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Abstract. The computation of connection coefficients is an im-
portant issue in the wavelet numerical solution of partial differen-
tial equations. We study this problem for the orthonormal interval
wavelets bases, satisfying homogeneous boundary conditions, intro-
duced by Monasse and Perrier. We first obtain explicit expressions to
compute the connection coefficients involving (derivatives of) scaling
functions at the same level. Then we describe how to compute con-
nection coefficients when we have (derivatives of) scaling functions
and/or wavelets at different levels, using local refinement relations.

AMS Subject Classification (2000): Primary 65T60; Secondary
42C40, 65M60, 65N30

Keywords: Interval wavelets, connection coefficients, numerical so-
lution of pde’s

1. Introduction

The applicability of wavelets in several different areas in pure and ap-
plied mathematics depend upon their ability to represent efficiently a wide
class of functions and operators (for a treatment of the theory of wavelets
see, e. g., [17, 23]). In particular, this fact is useful in the development
of fast and adaptive algorithms for the numerical solution of partial differ-
ential equations (see, e. g., [12, 31]). These wavelets-based schemes can

require the computation of integrals involving products of (derivatives of)
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scaling functions and/or wavelets. These integrals are usually known as

connection coefficients.

The computation of connection coefficients was considered in several
papers (see, e. g., [3, 5, 8, 14, 18, 19]). In particular, for wavelets that have
no closed analytic representation and that are only determined by their
refinement coefficients the quadrature rules to compute these integrals are
in general expensive or not applicable. So, in this case one approach is to
reduce the calculus of the connection coeflicients to an algebraic eigenvector-

eigenvalue problem.

Wavelets approaches for the numerical solution of partial differential
equations in non trivial geometries is a challenger problem. These cases
are studied using the unit interval [0, 1] as the starting point in domain
decomposition approaches (see, e. g., [3, 6, 7, 11, 15]). The periodization
of compactly supported wavelets on the real line is the simplest way to
consider the multiresolution analysis of a function on an interval (see, e.
g., [17, 23]). Nevertheless, if we need to consider boundary conditions,
a more efficient approach is to use compactly supported wavelets on the
real line, retaining all those scaling functions which support is contained
in the interval, and adding linear combinations of those scaling functions
which cross the endpoints of the interval (for some examples of this type of

construction see, e. g., [1, 4, 9, 10, 20]).

In this article we compute exactly (up to round-off errors) the connec-
tion coefficients for the interval orthonormal scaling functions and wavelets,
satisfying homogeneous boundary conditions, introduced by Monasse and
Perrier in [20]. These wavelets result from an adaptation of the ideas of
Auscher [2] to impose boundary conditions on the construction of ortho-
normal interval wavelets proposed by Cohen, Daubechies and Vial [10].
Monasse-Perrier wavelets have the same regularity and vanishing moments
that Daubechies wavelets [16]. They have no closed analytic representation

and they are only determined by their refinement coefficients.

The rest of the paper is organized as follows. In section 2, we review
multiresolution analysis and wavelet bases of both L? (R) and L? ([0, 1]).

In particular, we consider the definition and properties of Monasse-Perrier
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wavelets [20]. In section 3. we compute the connection coefficients involving
(derivatives of ) Monasse-Perrier scaling functions at the same level. Then,
we describe how to compute connection coefficients with (derivatives of)
scaling functions and/or wavelets at different levels, using local refinement

relations.

2. Orthonormal wavelet bases for L? ([0, 1])

In this section we review some aspects about multiresolution analysis
(MRA) and wavelets bases. We begin considering in subsection 2.1. MRA
and wavelet bases of L? (R) [17]. In particular, we briefly discuss compactly
supported wavelets constructed by Daubechies in [16]. In subsections 2.2.
and 2.3., we consider the construction proposed by Monasse and Perrier in
[20] for the spaces L2 ([0, 00[) and L? ([0, 1]), respectively.

2.1. MRA and wavelet bases of L?(R)

A MRA of L? (R) is a sequence of closed subspaces (V;);jez of L? (R)
such that

() {0} =NjezViC..CVaaCVoCViC.. Uz Vi = LP (R).
(ii) f(z) € Vo & f(27x) € V.
(iii) Jg € Vb, such that {g(. — k); k € Z} is a Riesz basis of ;.

From g, it is possible to obtain a function ¢, called the scaling function,
such that {¢(.—k); k € Z} is an orthonormal basis of V;. Since ¢ € V) C 7,

from (ii) there exists a sequence {hy}rez such that
d(x) = V2 hid(2x — k). (1)
k

Equation (1) is known as the dilation equation, the two-scale difference
equation, or the refinement equation. We shall refer to it by the later name.
The collection of functions {27/2¢(27. — k); k € Z} is an orthonormal basis
of Vj.

Associated with V; is the space W; defined as the orthogonal comple-
ment of V; in Vji1,i. e., W; is the space that satisfies V11 = V; @ W;. We
have L? (R) = @D, W;. A wavelet is a function ¢ such that {1)(. — k); k €
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Z} is an orthonormal basis of Wy. Therefore, the collection of functions
{29/24(27. — k); j,k € Z} is an orthonormal basis of L? (R). The wavelet
1) satisfies an equation similar to the refinement equation for the scaling

function ¢,
P(x) = V2 grd2e —k), gk = (=1)*h k1.
k

Now we present Daubechies’s compactly supported wavelets (for more
details we refer to [16]). In Daubechies’s construction,hy = gr = 0 for
k < —N + 1 and for k¥ > N, therefore the scaling and wavelet functions

satisfy the equations

Gx)=v2 > hméQz—m), ¢@)=v2 > gnézr—m). (2)

m=—N-+1 m=—N+1

Both ¢ and ¢ have support in [-N + 1, N], [* ¢(x)dz = 1, ¢ has

N vanishing moments, i. e.,
/ Y(z)rtde =0,1=0,1,...,N — 1, (3)

and ¢ has N th_order approximation, i. e.,

iZ?l >
= > P(k)g(z —k),1=0,1,..,N -1, (4)

k=—0o0

with

[e's] (El l s
Py(k) = /Oo Trlx — k)de = > Ci-sk® (5)

|
_ = s
where C; := ffooo qﬁ(:v)f—!ldx are recursively given by
c—1-c—Li ith—" Cin (1> 0) (6)
0 — ) l_2l_1n:1 \/imez mn| l—n .

For sufficient large N, ¢, € C*N with pu ~ 0.2.
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2.2. Scaling and wavelet functions of L? ([0, oo[)
The edge scaling functions 51, l=0,...,N — 1, defined by

N—-1l—-«a
gl(x) = Z Pl(k)¢(w - k)X[O,oo[(‘r)v (7)
k=—N+1

for « € {0,1}, are linearly independent and are orthogonal to the
functions ¢(. — k) for k > N — a.

Let
V]_[o,oo[ = span { (Qzl(zj-))l:o N_1? (¢(2j' - k))kzN—a}'

For A C {0,..., N — 1} let BC(A) be the space of functions f € L2 ([0, 00|)
such that f2(0) =0, A € A, and

vy = vI*~ln Bo(a). (8)

J
Then {((751(247.))%[&, (p(27. — k))kZN—a} is a basis for 1/}[0"00[(A).

Remark 2.1. If a = 0 then the edge scaling functions are derivable at 0
since they are polynomial near 0. If & = 1 the regularity of the edge scaling
functions depends on N. So, in this case we must suppose that N is large

enough to assure that they are derivable at 0.

Let b be the matrix with entries
N—a—1

m=[15%]

fori=0,..,N—1and j =N —a,....,3N — 2 — 2c, where [z] (|z]) is the
nearest integer greater (less) than z, and let D be the diagonal matrix with
entries D(i,j) = 6;_;2'77 for 4,5 = 1, ..., N. The Gram matrix G? of the
edge scaling functions 51, [=0,..,N —1,is given by

2G® — DG’D + bb.

Remark 2.2. Gg can be obtained by dividing term by term the matrix
bb* by the matrix 2M; — M where M; and M are of order N x N with
M (i,j) =1 and M(i,j) = 227" fori,j =1,...,N.
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Let Gi and Dy be the matrices obtained from Gg and D, respectively,
by keeping only rows and columns of index not in 1 + A, and let by be the
matrix obtained from b by keeping only rows of index not in 1 + A Then
GZ is the Gram matrix of ¢y, | ¢ A If G = RK(RK)* is a factorization of
Gi, then the orthonormal family ¢;, [ ¢ A, defined by

b0 B %o
: = (RY)™ : ; 9)
ngl I¢A ¢N71 l¢A

satisfies the refinement equation:

¢N71(%) I¢A ¢N*1(‘T) IgA
o(x — N + «)
+ho : . (10)

o(x — 3N.—|— 2+ 2a)

where Ho = =5 (R3) "' DR} and ho = J5(R3)~"ba.

2.2.1. The wavelets
The edge wavelets {/Jvl, l=0,...,N —1, are defined by

i(z) = V2 (I - ij[o,ao[(A)) (51(211?) - 2151(33)) X[0,00[(),
or, equivalently,

Yo(z)
Un-1(z)
¢(2x — N + a)
= —V2(I=Pyoiyy) D' : . (11)
’ d(2x — 3N + 2+ 20)

where I and P, o, (a) are the identity and the orthogonal projection onto
j

Vj[o’oo[(A), respectively. Let WJ.[O’OO[(A) be the closure of the subspace of
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L2 ([0, 00[) orthogonal to V,**l(A) in V9°l(A). T c {0,...N —1}
with #I' = N — a, then {(1/11(2 '))ler , ((27. k))kZN—a} is a basis of
0,00
Wi A).
The Gram matrix GJ of the edge scaling functions is given by

GY = g1g! + 9295,

where g1 = D~'bhiHy and ga = D~ 'b(hiho — I). Let G¥ be the matrix
obtained from GY by keeping only rows and columns of index in 1+1I". Then
Gqﬁ is the Gram matrix of ¢y, [ € L.If GY = RY(RY)* is a factorization of
G}f, then the orthonormal family v¢;, | € I', defined by

W B Wo
: = (RY)™ : ; (12)
{/;Nfl ler wN—l lel’
satisfies the refinement equation
1[0(%) on(x)
1 : e : +
\/5 _ 0 _
1/}N71(%) ler ¢N71(x) I¢A
o(z — N +0)
+gO : ’ (13)

oz — 3N'+ 2+ 2a)

where Gy = (R%)’lgl and go = (R?)*lgg.
2.3. MRA of L?([0,1])

Let 7 : L? (R) — L2 (R) be given by 7{(§) = {(c0 — §). Then the
function 7 ¢ has support [N + 1, N] and satisfies the refinement equation

N
To(x)=v2 > T2z —k), (14)
k=—N+1

with coefficient mask Ay, := hq_j. Using the procedure described previously,
with scaling function 7 ¢, the mask Ay, a; € {0,1}, A; € {0,..., N — 1} and
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'y € {0,...,N — 1} with #I'; = N — a; we arrive at a MRA of L? ([0, o)
satisfying boundary conditions with edge scaling functions ¢;, I ¢ A, inte-

=4
rior scaling functions 7¢(. — k), k > N — oy, edge wavelets functions v,

! € T'; and interior wavelets functions 7¢(. — k), k > N — a;. Then the

family of functions

= B _ : _
T(0(27)] = ¢ (27 (1 =), T[TH(2. = k)] = (2. — (27 =1 - k)),

constitutes an orthonormal basis for a MRA of L? (] — oo, 1]). Moreover,

~t ~t ) . )
T (27)] = (21 =), TITY(2. - k)] =¢(27. - (27 =1 - k)),

are the associated orthonormal wavelets.

Let Pln(k), bt ng, Glp, Hf, hg, G'i and gg obtained from the mask
hi as Pi(k), b, G¢, G¥, Hy, ho, Go and gy were obtained form the mask
hy. Let Hy, hy, G1 and g1 be the matrices Hf, hg, Gti and g?, respectively,

with the rows and columns in reversed order. Then

=t ) = 4
. dn-1(2(1 —x)) on_1(2T1 (1~ 2))
ﬁ . . = H; : +
5P (1=1)) ) g, Bo@H 1) )
P(20 Ty — 29T + 3N — 1 — 2ay)
+h (15)
#(27+y — 2ﬂ'+1 +N+1-a1)
and
=4 ) =4 .
1 Yy_1(2/(1 —2)) ¢N—1(2J+1(1 — 1))
E y =Gy : +
Po(27(1 - z)) ler, ¢ (27411 - 7)) 1¢A
P29 e — 20T + 3N — 1 — 2aq)
+5n (16)
¢y — 2jJrl +N+1-a)
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If jomin = [logy 4N we have a MRA of L2 ([0, 1]), (V}O*” (As, Ag)) :

ijnlin
where Vj[o’” (A1, As) has dimension 27 — #Ag — #A; + ag + a1 with ortho-
normal basis

(2]’/22;51(2%))

2 —1—N+ta1 | (2j/22(2j(1 — »’C))) ’

IgA,

(22020 — 1)
l¢A0 k:N*O([)

and Wj[o’l] (A1, As) has dimension 2/ with orthonormal basis

29 —1—N+oay

(27207 - k)

(2720u(20)) S (e - )

IS el

It is convenient to choose ag = dyp,—1, 01 = dpa,—1.

Remark 2.3.1. We can consider different decompositions of the Gram
matrices Gg and GJ to obtain orthonormal scaling and wavelets functions.
Let G denote the Gram matrix associated with edge scaling or wavelets
functions. For example, we can use the following options for R such that
G = RR%:

o If G = QPQ" where Q is an orthogonal matrix and P is a diagonal
matrix with positive diagonal entries, we consider R = QP'/2. This
choice of R corresponds to the Schweinler-Wigner orthonomalization

procedure [21].
e R=G'Y? = QP'Y2Q!. This R was considered in [20].

o If G = U'U where U is an upper triangular matrix with positive
diagonal entries (i. e., the Cholesky decomposition of ), we consider
R = U! which corresponds to the Gram-Smith orthonomalization

procedure [22].

2.3.1. Wavelet transforms
Consider the column vector ®; with entries
b <2j/250(2j-)a---,2j/2$N1(2j-)> J
1¢ Ao

o (27/2¢(29. = N + ag), ..., 27/2¢(27. = 20 + 1+ N — ay)),
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o~ , o
o (PR )R- )

I1¢A
and the column vector ¥; with entries

o (2200 T @)

ey

o (27/24(27. = N + ap), ..., 27/ 2(27. =29 + 1+ N — ay)),

o (PP0n @0 )20 - )

lery
If H/ and G’ are the matrices of order (2971 —2N +ag+a1) x (29 —2N +ap+

1) with entries H7 (k1) = h—Ni1+ao+i—2k and G (k, 1) = g— N1+ a0+1—2k;
respectively, we set

Hy ho 0 Go go 0
H; = o H o |,g;=| 0o g o |,
0 h H 0 g1 Gy

where ho and go are completed with columns of zeros at the right, whereas
hy and g1 are completed with columns of zeros at the left, to fit the size of
HI and GI.

We have
QI = 1,07 W = G0, (17)
and
& = ( H} G§)<$j:>. (18)

Let f € L?([0,1]), and consider the column vector s/ with entries

. <<f 23‘/220(23',)>,...,<f,2j/2;zv_1(2j-)>>lm’

o ((f,272¢(27. = N+ ag)), ... (f,27/2¢(27. =20 + 1 + N — ay))),
e , Co=h
o ({(rerdya@a- ) (rorh@a- )

l&Al

and the column vector d7 with entries
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o ((r2rie)) e (roi @)
lely
o ((£,229(27. = N+ ap)), ..., (f,27/2(27. =27 + 1+ N — o)),

o ({r2r (201 D) {1 2112 (29(1 ”))

From (17) and (18), we obtain the following wavelet transforms

lery

s =H;s!, 71 = Gy, (19)
and

J—(H )(flji ) (20)

2.3.2. Moments of the edge scaling functions

For edge scaling functions at 0 the moments are given by

| et =px,0. 1 ¢ Ao (21)
0
where X, (1) are obtained from
N—ap)? N—ag)®
% e ( ol o) Co
(271721 Hy) X, = ho : : |,
(3N—2—2ap)? (3N—2—2a)° C
e P

and for edge scaling functions at 1,
oo =

i ¢y (z)dw = pIX5(1) =, 1 ¢ Ay, (22)

where X} (1) are obtained from

(=D°(AI+N—a1)? (=DP(1+N—a1)°
o . o
2r 21— HHXE = nf : : X
(—1)0(3N71—2a1)p o (—1)?(31\/0'—1—2a1)“
p! T i
Co
X : (23)

Cp
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3. Connection coefficients

In this section we prove that the calculus of the connection coeffi-
cients involving products of (derivatives of) Monasse-Perrier scaling func-
tions and/or wavelets can be reduced to the calculus of the connection

coefficients, r,(cnll’n), l € Z, of the Daubechies’s scaling functions given by

T;i,l’ >:/ dw—f(x—k)ﬁ(z—l)dx, k,leZ. (24)

These integrals can be computed simultaneously, for all k,l such that

rl(:l“") # 0, by solving an eigenvector-eigenvalue problem (see [14]).

3.1. Scaling functions at the same level

For Monasse-Perrier scaling functions we consider the no null connec-

tion coefficients as the entries of the following matrices:

moolb+1,0+1) = [ 200 @) 26 ), (25)

with k0= 0,.., N — 1, k,l & Ao.
nSolk+1,1— N D= [ 20 ) g—1ds, (2
Sk 1INt 1) = [C o @ - Din, (20)

with k=0,.,N -1, k¢ Ao, [ =N —ag,...2" — N — 1+ a.
mmRj(k—N+ag+1,k—N+ag+1)

= = b — k)~—p(z — 1)d 27

| gota = Bgola = e (21)

with k, =N — ag,...,27 = N — 1+ a.

1 dmf:j n

) d

with k=N —1,....,0, k¢A1,l:2j —N—-1+4+aq,...,N —ag.
~ Logm < ar =t

with k,1 =N —1,....,0, k,1 ¢ A;.

We show now that we can express all the above connection coefficients

in terms of the r,(cnll’n). The particular case m = 0 with n = 1,2, was

considered in [20]. For the general case we have:
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® By (7), mnSo = (Gio)*l/QnSg where

—~ N—l—a()
manSyk+1LI=N+ag+1) = Y Pu(iyri™,
i=—N+1

k:O,...,N—l,k%AQ,lzN—ao,...,?)N—?)—ao.

o Similarly, if 1St == (G5 )"1/2,,,, 57 where

—~ N—l—a1
# m,n
Sy (k+1,1=N+ar+1)= > Py,
i=—N+1

k= 0,...,N— 1, k ¢ Al, = N—O&l,...,?)N—?)—Oél, then mynSl is

the matrix m,nS’g with the rows and columns in reversed order.

e From (10), ym.nRo := (Gio)_l/Qm,nRg(Gio)_l/Q, where ,, , RS can

be compute by a term by term division of the matrix
DAO m;nsgbf\o + bAo (mmsg)DAo + bAo mmRbf\gv (30)

With o R(k—N+ag+1,1—-N+ag+1) = "), k1 = N—aq, ..., 3N —
2 — 2a, by the matrix (W%Ml — M)AO.
° mm}NEl is the matrix mnég with the rows and columns in reversed or-

der with B = (=1)"(G%.)1/2 0 nRE (G) 712, where RS

can be compute by a term by term division of the matrix
Py Py
DaymnST (B4,) + 04, (nmST )Da, + 04, maR(B},)' (31)

with o R(k—N+a1+1,1-N+a1+1) =17, k,l = N—ay,...,3N —

2 — 2a1, by the matrix (WMl — M)Al.

¢ mnRij(k—N+ag+1,k—N+ag+1)=r", k,l=N-aq,...2 -
N—1—|—041,

Remark 3.1. If g = 0, we add a column of 0 at the right to mmS’g to
obtain ,, , RS from the matrix (30). A similar consideration is valid for

computing mﬁnR‘fﬁ from the matrix (31).
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Remark 3.2. The entries , , RS (k, 1) with k — 1,1 —1 € Ag and k + 1 =
m+n+ 1, can not be computed using the term by term division described
above. If k > m + 1, by (24) and (27) for these entries we have,

® gy, dMp
¢ _
anBSD) = [ @) T s

e8] xk—m—l dnﬁblfl
TSRl C)
o (E=m)! dx
3N—-3—ag ~
— > Pea(m)nmS§lm—N+ag+1). (32)

m=N—aqg

Integrating by parts k—m—1 times and using Cg;‘ff (0) =61, 0<I< N-1,
we obtain

~ 3N—-3—aop ~

mn ROk, 1) = (=1)F ™ = 3" Py(m)nmS§(Lm — N +ag + 1).
m=N—aq
Similarly, if £ < m + 1 then
3N—3—ag ~
RO (k1) = = > Pea(m)nmS§m—N+ag+1).

m=N—aqg

Analogously, if k —1,l —1€ A; and k+1=m+n + 1, then

~ 3N 3— (o5 ~
§
mn Rk 1) = (=1)F ™ = N P (m)nmSY (Lm = N+ o1 +1),
m=N—a1
for k> m+1, and
3N—3—ay -
mnR¢’kl Z P,glmnme(l,m—N—l—al—l—l),

m=N—a1

for k <m+1.

Remark 3.3. For the case m = 0 we note that

0nSP(Lm—N+ag+1) = (=1)"n05’(,m = N +ag+1),i=0,1,

and rl( "= rl(%n) l € Z, can be computed solving the following system of

linear algebraic equations (see [5] for more details):

(n) +5 Za% 1 (Tél)QkJrl + Téz}r% 1)1 ) (33)
k 1

=2
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where ay 1= 2 Zz;ﬁNH hybhmyi, K =1,...,2N—1, are the autocorrelation

coefficients of {hn}__y,, and

S = (—1)mnl. (34)

l
We also have, TES’") = rff)l and rl(") = (—1)”7"(_7?.
3.2. Scaling functions and wavelets at different levels

We analyze now how to express the connection coefficients involving
products (of derivatives) of scaling functions and/or wavelets at different
scales 7, 7/, in terms of connection coefficients with products (of derivatives)
of scaling functions at the same scale, using local refinement relations (see,
e. g., [3]). In all cases the amount of work is proportional to |j — j'|. We
only consider connection coefficients with the edge scaling functions and

wavelets at 0. At 1 we can proceed in a similar manner.

We define ind; (1) as the number in {1,..., M — #A¢} giving the po-
sition of [ in the set {0,..., M — 1} \ Ag considered with its elements in an
increasing order. For | € Ty, the number indx(l) € {1, ..., #0} is defined
in a similar manner. In order to obtain the results of this subsection we
rewrite (10) and (13) as

~ M-1 N
0,(22) = V2 Z Hy(indy (1), indy (i), (271 2) +
igA
3N—2—2aq
+\/§ Z ho(indl (l),i — N+ ap + 1)¢i(2j+1$), (35)

i:N*OLo

M-1
¢ (2z) = V2 Z Golinda(l),ind: (i))¢; (27T x) +

igAg
3N —2—2ap ‘
+v2 Z go(inda(1),i — N + ap + 1)p; (27 z). (36)

i:N—OZ()

Case 1.If j > j', k,l = N — g, ...,27 — N — 1 + o, since supp(¢p(™ (272 —
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k)) [k N+17k+N] by( )

/ h o™ (2 — k)™ (27 & — 1) da

— 00

2nte ) o (2 — k)™ (27 — i) da.
iead 1 m T

where Vﬁ/’T is the set of integers 2l + p with p € {—-N +1,..., N} and

RN+l - N < EEN 1. We have #V“ " < C. Repeating

2i—i’—r 2i—i’—r

this procedure j — 7’ times, we finally express the connection coefficient
=3’

2 e (20 — k)™ (27 2 — )dz in terms of a sum of Z#Aﬁ <
r=1

j — 3")C}) terms that involve the connection coefficients (T
k.l

Case 2.1f j >/, k=0,..,.N—1,k¢ Ag, L =N —ag,...,2 — N — 1+,

=(m)

by (2) and taking into account that supp(¢, (27z)) = [0, N_l-ae]
o (Pa)e @ 2 D
0
~(m
— ont3 Z / 7)™ (27 g — §)da,

where Aj’j/’T is the set of integers 2l + p with p € {—-N+1,..,N}, p <
2N-1-a0 | v — 1. Clearly, #A{"jl’r < C. Repeating this procedure

oi—i’—r
~(m) ,
j — j' times, we finally express fooo b (272)¢™) (27 x — I)dx in terms of
i’
a sum of Z#Af 70T < (5 — 47)C terms involving connection coefficients

Case 3. Similarly, using (35), if j < j/, k = 0,..,.N =1, k ¢ Ao, | =
) ~(m) .
N —ag,...22 = N — 1+ oy, then [[°¢, (272)¢™ (272 — l)dz can be

~(m)
¢ (2)p!" (2 — l)da,
IS ot (20 — D¢ (27" x —)dx, k = 1,...,j' — j. Finally these last

connection coefficients are treated as in the Case 1.

. . . o0
expressed in terms of the connection coefficients fo
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Similarly, using (35) and (36), the rest of the connection coefficients

can be expressed in terms of that considered in the above cases and/or in

the previous subsection.
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