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Abstract: Given a matrix A such that AM = I and 0 ≤ α < n, for an exponent p satisfying p(Ax) = p(x) for a.e.
x ∈ ℝn, using extrapolation techniques, we obtain Lp( ⋅ ) → Lq( ⋅ ) boundedness, 1

q( ⋅ ) =
1

p( ⋅ ) −
α
n , andweak type

estimates for integral operators of the form

Tα f(x) = ∫
f(y)

|x − A1y|α1 ⋅ ⋅ ⋅ |x − Amy|αm
dy,

where A1, . . . , Am are different powers of A such that Ai − Aj is invertible for i ̸= j, α1 + ⋅ ⋅ ⋅ + αm = n − α. We
give some generalizations of these results.
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1 Introduction
Given ameasurable set Ω ⊂ ℝn and ameasurable function p( ⋅ ) : Ω → [1,∞), let Lp( ⋅ )(Ω) denote the Banach
space of measurable functions f on Ω such that for some λ > 0,

∫
Ω

(
|f(x)|
λ )

p(x)
dx < ∞,

with norm
‖f ‖p( ⋅ ) = inf{λ > 0 : ∫

Ω

(
|f(x)|
λ )

p(x)
dx ≤ 1}.

These spaces are known as variable exponent spaces and are generalizations of the classical Lebesgue spaces
Lp(Ω). In the last years many authors have extended the machinery of classical harmonic analysis to these
spaces, see [1, 2, 4]. The first stepwas to determine sufficient conditions on p( ⋅ ) for the boundedness on Lp( ⋅ )

of the Hardy–Littlewood maximal operator

Mf(x) = sup
B

1
|B| ∫

B∩Ω

|f(y)| dy,

where the supremun is taken over all balls B containing x. Let p− = ess inf p(x) and p+ = ess sup p(x). In [2],
Cruz-Uribe, Fiorenza and Neugebauer proved the following result.
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Theorem. Given an open set Ω ⊂ ℝn, let p( ⋅ ) : Ω → [1,∞) be such that 1 < p− ≤ p+ < ∞. Suppose further that
p( ⋅ ) satisfies

|p(x) − p(y)| ≤ c
− log|x − y| , x, y ∈ Ω, |x − y| < 12 , (1)

and
|p(x) − p(y)| ≤ c

log(e + |x|) , x, y ∈ Ω, |y| ≥ |x|. (2)

Then the Hardy–Littlewood maximal operator is bounded on Lp( ⋅ )(Ω).

We recall that a weight ω is a locally integrable and non negative function. The Muckenhoupt class Ap,
1 < p < ∞, is defined as the class of weights ω such that

sup
Q
[(

1
|Q| ∫

Q

ω)( 1
|Q| ∫

Q

ω−
1

p−1 )
p−1
] < ∞,

where Q is a cube in ℝn. For p = 1, A1 is the class of weights ω having the property that there exists c > 0
such that

Mω(x) ≤ cω(x) for a.e. x ∈ ℝn .

We denote by [ω]A1 the infimum of the constant c such that ω satisfies the above inequality.
In [5], Muckenhoupt andWheeden define A(p, q), with 1 < p < ∞ and 1 < q < ∞, as the class of weights

ω such that

sup
Q
[(

1
|Q| ∫

Q

ω(x)q dx)
1
q
(
1
|Q| ∫

Q

ω(x)−p󸀠 dx)
1
p󸀠
] < ∞.

When p = 1, ω ∈ A(1, q) if only if

sup
Q
[‖ω−1χQ‖∞(

1
|Q| ∫

Q

ω(x)q dx)
1
q
] < ∞.

Let M ∈ ℕ, M > 1. Let A be an invertible n × n matrix such that AM = I, and also suppose that M is
such that if AN = I for some N ∈ ℕ, then M ≤ N. Let m ∈ ℕ, 1 < m ≤ M. Let 0 ≤ α < n. Let α1, . . . , αm be
real numbers such that

α1 + ⋅ ⋅ ⋅ + αm = n − α.

Let Tα be the integral operator given by

Tα f(x) = ∫ k(x, y)f(y) dy, (3)

with
k(x, y) = 1

|x − A1y|α1
⋅ ⋅ ⋅

1
|x − Amy|αm

,

where, for 1 ≤ i ≤ m, the matrices Ai are certain power of A, Ai = Aki , ki ∈ ℕ, 1 ≤ ki ≤ M.
In [6], Riveros and Urciuolo studied integral operators with kernels given by

k(x, y) = 1
|x − A1y|α1 ⋅ ⋅ ⋅ |x − Amy|αm

, (4)

where A1, . . . , Am are invertible matrices such that Ai − Aj is invertible for i ̸= j, 1 ≤ i, j ≤ m. They obtained
weighted (p, q) estimates, 1

q =
1
p −

α
n , for weights w ∈ A(p, q) such that w(Aix) ≤ cw(x). We want to use

extrapolation techniques to obtain p( ⋅ )–q( ⋅ ) and weak type estimates. In [7], Rocha and Urciuolo proved
the following theorem that involves more general matrices Ai, with the additional hypothesis p(Aix) = p(x)
for a.e. x ∈ Rn.

Theorem (Strong type). Let 0 ≤ α < n and let Tα be the integral operator with kernel given by (4), with Ai
orthogonal matrices such that Ai − Aj is invertible for i ̸= j, 1 ≤ i, j ≤ m. Let h : ℝ →[1,∞) be such that
1 < h− ≤ h+ < n

α and satisfying (1) and (2). Let p : ℝn→[1,∞) given by p(x) = h(|x|). Then Tα is bounded
from Lp( ⋅ )(ℝn) into Lq( ⋅ )(ℝn) for 1

p(x) −
1

q(x) =
α
n .

Brought to you by | Université de Strasbourg
Authenticated

Download Date | 11/16/18 11:46 AM



M. Urciuolo and L. Vallejos, Lp( ⋅ )–Lq( ⋅ ) boundedness | 3

In this paper we prove a similar result using extrapolation techniques that allow us to replace the log-Hölder
conditions about the exponent p( ⋅ ) by amore general hypothesis concerning the boundeness of themaximal
functionM. We obtain the following result.

Theorem 1. let Tα be the integral operator given by (3) such that Ai − Aj is invertible for i ̸= j, 1 ≤ i, j ≤ m.
Let p : ℝn → [1,∞) be such that 1 < p− ≤ p+ < n

α and p(Ax) = p(x) for a.e. x ∈ ℝn. Let q( ⋅ ) be defined by
1

p(x) −
1

q(x) =
α
n . If the maximal operator M is bounded on L(

n−αp−
np− q( ⋅ ))󸀠 , then Tα is bounded from Lp( ⋅ )(ℝn) into

Lq( ⋅ )(ℝn).

In [7], Rocha and Urciuolo obtained weak type estimates with the additional hypothesis p(0) = 1.

Theorem (Weak type). Let 0 ≤ α < n, and let h : ℝ → [1,∞) be a function satisfying (1) and (2), with h(0) = 1
and h+ < ∞. Let p : ℝn → [1,∞) given by p(x) = h(|x|). Let Tα be the integral operator with kernel given by (4),
with Ai orthogonal matrices such that Ai − Aj is invertible for i ̸= j, 1 ≤ i, j ≤ m. If 1

p(x) −
1

q(x) =
α
n , then there

exists C > 0 such that
sup
λ>0

λ‖χ{x:Tα f(x)>λ}‖q( ⋅ ) ≤ C‖f ‖p( ⋅ ).

We obtain a weak type estimate for the operator given by (3), without that additional hypothesis. Our result
is the following.

Theorem 2. Let Tα be the integral operator given by (3) such that Ai − Aj is invertible for i ̸= j, 1 ≤ i, j ≤ m.
Let p : ℝn → [1,∞) be such that 1 ≤ p− ≤ p+ < n

α and p(Ax) = p(x) a.e. x ∈ ℝn. Let q( ⋅ ) be defined by
1

p(x) −
1

q(x) =
α
n . If the maximal operatorM is bounded on L(

n−αp−
np− q( ⋅ ))󸀠 , then there exists c > 0 such that

‖tχ{x:Tα f(x)>t}‖q( ⋅ ) ≤ c‖f ‖p( ⋅ ).

We will also show that this technique applies in the case when each of the matrices Ai is either a power of an
orthogonal matrix A or a power of A−1.

2 Proofs of the results
Proof of Theorem 1. Wedenote q0 = np−

n−αp− . In [6], Riveros andUrciuolo obtained aweighted (p−, q0) estimate
for weights w ∈ A(p, q) such that w(Aix) ≤ cw(x). We let q̃(x) = q( ⋅ )

q0 and define

Rh(x) =
∞
∑
k=0

Mkh(Ax)
2k‖M‖kq̃( ⋅ )󸀠

+ ⋅ ⋅ ⋅ +
∞
∑
k=0

Mkh(AMx)
2k‖M‖kq̃( ⋅ )󸀠

. (5)

It is easy to check that
(1) for all x ∈ ℝn, |h(x)| ≤ Rh(x),
(2) R is bounded on Lq̃( ⋅ )󸀠 (ℝn) and ‖Rh‖q̃( ⋅ )󸀠 ≤ 2M‖h‖q̃( ⋅ )󸀠 ,
(3) Rh ∈ A1 and [Rh]A1 ≤ 2CM‖M‖q̃( ⋅ )󸀠
(4) Rh(Aix) ≤ Rh(x), x ∈ ℝn.
Indeed, (1) is evident; (2) is verified as follows. Let l ∈ ℕ, l ≤ M. Then

‖Mkh(Al ⋅ )‖q̃( ⋅ )󸀠 = inf{λ > 0 : ∫
ℝn
(
Mkh(Alx)

λ )
q̃(x)󸀠

dx ≤ 1}.

But

∫
ℝn
(
Mkh(Alx)

λ )
q̃(x)󸀠

dx = ∫
ℝn
(
Mkh(y)

λ )
q̃(A−ly)󸀠

dy = ∫
ℝn
(
Mkh(y)

λ )
q̃(y)󸀠

dy,

where the first equality follows from a change of variables, using that |det A| = 1. The second equality holds
because q(Alx) = q(x) for a.e. x ∈ ℝn. Then we conclude that

‖Mkh(Al ⋅ )‖q̃( ⋅ )󸀠 = ‖Mkh‖q̃( ⋅ )󸀠 .
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Thus, we obtain (2) by subadditivity of the norm:

‖Rh‖q̃( ⋅ )󸀠 ≤
∞
∑
k=0

‖Mkh(A( ⋅ ))‖q̃( ⋅ )󸀠
2k‖M‖kq̃( ⋅ )󸀠

+ ⋅ ⋅ ⋅ +
∞
∑
k=0

‖Mkh(AM( ⋅ ))‖q̃( ⋅ )󸀠

2k‖M‖kq̃( ⋅ )󸀠
≤ ‖h‖q̃( ⋅ )󸀠M

∞
∑
k=0

2−k = 2M‖h‖q̃( ⋅ )󸀠 .

Now, it is easy to check that there exists C > 0 such that for f ∈ L1loc(ℝ
n),M(f ∘ A)(x) ≤ CMf(Ax). So, (3)

follows as in [3, p. 157]:

M(Rh)(x) ≤ C(
∞
∑
k=0

Mk+1h(Ax)
2k‖M‖kq̃( ⋅ )󸀠

+ ⋅ ⋅ ⋅ +
∞
∑
k=0

Mk+1h(AMx)
2k‖M‖kq̃( ⋅ )󸀠

)

≤ 2C‖M‖q̃( ⋅ )󸀠(
∞
∑
k=0

Mk+1h(Ax)
2k+1‖M‖k+1q̃( ⋅ )󸀠

+ ⋅ ⋅ ⋅ +
∞
∑
k=0

Mk+1h(AMx)
2k+1‖M‖k+1q̃( ⋅ )󸀠

)

≤ 2‖M‖q̃( ⋅ )󸀠Rh(x),

and (4) follows by definition. So, Rh is a weight in A1 such that Rh(Aix) ≤ Rh(x), x ∈ ℝn.
We now take a bounded f with compact support. We will check later that ‖Tα f ‖q( ⋅ ) < ∞, so, as in [3,

Theorem 5.24],

‖Tα f ‖
q0
q( ⋅ ) = ‖(Tα f )

q0‖q̃( ⋅ ) = c sup
‖h‖q̃( ⋅ )󸀠=1

∫
ℝn
(Tα f )q0 (x)h(x) dx

≤ c sup
‖h‖q̃( ⋅ )󸀠=1

∫
ℝn
(Tα f )q0 (x)Rh(x) dx

≤ c sup
‖h‖q̃( ⋅ )󸀠=1

( ∫
ℝn
|f(x)|p−Rh(x)

p−
q0 dx)

q0
p− ,

since Rh
1
q0 ∈ A(p−, q0). Hölder’s inequality gives

‖(Tα f )q0‖q̃( ⋅ ) ≤ c‖f p−‖
q0
p−
p̃( ⋅ ) sup
‖h‖q̃( ⋅ )󸀠=1

‖Rh
p−
q0 ‖

q0
p−
p̃( ⋅ )󸀠 ≤ c‖f‖

q0
p( ⋅ )‖Rh‖q̃( ⋅ )󸀠 ≤ 2Mc‖f‖q0p( ⋅ )‖h‖q̃( ⋅ )󸀠 ,

where the last inequality follows as in [3, p. 211].
Now we show that ‖Tα f‖q( ⋅ ) < ∞. By [3, Proposition 2.12, p. 19], it is enough to check that ∫ℝn Tα f < ∞.

We have
|Tf(x)|q(x) ≤ |Tf(x)|q+χ{x:Tα f(x)>1} + |Tf(x)|q−χ{x:Tα f(x)≤1},

andnow f is bounded andwith compact support, so Tα f ∈ Ls(ℝn) for n
n−α < s < ∞, thus∫ℝn |Tf(x)|

q(x)dx < ∞.
The theorem follows since bounded functions with compact support are dense in Lp( ⋅ )(ℝn) .

Proof of Theorem 2. We consider first the case p− = 1.We denote q0 = n
n−α and q̃( ⋅ ) =

q( ⋅ )
q0 . Theorem3.2 of [6]

implies that if ω ∈ A(1, q0) is such that ω(Ax) ≤ cω(x), then

sup
λ

λq0ωq0 (χ{x:|Tα f(x)|>λ}) ≤ C( ∫
ℝn
|f(x)|ω(x) dx)

q0
.

Now, let Fλ = λq0χ{x:|Tα f(x)|>λ}. Then

‖λχ{x:|Tα f(x)|>λ}‖
q0
q( ⋅ ) ≤ ‖λ

q0χ{x:|Tα f(x)|>λ}‖q̃( ⋅ ) = ‖Fλ‖q̃( ⋅ ) = C sup
‖h‖q̃( ⋅ )󸀠=1

∫
ℝn

Fλ(x)h(x) dx.

As in the previous theorem, we define Rh by (5). Since Rh ∈ A1, Rh
1
q0 ∈ A(1, q0). So,

‖λχ{x:|Tα f(x)|>λ}‖
q0
q( ⋅ ) ≤ C sup

‖h‖q̃( ⋅ )󸀠=1
∫
ℝn

Fλ(x)Rh(x) dx

≤ C sup
‖h‖q̃( ⋅ )󸀠=1

∫
ℝn

Fλ(x)(Rh(x)
1
q0 )q0 dx

≤ C sup
‖h‖q̃( ⋅ )󸀠=1

( ∫
ℝn
|f(x)|Rh(x)

1
q0 dx)

q0
,
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and, as in the previous theorem, we get

‖λχ{x:|Tα f(x)|>λ}‖
q0
q( ⋅ ) ≤ C‖f ‖

q0
p( ⋅ ) sup
‖h‖q̃( ⋅ )󸀠=1

‖Rh(x)
1
q0 ‖q0p( ⋅ )󸀠

≤ C‖f ‖q0p( ⋅ ) sup
‖h‖q̃( ⋅ )󸀠=1

‖Rh‖q̃( ⋅ )󸀠

≤ 2M‖f ‖q0p( ⋅ ) sup
‖h‖q̃( ⋅ )󸀠=1

‖h‖q̃( ⋅ )󸀠 = 2M‖f ‖
q0
p( ⋅ ).

If p− > 1, then we use that Tα is of weak type (p−, q0) and we proceed as before to get the statement of
the theorem.

Remark 3. Theorems 1 and 2 still hold if m = 1 and α > 0. In this case, if 1
p −

1
q =

α
n and ω ∈ A(p, q) is such

that ω(Ax) ≤ ω(x) for a.e. x ∈ ℝn, then

Tα f(x) = ∫
ℝn

f(y)
|x − Ak1y|n−α

dy = Iα(f ∘ A−k1 )(x),

where Iα is the classical fractional integral operator. Thus,

∫
ℝn
(Tα f(x))qωq(x) dx = ∫

ℝn
(Iα(f ∘ A−k1 )(x))qωq(x) dx

≤ C( ∫
ℝn
(f ∘ A−k1 (x))pωp(x) dx)

q
p

= C( ∫
ℝn
(f(x))pωp(Ak1x) dx)

q
p

≤ C( ∫
ℝn
(f(x))pωp(x) dx)

q
p
.

So,

‖Tα f ‖q,ωq ≤ C‖f ‖p,ωp ,

In a similar waywe obtain the correspondingweak type estimate andwe proceed as in the previous theorems.

Remark 4. Let A be a orthogonal matrix and let Tα be as in (3), where the matrix Ai is either a power of A
or a power of A−1. If Ai − Aj is invertible and p( ⋅ ) is as in Theorem 2, we also obtain strong and weak type
estimates. We simply define R as follows:

Rh(x) =
∞
∑
j=0

1
2j
(
∞
∑
k=0

Mkh(Ajx)
2k‖M‖kq̃( ⋅ )󸀠

+
∞
∑
k=0

Mkh((A−1)jx)
2k‖M‖kq̃( ⋅ )󸀠

),

and the proof follows as in the proofs of Theorems 1 and 2.

Example 5. We take r satisfying (1) and (2), with 1 < r− ≤ r+ < n
α and

A =
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

1 2
−1 −1

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
.

So, A4 = I and Ai − Aj is invertible for 1 ≤ i, j ≤ 4, i ̸= j. We let p(x) = 1
4 (r(Ax) + r(A

2x) + r(A3x) + r(A4x)).

Example 6. We take an even function p satisfying (1) and (2), with 1 < p− ≤ p+ < n
α and A = −I.
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