was carried out with the k(T) in order to obtain the Kir-
chhoff function (E(T)) according to Eq. (12) (Fig. 5b). Fig. 5c and d
shows the functions E(H) and T(H), respectively.
3.2.2. Surface heat transfer coefficient
The heat transfer coefficient (h) was determined from the

experiments performed using the acrylic prototype placed in the
tunnel freezer at (�20 �C); the average value of h that minimized
the RSS in Eq. (23) was 18 W/m2 �C.

The h value for solid objects immersed in fluids under forced
convection conditions, was also estimated using correlations found
in literature which take into account the Nu = hL/k, Re = qvL/l, and
Pr = Cpl/k numbers (Earle, 1988) as follows:

Nu ¼ 0:036 � ðReÞ0:8ðPrÞ0:33 for Re > 2� 104 ð28Þ

The value of air velocity in the tunnel freezer was 2.5 m/s. In or-
der to estimate the characteristic length of the croissant used in the
Re number, the average between the maximum distance in the x
and y direction of the irregular shaped body was adopted,
L = 8.75 cm. The value of h obtained by applying Eq. (28) was
20.80 W/m2 �C.

A simple equation valid for the case in which the fluid is air,
considering velocities lower than 5 m/s was also applied (Earle,
1988):

h ¼ 5:7þ 3:9:v ð29Þ

The obtained value of h from Eq. (29) was 15.5 W/m2 �C; there-
fore it can be observed that the value estimated through the tran-
sient method (18 W/m2 �C) is in the range of the h values estimated
by literature correlations.
3.2.3. Comparison of the numerical model with experimental results
for the freezing process

The numerical code implementing the Enthalpy and Kirchhoff
transformations was compared with experimental freezing curves
found in literature for irregular minced meat objects containing
75% water (Cleland et al., 1987a,b; Califano and Zaritzky, 1997).
The numerical predictions resulted in agreement with the experi-
mental data, even though the material exhibited a sharp phase
change.

Additionally, the numerical simulations obtained with the code,
were contrasted with experimental time–temperature freezing
curves of 3D objects (croissants). The process was carried out in
a tunnel freezer at a temperature of �20 �C, with an air velocity
v = 2.5 m/s; the surface heat transfer coefficient h was 18 W/m2 K.

Fig. 6a and b shows the predicted and experimental tempera-
tures at the center and a border point of the croissant obtained
for the different freezing experiments. As can be seen the numeri-
cal model satisfactorily predicts the time–temperature evolution of
the freezing process. For all the tested cases the absolute value of
the maximum difference between the predicted and experimental
temperatures (infinite norm of the error) was less than 1.7 �C.
Fig. 6c shows the temperature distribution after 25 min inside
the tunnel freezer and Fig. 6d the temperature distribution at the
symmetry plane of the irregular shape body. It can be observed
that the flattened ends of the croissant reached lower tempera-
tures much faster than the thicker central zone.

3.2.4. Application of the numerical model to predict freezing times
Simulations were carried out in order to obtain the freezing

times for different external fluid temperatures and surface heat
transfer coefficients values, considering an initial temperature of
10 �C. The time needed to reach a value of �18 �C in the warmest
point of the croissant was calculated (Table 2).

The numerical runs were tested for their computational speed
with the same computer. The CPU time needed to simulate the
freezing process was less than 3 min for the numerical runs. It is
noteworthy that the computational speed of the numerical simula-
tions of the freezing process is comparable to the chilling process,
due to the simultaneous Kirchhoff and enthalpy transformation.
Using this combined transformation the conductance, capacitance,
and convective matrices as well as the thermal load vector in the
finite element formulation remained independent of the time
variable.
4. Conclusions

Robust finite element codes for irregular 3D food systems, were
developed by the authors, to simulate the chilling process consid-
ering domains of different thermo-physical properties, as well as
the freezing operation using a combined enthalpy and Kirchhoff
transformation.

The irregular 3D geometry was taken into account using CAD
files to generate the spatial discretization of the domain.

The specific heats of the food materials were measured using
Differential Scanning Calorimetry and the heat transfer coefficients
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of the low temperature equipments were determined; this infor-
mation was further used as inputs in the numerical code.

The numerical code for chilling was validated using analytical
solutions and the simulations were compared with experimental
time–temperature data of a semi-elaborated heterogeneous bakery
product (‘‘empanada” or Cornish pastry) chilled in a cold chamber.

For the freezing process a 3D finite element code using a com-
bined enthalpy and Kirchhoff transformation method was imple-
mented. The simulations obtained by the numerical codes were
compared to results published in the literature and to experimen-
tal data of croissants frozen in a tunnel.

A good agreement between experimental temperatures and
numerical predictions were obtained in all cases (chilling and
freezing).

It is important to remark that in the complex freezing process the
application of the enthalpy–Kirchhoff formulation decreased
the computational efforts improving the rate of convergence and
the execution speed with respect to the commercial softwares.

The codes were finally applied to determine the required time–
temperature conditions for food cooling and freezing.
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