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Abstract In this work we consider the uniform capacitated single-item single-machine lot-
sizing problem with continuous start-up costs. A continuous start-up cost is generated in a
period whenever there is a nonzero production in the period and the production capacity in the
previous period is not saturated. This concept of start-up does not correspond to the standard
(discrete) start-up considered in previous models, thus motivating a polyhedral study of this
problem. In this work we explore a natural integer programming formulation for this problem.
We consider the polytope obtained as convex hull of the feasible points in this problem. We
state some general properties, study whether the model constraints define facets, and present
an exponentially-sized family of valid inequalities for it. We analyze the structure of the
extreme points of this convex hull, their adjacency and bounds for the polytope diameter.
Finally, we study the particular case when the demands are high enough in order to require
production in all the periods. We provide a complete description of the convex hull of feasible
solutions in this case and show that all the inequalities in this description are separable in
polynomial time, thus proving its polynomial time solvability.
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1 Introduction

In this work we consider the capacitated single-item single-machine lot-sizing problem with
continuous start-up costs. In this problem we have a planning horizon consisting of p periods,
T ={1,..., p}, having nonnegative demand on each period. We assume that the production
of the single item in each period can be any real number between 0 and 1. A continuous
start-up cost is incurred in period ¢ > 1 if the production at period ¢ is nonzero and the
production at period ¢ — 1 is not saturated (i.e., strictly less than 1). The lot-sizing problem
with continuous start-up costs asks for a production plan (i.e., the quantity to be produced at
each period) satisfying the demands and minimizing the total costs.

This concept of continuous start-up was first presented in Toledo et al. (2008) in the context
of planning the operation of water pumps in a real setting in Brazil. Water pumps usually
operate at a fixed speed (i.e., there are no controls allowing the pump to run at different
speeds) and must be turned off if the operator needs just a fraction of the production capacity
in a certain period. In this case, the operator must run the water pump at full speed for part
of the time, and then the pump must be shut off (as opposed to running the pump at partial
speed for the entire period). Since the water pump must be turned off and restarted in the next
period needing production, the particular concept of so-called continuous start-up considered
in this work is generated. Besides water pumps, this setting is relevant for any continuous
single-velocity machine.

An important assumption in this model is the uniformity of the production capacity. The
periods are assumed to span similar time intervals, hence at each period the maximum produc-
tion is constant. Furthermore, we normalize this maximum production so the production in
each period is any real number in [0, 1]. This normalization helps in the reductions presented
in this work.

The capacitated lot-sizing problem with start-up costs can be modeled using the following
variables. For t € T, we introduce the production variable x; € [0, 1] representing the
production in period t. Fort € T, we employ a binary set-up variable y, € {0, 1} representing
whether there is production in period ¢ or not (i.e., y; = 1 if x;, > 0). Finally, fort € T, we
introduce a binary start-up variable a; € {0, 1} asserting whether the (continuous) production
starts at period f or not (i.e.,a; = 1ifx; > Oand x;_; < 1). Note that we treat the variable a;
as if there were an initial production xo = 0. Throughout this work we assume a null initial

inventory.
For each t € T, we denote by d; the nonnegative demand of the single item in the period
t.Fori,j e T,i < j, we define d;; = {zi d;. A feasible solution for the capacitated

lot-sizing problem with continuous start-up costs is an assignment of values to the variables
satisfying the following set of constraints:

O0<x; <y teT, (1a)

ap = yi, (1b)

ar+1 = yi+1 — Xt € T~{p}, (1c)
dy < Djyxx teT, (1d)
v € {0, 1} teT, (le)

a, € {0, 1} tefT. (1f)

Constraints (1a) assert that the set-up variable y, must take value y, = 1 if there is produc-
tion in the period #, for t € T. Constraints (1b) and (1c) define the start-up variables, and
constraints (1d) ask for the demand to be satisfied. We write (x, y, a) € R3? for x, y,a € RP
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and define P = conv(S) where S is the set of feasible solutions of the formulation (1a)—(1f).
We denote by Pp g the linear relaxation of P, that is, the polyhedron obtained by allowing
the binary variables in S to be any real number between 0 and 1.

In Constantino (1996) and Hoesel et al. (1994), the authors study the discrete start-up
model where the start-up constraint (1c) is replaced by a;+1 > yi41 — ys fort € T ~ {p}.
This discrete start-up cost is incurred in a period ¢ 4 1 if there is no production in period t € T
(i.e., x; = 0) and there is positive production in period ¢t + 1 (i.e., x;4+1 > 0). In contrast,
a continuous start-up cost is generated at period ¢t + 1 if x; < 1 and x,4; > 0. In Hoesel
et al. (1994) the authors present a complete characterization of the convex hull of feasible
solutions for the uncapacitated discrete start-up model.

Some lot-sizing models have been shown to admit an interesting polyhedral structure,
and this motivates us to explore in this work the polytope P. We are interested in studying
how the particular start-up considered in this work affects the structure of the polytope. In
particular, we continue the search for general valid inequalities, and we present for the first
time a family of valid inequalities composed by an exponential number of elements. We are
also interested in general properties of this polytope, including the structure of its extreme
points and bounds on its diameter.

Finally, we consider the particular case where the demands force production in all the
periods, and we provide a complete characterization by linear inequalities of the polytope
in this case. We also show that the inequalities in this characterization are separable in
polynomial time, hence showing that it can be solved in polynomial time for any linear
objective function. To the best of our knowledge, this is the first case of a capacitated lot-
sizing problem with arbitrary (production and continuous start-up) costs for which this goal
is attained. Furthermore, this result provides another example of a combinatorial problem for
which a nice polyhedral characterization leads to a polynomial-time algorithm.

The paper is organized as follows. In Sect. 2 we first present general properties of the
polytope P, such as its dimension and a minimal system of equations. We identify the
model constraints that induce facets of P and we also introduce two new families of valid
inequalities. A preliminary version of some of these results appeared without proof in the
conference paper (Escalante et al. 2011). In Sect. 3 we explore the combinatorial structure
of this polytope. In particular, we study under which assumptions a feasible solution is an
extreme point and we explore conditions ensuring that two extreme points are neighbors in
P (i.e., the segment joining them is an edge of the polytope). These results allow us to find
bounds on the diameter of the polytope P. In Sect. 4 we study the particular case of high
demands forcing production in all the periods. We provide a complete description of P in
this particular setting by introducing a set of valid inequalities that includes all the facets of
P, and we show that this new family of inequalities can be separated in polynomial time. In
order to clarify the presentation, we have added an “Appendix” where we present a particular
instance of the continuous start-up lot-sizing problem with high demands.

2 The polytope P for general demands

In this section we present some general results on the structure of P. For w € P and

A C{1,...,3p}, we define wy = (w;);ea to be the vector obtained from w by projecting
out the variables outside A. Let 1 be the all-ones vector, 0 be the all-zeros vector and e; be
the i-th unit vector for i = 1, ..., p, all of them of appropriate dimension. For simplicity,

we write x;; = th:i x fori,jeT,i<j.
By combining constraint (1d) with x; < 1 for every i € T, we have the following result.

@ Springer



236 Ann Oper Res (2015) 235:233-258

Proposition 1 The polytope P is nonempty if and only if dix < k for everyk € T.

Throughout this work we assume that P is nonempty and d; > 0. If there exists a period
k € T withdjx = k,then x, = 1 for¢ € {1, ..., k}. We can preprocess this case; hence in
this work we assume w.l.o.g. djx < k for every period k € T. Define kpoq € T to be the
maximum period k such that djx > k — 1 if such period exists, and kpoq = O otherwise.
Note that x; > Oforz =1, ..., kprod-

A minimal equation system for a polytope Q € R" isaset of linearly independent equations
such that any equation satisfied by every point in Q is a linear combination of them. If such
a system has ¢ equations, then dim(Q) =n — q.

Theorem 1 A minimal equation system for P is given by

() yk = 1 fork € {1,..., kprod}
(ii) ay = 1if kproq > 0.

Proof If kproa > 0, then any feasible solution (x, y, a) € R3? has nonzero production in the
first kproa periods, hence yp = 1 fork € {1, ..., kproa} and, furthermore, a; = 1.

Let A = (u, y, 8) € R3?, where i, y, 8 € R? and Ag € R such that Aw = A for every
w = (x,y,a) € P. We verify that Aw = A is a linear combination of (i)—(ii).

Clearly, 1 € P.Let0 < ¢ < min{l,t — dyj;:t € T} and define wk = (xk, 1,1) with
xK =1 — g¢y, for each k € T. We have that w* € P, since x{‘t =t—¢>dj fort € T.The
points 1 and w* only differ in their x;-variable which implies that 1, = 0.

Foreachk € {kproa+1, ..., p},letw* = (&¥, 1, 1) with ¥ = 1—¢;. Since &f, =t —1 >
d\; forevery t > k > kprod, wk € P. Moreover, w* = (£, 3%, 1) with £¥ = 3k =1 — ¢; is
also feasible since )?,f = 0. The points w* and W* only differ in their ys-variable, implying
that y, = 0.

Finally, for k = 2, ..., p, let w* = (1,1,3*) with @* = 1 — ¢, which is feasible since
d >y — X—1 = 0 for every period ¢. By the definition of @* we have that §; = 0.

In this way we have shown that the only nonzero coordinates in A are those in (i)—(ii).
Furthermore, each such equation has exactly one nonzero coefficient, hence Aw = Ag is a
linear combination of (i)—(ii) which, therefore, defines a minimal equation system for P. O

2.1 Facet-inducing inequalities for P

In Pulleyblank (1989), Pulleyblank presents the following result that characterizes facet-
defining inequalities of a polyhedron, we rewrite it here for completeness using our notation.

Theorem 2 [Pulleyblank (1989)] Let F be a proper face of P = {w € R37: Aw < b}. If A;
is the row submatrix of A indexed in the set I (similarly for by) and Ajw = by is a minimal
equation system for P, then the following statements are equivalent:

(i) F isafacetof P.

(ii) dim(F) =dim(P) — 1.

(iii) Let o, A € R3? and B, Ao € R be such that cw < B and Aw < Ag are valid
inequalities for P. If F = {w € P:aw = B}and B = {w € P: Aw = Ap} satisty
F = B, thenthereexistv € R andu € Rt suchthat A = ua+vA;and Ag = up+vby.

Theorem 2 allows us to characterize the model constraints that induce facets of P.
In the proofs of the following theorems we shall need to distinguish between different
kinds of points. We denote by w/) € R3? fori € {1,2,3} and j € T a point considered
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for studying the x-variable (i = 1), the y-variable (i = 2) Aand the a-variable (i = 3),
respectively, corresponding to the period j. For instance, w'!*/) corresponds to the analysis
of the variable x;.

Theorem 3 The following model constraints define facets of P:

P
i 2 xj=dip.
=1
(ii) x5 < 1fors € {1, ... kprod)-

(iii) x; < ys and y; < 1fors € {kproa + 1,..., p}.
(iv)a; < 1fors € {2,..., p}.

Proof Since the arguments are similar for all constraints, we prove that the inequality (i)
induces a facet and omit the rest of the proofs.

Let A = (u,y,90) € R3” with u1 # 0and Ap € R such that Aw < Ay is a valid
inequality for P. If « = (—1,0,0) and B = —d,, the inequality aw < B corresponds to
the constraint (i) for w = (x, y, a) € R3P.

With this choice of & and 8, if F = {w € P:aw = B} and B = {w € P: Aw = Ap}
we show that (i) defines a facet of P by using (iii) in Theorem 2. Assuming that F = B,
we prove that there exist v € R! and u € RT such that A = u(—1,0,0) + vA; and
Ag = u(—dip) +vb; where I is the set of indices of the minimal equation system presented
in Theorem 1.

Let r € T such that [d;,] = r. Since d; < 1,dy, < p. lf kproa = p thenr = p else
r < p.Ifr < p wedefine w = (x,1, 1) where

1 ie{l,...,r—1},
X = dip—r+1 i=r,
0 ie{r+1,...,p}

and, if » = p, we consider w = (x, 1, 1) such that

. 1 iefl,...,p—1},
X;i = .
dip—p+1 i=p.

In any case it is clear that w € F. Using this definition we subdivide the rest of the proof
into five cases.

Case (a) uj = py for j € {1,..., p}.

Assume that r < p.
Let j € {1,...,r — 1}. Let us consider

e=min{X;; —dy; : i=1,...,r},
or, by the definition of x forr < p,
e=min{di, —di, + 1, min{i —dj; : i =1,...,r — 1}}.

(1,/)

Note that 0 < ¢ < 1 since d; > 0. We consider w = w; for every i except for

i
xj.l"’) = )?j —& andxr(:j{) = ¢. Then, w:/) ¢ F . Using the fact that F = B, we have
AD = Aw7) which implies that y¢;%; = u;(&; — ) + ftr16. Then, jt; = f,41.
Let j € {r+1,...,p} and &; = min{X,,d1, — di(j—1)}. Again, &; < 1. Let

wf]’j) = w; forevery i exceptforxr(l’j) =X —¢j andxj(]’j) = ¢;. Then, wl-) e F.
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Using the fact that F = B, we have A = Aw'"/) which implies that p,%, =
wr (X — &7) + pjej. Then, ;= pu,.

Now, assume that » = p.

Let j € {1,..., p — 1}. Define

e=min{i —dy;: i=1,...,p},

L) — iy forevery i exceptforxj.l’j) =

clearly,0 < ¢ < p—d;p < 1. Weconsider w;

Xj—e=1-¢ andx},]"/) = X, +e¢. Then, w7 e F.Using the fact that F = B, we
have A = Aw'"/) which implies that y;£; + pp, = u;(&; — &) + pp(Ep +£).
Then, p; = pp.

In both cases we conclude that u; = py for j € {1,..., p}. ¢

Case(b)Ifr < p,y; =0forje{r+1,...,p}.

Let j € {r +1,..., p}. Observe that kyoq < r + 1. Define wi(z'J) = w; for every i

except for y;.z’j ) = 0. Clearly, w®/) e F. Again, using the fact that F = B, we have
A = Aw@J) which implies y; = 0. O

Case () If r < p,y; =0forj € {1,...,r} N{kproa + 1,..., p}.

2.))

Let j e {1,...,r} N {kproa + 1, ..., p} Consider w; = w; for every i except for
52 S = yfz 0 =0, x%" = 1 and x(i{) = X. Since j > kprod, it is easy to see that

w?7) e F. Again, using the fact that F = B we have A = Aw®/) which implies
wrXy + 1+ v = e + wr41%-. After Case (a), y; = 0. 0

Case(d) §; = 0 for j € (2. ... . kproal-
Let j € {1,..., kproa). Define w>/ =
w37 e F and using the fact that F = B we have A = Aw/) which implies that
5; =0.0

Case (e) If kproq < p, 8; =0for j € {kproa +1,..., p}.

Let j € {kproa + 1, ..., p}. Define w(3 D=
Clearly, w®/) € F and using the fact that F = B we have Aw®/) = Aw®/) which
implies that §; = 0. O

= w; for every i except for a = o. Clearly,

(2 7 for every i except for a® = o.

Now, by denoting u = |pi| and v = (Y1, ..., Vkyea- 61), the previous analyzed cases
imply that Aw = u(— Zf’zl xj)+v(y, ..., Vhprod ay) and Ag = u(—d;p) +vl. According
to Theorem 2, the inequality (i) defines a facet for P. O

Several families of facet-inducing valid inequalities were presented in the conference paper
(Escalante et al. 2011), all of them composed by at most p inequalities. The following result
presents an additional family of facet-defining inequalities of P fors € {1, ..., kproa — 1}.
These new inequalities dominate the model constraints (1c) when s —dj; < 1, 1mp1y1ng that
the original constraints (1c) do not induce facets of P in this case.

Theorem 4 Fori € T letd; < 1besuchthatkpoq > 1. Then, foreachs € {1, ..., kpoa—1},
the inequality
Xs + (s —dis)as+1 > 1 (2)

defines a facet of P.

Proof We first prove that (2) is a valid inequality. Since P is a polytope it is enough to prove
the validity over S. Let us consider the following two cases for (x, y,a) € S.
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Case 11If a;1 1 = 0, then s < kproq implies x; > 0, hence either x; = 1 or y; 41 = 0.
We cannot have y;1 = 0as s + 1 < kproq and then x5 > 0. Therefore, x; = 1 and (2) is
satisfied. O

Case 2 If a;41 = 1, then the demand satisfaction constraint (1d) for t = s implies

s—1

Xs + (S - dls)as+l > dlx - th + (S — dls)

t=1

s—1 s—1
—s—D> xm =1+ (I-x) = L0
t=1 t=1

‘We conclude that (2) is valid for P.

We now address the facetness of the constraint in (2). Let A = (u, y.§) € R3? with
s # 0and Ay € Rsuchthat (A, Ag) € R3PH isavalid inequality for P. If « = (ey, 0, (s —
dis)es+1) € R3? and B =1 € R the inequality «w > B corresponds to the constraint (2)
forw = (x,y,a) € R3”. With this choice of & and B,if F ={w € P:aw = B} and
B ={w € P: Aw = Ap}, we show that (2) defines a facet of P by using (iii) in Theorem 2.

Assuming that F = B, we prove that there exist v € R/ and u € R* such that A =
ua +vAj and Ag = uf + vby where I is the set of indices of the minimal equation system
presented in Theorem 1.

Define w = (1,1, a) witha, = 1foreveryt € T~ {s+1}and a;4+; = 0. Clearly, w € F.
We divide the proof into four cases.

Case (a) uj =0for j € T \ {s}.
Let j € {1, ..., kproa} ~ {s}. Consider wl.(l’ = w; for every i except for D =
1 —&; where ¢j = min{i —dy;,i = 1, ..., kproa}. Note that 0 < &; < 1. Then,
w1/ € F and using the fact that F = B we have that A1) = Aw /) which implies
that nj = ,LLj(l - Sj). Then, nj = 0.

7

Let j € {kproa + 1,..., p}. Consider wi(l’j) = w; for every i except for xj(.l’j) =0.

Since j > kproq we have thatd;; < j — 1 and clearly w7/ e F. Using the fact that
F = B we arrive to A = Aw'!"/) which implies that 1¢; = 0. ¢

Case (b) 6,11 = (s — di5) s

Let wl@’s“) = w; for every i except for xs(3"v+1) =dis — (s — 1) and ag_"i“) =1.1Itis
clear that w31 e F and using the fact that F = B we have A = Aw®**+D which
implies that g = g (dis—(s—1))+85+1. By simplifying we arrive to 8541 = (s—d1s) is-
O

Case(c)§; =0for j e T~ {1,s +1}.

LetjeT~{l,s+1}and wi@’j) = w; for every i except for af’j) = 0. Again, clearly
w7 e F and using the fact that F = B we have A = Aw® /) which implies that
8;=0.0

Case (d) y; =0 for j € {kproa + 1, ..., p}.

Let j € {kproa +1,..., p} and wi(z’j) = w; for every i except for xj(z’j) = yﬁz’j) =0.

Then, w7 € F and using the fact that F = B we have A = Aw®/) which implies
that 1 + y; = 0. Since u; = 0 after Case (a), we obtain y; = 0. ¢

Now, by denoting u = |ug| and v = (yy, ..., Vkorod 81), the previous analyzed cases
imply Aw = u(xs + (s — di5)as+1) + VY1, -+, Viproa» @1) and Ag = u + v1. According to
Theorem 2, (2) defines a facet of P. O
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In the remainder of this section we make the following additional assumptions
di <1 foreveryi e T~ {1} and 3)
kprod > 1. 4

These conditions ensure that it is feasible to produce exactly the demand at each period,
since the production can take any value in [0, 1]. Since d; < 1, the production may not be
saturated at the first period. Note, furthermore, that we may have over-production in some
periods and zero production in subsequent periods, but this is not mandatory as d; < 1 for
every i € T.In this case we are able to present the following exponentially-sized family of
valid inequalities for P.

Definition 1 Letkpog > 1,kg > land M C {ko, ..., kproa—1}.If A = {i € {ko, ..., kprod—

1}:i¢g Myand B={i € {1,..., kproa — 1}: i ¢ M}, we define
> xi +Z(i —ko+ 1 —digdaiyy = D di + Al )
ieB icA ieBN\A

to be the (ko, M)-inequality associated with the sets A and B, and with the period k.
Theorem 5 Under the assumptions (3) and (4) the (ko, M )-inequality (5) is valid for P.

Proof Since kproq > 1 we have x; > 0 forevery 1 € {1, ..., kproa}. Let w = (x, y, a) be an
arbitrary feasible solution, and define {/;(w), Ir(w), I3(w)} to be the following partition of

{1,. prod 1}:
L(w) ={i e{l,. prod_l} ai+1 =1, 0<x; <1},
Lw) ={i e{l,. prod —1}ai+1 =0, x; =1},
L(w) = {i (I, --~akpr0d —1kai1 =1, x; = 1}

If Iy (w) =@ then x; = 1 foralli € {1, ..., kprog — 1} and (5) reads as

Dxi+ D i —ko+1—digdai1 = D x = |Bl.

ieB i€A teB

Since |B| = |B — Al + |A| = > ;cp_4 di + |Al, the inequality holds.
Assume that I1(w) # @, and define w = (X, y, @) to be a feasible solution with * = x,
y =1y, and

Ger = | Gl ke Ii(w)U L(w),
H1=190 k € B(w).

Clearly, w is a feasible solution with I1(w) = I{(w) and Ir(w) = L(w) U I3(w) (hence
I;(w) = ). Define m = max{i:i € ANI(w)}if ANT{ (W) # W andm = ko — 1 otherwise.
Then

Z (M =%) — (G —ko+ 1 —dpi))

icANI (D)
< D U=&)—(m—ko+ 1 —digm)
i€ AN (D)
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m

= > U-%-> (0-d)
ieANI () i=ko
m
= > d-t- D> (U-d)= D> Fi— D d. 6)
ieANI (D) i=ko ieBNA i€EB~NA
i¢ANI (D)

SS

UubD
MPS

The first bounding holds due to the fact that A C {ko, ..., kproa — 1}. The last bounding
holds since the expression U D represents the demand in A N I1 (W) unmet with production
from the same periods, the expression M P S gives the maximum production surplus in the
remaining periods in {ko, ..., m}, and SS represents the surplus stock after period ky — 1.
We must have UD < SS + M PSS in order to meet the demands up to the period m. We can
now show the validity of (5):

D xi+ D —ko+ 1= digi)ait

ieB icA

> > R+ D R+ D (i —ko+ 1 — digi)aig
i€EBNA i€cA i€eA

= Z X+ Z X+ Z ()%,'-‘ri—ko-l—l—dkoi)
ieB\A icANDL (W) ieANI (W)

= > &H+IANLM)|+[ANLGD)
ieB~A
+ D (G = D+i—ko+1—dyy)

ieANI; ()

> > di+lAlL

ieB~A

In the last inequality we made use of the bound in (6). This allows us to conclude that (5) is
a valid inequality for P. O

Remark 1 We have already identified a sub-family of the (ko, M)-inequalities whose mem-
bers define facets of P. Namely, if we set ko = 1, M = {1, ..., kproda — 1} ~ {s} for some
se{l,..., kprog — 1}, and A = B = {s}, then the (ko, M)-inequality becomes

Xy + (s — dls)aerl > 1.

Theorem 4 implies that this inequality is facet-inducing for P.

In Sect. 4 we shall consider the case where the additional assumptions (3) are satisfied
and also that the demands force the production to be nonzero in every period. We shall verify
that under these assumptions the (ko, M)-inequalities, together with the model constraints
and the relaxed bounds on the binary variables, provide a complete description of P.

In addition, also in Sect. 4, we will see that the constraints (5) are closely related to the
well-known (¢, S)-inequality for the general case of the uncapacitated lot-sizing problem.
In fact, in the proof of Theorem 10 we show how this relationship can be achieved for the
special case of high demands.
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3 The combinatorial structure of P

In this section we consider a particular graph associated with a polyhedron P, namely the
graph whose vertices correspond to the extreme points (i.e., the zero-dimensional faces) of
P and where two vertices are adjacent if they belong to the same one-dimensional face of the
polyhedron. In Sect. 3.1 we characterize the feasible solutions that are extreme points of P,
a fact that is not straightforward due to the presence of continuous variables. In Sect. 3.2 we
present some results concerning properties that ensure that two extreme points are neighbors
in the associated graph. Finally, in Sect. 3.3 we provide lower and upper bounds on the
diameter of the polytope, i.e., the longest distance between any two vertices in the associated
graph.

3.1 Basic properties

In Sect. 1 we have denoted by S the set of feasible solutions for the formulation (1a)—(1f). Now
we focus on the extreme points of the polyhedron P = conv(S). Recall that w is an extreme
point of P if there do not exist wl, w?ep,w! #+ w?, such that w = aw! + 1- oz)w2 for
some « € (0, 1). Clearly, it w € P N {0, 1}3” then w is an extreme point of P. However,
a feasible solution may contain fractional x-variables and still be an extreme point, as the
following theorem shows. If w € P we define F(w) = {t € T:0 < x; < 1}. In case
F(w) # 0 we consider F(w) = {t1,...,t} and tx11 = p + 1, where t; < t;41 for
i €{l,...,k}. According to this notation we can state the following result.

Theorem 6 Let w = (x,y,a) € S with F(w) # (. Then, w is an extreme point of P if and
only if for every i € {1, ..., k}, there existsr € {t;, ..., ti11 — 1} such that x1, = d,.

Proof For the forward implication, let w = (x, y, a) be an extreme point of P. Suppose
there exists some i € {1, ..., k} such that x1, > dy, foreveryr € {t;,...,t;;1 — 1}. We
show that this assumption leads us to a contradiction by dividing our analysis into two cases.

Leti < k. We define two points wl = (!, v, a) and w? = (x2, y, a) such that x! and x2
only differ from x in the periods #; and #;1, where they are defined as follows:

1 2

X, =Xy — &, X, =Xy + &,
1 _ 2
Xty = Xtiga te, Xy = Xtipr — &
Since x1 > dy, forr € {t;,...,t;+1 — 1}, both points belong to P if ¢ is small enough.

Furthermore, w = (x! 4 x2)/2 which implies that w is not an extreme point.
Now, if i = k, we define w! = (x!, v, a) and w? = (x2, y, a) such that x! and x2 only
differ from x in the period #;. More precisely,

1
x

.
3

X = Xg +&.

= Xt;

1_8’

Again, if ¢ is small enough then both points belong to P and w = (w' 4+ w?)/2, implying
that w is not an extreme point.

For the converse implication, if w is not an extreme point of P it can be written as the convex
combination of some points wh, ..., w" e P.Letw’ = (x!, y,al) fori € {1, ..., n}.Since
the y- and a-variables are integral, yi = yand a =a,fori =1,...,n. The same argument
shows that x/ = x; fort ¢ F(w).

Consider now the variable x;,, corresponding to the first index of F'(w). By hypothesis,
there exists some r € {t1, ..., — 1} such that xi, = d;,. Leti € {1, ..., n}. Since w and
w’ may only differ in their X, -variable up to period f, — 1,
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i i i
X =XLn—1 X, X4 =diy + X, — Xy

Moreover, since dj, + x;l — Xx;; > dj we have that xt’l > x;,. Therefore, x}l > x4, for

every i € {1, ..., n}. However, since x is a convex combination of x!, ..., x" we conclude
xt"] = x;, forevery i € {1,...,n}. By repeating this argument we get xj. = x; for every
j € F(w)andeveryi € {1, ..., n}. This shows that w! = wfori € {1,...,n}and then w
must be an extreme point, i.e., a contradiction. O

Throughout this section we make use of the following well-known characterization of
extreme points of a given polyhedron.

Lemma 1 [Nemhauser and Wolsey (1988)] A feasible solution w € P is an extreme point
of the polytope P if and only if there exists a linear objective function G, such that w is the
unique optimal solution of max{G,, (x):x € P}.

Let us now introduce a linear function associated with every point in S.

Definition 2 If w = (x, y, a) € S, we define the linear function Gz on P as follows:

Gow)= D yi+ > (U=y)+ D aj+ > (—aj

Jiyi=1 J:yj=0 Juaj=1 J:aj=0
GL(y G2 (a)
1 .
+ > x> U-xp)+ — D (p—j+DU-x)
jiEj=1 Jji%j=0 P™ i EFw)
G3(x) GH)

forw € P.

Remark 2 The definition of G implies that GL () = G2 (@) = pand G (%) = p—|F (w)|.
Itis clear that GL (y) < p, G2 (a) < p,and G} (x) < p — |F(w)| forw € P.If F(0) = §,
then G4 (w) = 3p and Gg(w) < 3p forw € P.If F(w) # @, it holds that G (W) >
3p — |F(w)|. Let us now show that G (x) < 1forw = (x, y,a) € P. Actually,

w

1
Gr)=— > (p—j+DU-x)

P~ jér)
1 .
<= D (p—j+D
JeF ()
I (p+Dp
SS2 -t = 5t <L
jeT

Therefore we have that G (w) <3p — |F(w)| + 1 forany w € P.

Using this linear function we show the following necessary condition for w to be an
extreme point.

Proposition 2 If w = (x,y,a) € S is an extreme point of P then w is the only optimal
solution of max{G 3 (w): w € P}.
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Proof For any w = (x,y,a) € S such that y # y we have that G}l-)(y) < p and then
Gy(w) <3p—|F(w)| by Remark 2. This shows that this point cannot be optimal for G 3. A
similar situation holds for the a-variable. Therefore, any optimal solution of max{G z(w) :
w € P} can only differ from w in the x-variables.

Letw’ = (x/, y,a) € Ssuchthatx” # x.If F(w) = @ and G3(w’) = 3p clearly implies
that w’ = w. Now, if F(w) # ¢ we show thatif A = Gz (w’) — Gy (w) then A < 0. Let
Fw)U{p+ 1} = {tr1,..., 1} U {tx1+1}. After Theorem 6, for every i € {1, ..., k} there
exists r; € {t;, ..., ti+1 — 1} such that x1,, = dy,,. Let

/ -
ro=0, rkq1 =p, X, =Xy =0,

and, fori € {1,...,k + 1}, define TO(u'),ri) ={je{rici+1,...,r}:x; =0} and

T'(w,ri) ={j € {rici +1,...,r;} : ¥; = 1}. In addition, consider
i) _ / =
)= > ( ./_xf)’
JET (W,ry)
i) _ ’ =
oS (g-5).
JeTOw,r)
Sgl) = xl/i - )Eti’
& = xir,- — Xy = xir,- —diy;.
Eri =&y = 8?) + gg) + Séi)'

By definition we have that if

A=Y (v-8)+ X (x,-—x;)+% S p-j+D (x,-—x;.),

jixj=1 Jjix;=0 JeF ()
then
k+1 k+1 1 k
N0 0 _ 0
A=De" =D & —;Z@—h +1De;
i=1 i=1 i=1
k+1 k+1

. . 1 1 1
0 U U UMY SRR
i=1 i=1

k
1 . .
— D (e e e o).
i=2

Or, equivalently,

k p—ti+1 K p—ti+1
- (i) (k+1) —h (i) (k+1)
A=Z(1—T)8]l +81 _Z<1_T)82l —82
i=1

i=1

k—1
1 1
) E (i1 — 1) Er; _j(p_tk'i‘l)grk
p i=1 p
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& i1\ /g
= Z (1 - 71) (Sil) (l)) Z(h«kl 1) &y

_?(p_tk'i‘l)srk- (7

Now, by definition we have that EY) <0and 8;.) > 0fori € {1, ..., k+ 1}. This implies

that (¢! —¢{"") < 0. By combining these observations with the fact that (1 — %"ZH) >0
fori € {1,...,k+ 1}, we can conclude that A < 0.

Moreover, A = 0 if and only if ¢ = i’ = 0 fori € {1,...,k + 1} and &, = O for
i €{l,...,k}, thatis, if x" = X. This proves that G 3(w") < Gz (w) for w’ # w.

If F(w) = # then Gg(w) = 3p and, furthermore, G5 (w) < 3p for every feasible
solution w. Since w € {0, 1}37, any w’ € P attaining G z(w’) = 3p must coincide with w
thus implying that w’ = w. ]

3.2 Neighboring extreme points

Proposition 2 provides the starting point for exploring the edges of the polytope P. Recall
that e; stands for the i-th unit vector of appropriate dimension.

Definition 3 Two extreme points of a polyhedron P are neighbors if they belong to the same
one-dimensional face of P.

Remark 3 Two extreme points w and w’ of P are neighbors if and only if there exists a
linear function G such that they are the unique extreme points that are optimal solutions of
max{G(w): w € P}. That is, the set {w € P: G(w) = G(w)} is a one-dimensional face of
the polytope P.

In the following three propositions we consider particular pairs of extreme points of P
which turn out to be neighbors.

Proposition 3 Letw’ = (x, y', a') be an extreme point of P withy; = Oandi € (2, ..., p}.
Then w' = (x', y' + e;, a') is an extreme point of P and w' and w' are neighbors.

Proof 1t is clear that w' is an extreme point of P. Forany w = (x, v, a) € P, let us consider
the function G;(w) = G i (w) — y;, i.e., the functions G; and G coincide except fo; the
coefficient of the y;-variable, which is not present in G;. In order to show that w' and w' are
neighbors, we will prove that the points w' and w' are the unique extreme points that are
optimal solutions of max{G; (w): w € P}.
For w € P, G;(w) takes the following form
Gi(w) = Ggi(w) — yi
=GL () —yi+ Gi@ +G(x) + Gi ()
=D yi+ D> A=y) + GL@ + G3(x) + G ().
J# J:55=0
yi=1 '
It is easy to prove that

Gyi(w)—Gi(w) =1 ®)
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and
G;(w') = G;(@"). ©)

We define the operator H': S — R3” tobe H' (w) = ' = (&', 7', a'), with

N N

x'=x, a'=a,
V=l Si=vp J#L
Note that if y; = 1 then H'(w) = w.
If w e Sand w' = H'(w) then
Gi(w)=Ggi()—1. (10)
Since w' is optimal for G ;i, we have G i (W') > G i (w) for all w € P, implying
Giw) < Gzu@)—1= Gi@). (11)

By (9) we have that w' and @' satisfy (11) at equality, hence G; achieves its maximum value
at these points. If there were another extreme point w* € P verifying Gi (w*) = G;(w") then
¥ =0ory = 1.Onthe one hand, if y = 1, then G; (w) = G (w") — 1 and Proposition 2
imply that

Gi(w*) = Ggi(w") —1 < Gg(w)—1=G;@),
a contradiction. On the other hand, if y* = 0 then by combining (8), (10) and Proposition 2
we get
Gi(w*) = Gzi(w*) =Gp(w™) +1 < Gg(w) + 1 =Gy (w) = Gi(w),
which is also a contradiction. This shows that w’ and w' are neighbors. O

The following results are proved in much the same way as Proposition 3, hence the proofs
are omitted.

Proposition 4 Letw’ = (x, y', a') be an extreme point of P withaf =0andi € {2,..., p}.
Then w' = (x', y', a + e;) is an extreme point of P and w' and w' are neighbors.

Proposition 5 Let w' = (x', y', a') € {0, 1}3? be an extreme point of P with xf = 0 and
i € {kproda +1,..., p}. We define o= (! + e, yi,ai) such that ﬁf =1and y;l = y;for

every j # i. Then W' is also an extreme point of P and w' and W' are neighbors.

Proposition 6 Let w' = (x!, y', a') be an extreme point of P with F(w') = {t1,..., 1t}
wherei € {ry +1,..., p} such that x; = 0 for ry € {t, ..., p} such that xirk =dyy,. We
define w' = (x' + ¢;, ¥, a') such that )71? = 1and }7; = yé fors € T ~ {i}. Then W' is also
an extreme point and w' and w' are neighbors.

In what follows, if i = p we assume that {i + 1,..., p} = 0.
The following result shows under which conditions we can move from an extreme point
to a neighboring extreme point by setting a non-zero and non-saturated x-variable to 1.

A S R : P i
Lemma 2 Let w' = (x',y',a') be an extreme point of P satisfying 0 < x; < 1 and

x; e{0,1}forjeli+1,...,p}. Considerw' = (¥',3',a') such that 3 = y', @' = a’,

)E,’( = x,’; for every k except for )El’ = 1. Then W' is also an extreme point of P.
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Proof Let Fw') ={t e T : 0 < x! < 1}and F(w") U{p+ 1} = {t1,..., tr+1} be as in
Theorem 6, where t; < ;41 fors € {1, ..., k}and t; | = tp41. By hypothesis, #y = i. Since
w' is an extreme point of P, by Theorem 6, we have xirj_ =d),, forevery s € {1,...,k}
and for some r; € {ts, ..., ts41 — 1}. Since w' € P, the fact that 0 < x[i < 1 implies that
y; = 1 shows w' € P.

Observe that F(w') = {t € T : 0 < & < 1} = F(w) ~ {x} and F@') U {p + 1} =

{t1,..., tk—1} U {tx+1}. Since )Ellj = xy; for j € {1, ..., — 1}, we have that )Eirs = di,
for every s € {1,...,k — 2} and for some ry € {t, ..., ;41 — 1}. Moreover, there exists
rk—1 € {tx—1, ..., tx+1 — 1} such that iirk,l = dir,_,. By Theorem 6, we conclude that W'
is an extreme point of P. O

Using this last result we exhibit another pair of neighboring extreme points.

Proposition 7 Let w' = (x,y!, a') be an extreme point of P with 0 < x{ < 1 and
x;l e{0,1}forjeli+1,...,p}. Considerw' = (&', 7', a') such that 3 = y', @' = d’,
X, = x; for every k except for X; = 1. Then w' is also an extreme point of P. Moreover, if
al’: =1 then w' and W' are neighbors.

Proof By Lemma 2, w' is an extreme point of P. In order to show that w’ and w' are
neighbors we define a particular objective function G; over P and prove that the points w'
and W' are the unique extreme points that are optimal solutions of max{G;(w) : w € P}.
For any w = (x, y,a) € P we consider the function G;(w) = Gz (w) — :x;, i.e., the
functions G; and G coincide except for the coefficient corresponding to the x;-variable,
which is not present in G;.
For any w € P, we have

Gi(w) =Ggi(w) — x;

1 2 3 4
= Gﬁ)i ()’) + Gﬁ)i (Cl) —+ Gﬁ)i (x) + Gﬁ)i (.X) — X
= GuO)+ Gy + Z xj+ Z (1 —x;)+ G‘L‘b,-(x). (12)
el j:i;:o
i;:]

It is easy to prove that . .
Gi(w') = G;(w"). (13)

We define the operator H' : S — R3P to be H (w) = @' = (&', 5, a") with

i

}j:xj, ')?’}.:yj, a;=aj j#Fi and
X=y =a =1 (14)

Note that if x; = y; = a; = 1 then H (w) = w.
If we Sand W' = H'(w) then

Gi(w) < GL () + (1 —y)+ G (@ + (1 — a)
+ D x5 +0=3)+ D (—x)+GLx)
J# Jix=0
i;:l

=Gy (W) — & (15)
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Since w' is optimal for G i, G g (W) > G g (w) for all w € P and then
Gi(w) < Gg@)—1= Gi@) (16)

If we combine the inequality in (16) for w = w' with (13), we have that G; achieves it
maximum value at w! and .

Assume that there is another extreme point of P, namely w* = (x*, y*, a*), verifying
Gi(w*) = G;(w"). We divide our analysis into the following cases:

Caselx =y =a’ =1 '
By using the operator in (14) we obtain that H' (w*) = w* is an extreme point different
from w'. By Proposition 2, G zi (w*) < Gz (w'). From (15) we have

Gi(w") < Gy (w*) — 5 < Gy (@) — 5] = Gi(@"),
that is, a contradiction.

Case2 y =0ora’=0.
By using the operator in (14) we have

Giw*) < GL.") + (1 —yH+ GL@)+ U —a})+ D x}
J#i

si_
xj_l

+A=F)+ D A —xH+Gh("
j;;f]:o

= Ggi(H (w%) — .. a7
After (17) and Proposition 2 we have

Gi(w*) < Ggi (H (w*) — % < Gy (') — % = G;(w').

1

Again, a contradiction.

Case3 y =a =landx} < I.

Since w* is different from w! and w' there must' exist k 75‘ i such that y,’: #* y,i ora; # a,’;
or x; # x;. Indeed, if we assume that y,f =y af = a; and x;' = x; for every k # i,
then we can either have (a) 0 < x/ < x; or (b) ¥; < x/ < 1.

If (a) holds then w' would be a convex combination of w* and w’. On the other hand, if
(b) is satisfied, w* would be a convex combination of w' and @' . In both cases, we arrive
at a contradiction.

Using Lemma 2 and the definition of H' in (14), we have that H' (w*) is an extreme point
of P. Therefore, H' (w*) and w* coincide except for the x;-variable. After Proposition 2,

Gi(w*) = G;(H (w*) < Gy (w') — & = G;(w"),
again, a contradiction.

This completes the proof that w’ and w' are neighbors. O

3.3 Bounding the diameter of P
The results in the previous section allow us to bound the diameter of the polytope P. Studying

this parameter is of theoretical interest, since the diameter provides a lower bound on the
maximum number of iterations performed by any implementation of the simplex method
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on the convex hull of feasible solutions. Such an execution is theoretically beyond reach
unless P = N P, so studying this parameter has—in principle—no practical consequences.
Nevertheless, the diameter of a polytope is a measure of the connectivity properties of the
polytope, and some polytopes arising in the context of integer programming formulations for
combinatorial optimization problems have been shown to have low diameters. The results in
this section show that this is also the case for the lot-sizing polytope studied in this work.

Given a polyhedron Q, we define an associated graph G(Q) whose vertices are the
extreme points of O, and whose edges correspond to vertex pairs that belong to the same
one-dimensional face of Q. That is, two extreme points are joined by an edge in G(Q) if
they are neighbors in the polyhedron. Taking this definition into account we use the notions
of path, distance and diameter from graph theory.

Definition 4 Given v and w two extreme points of a polyhedron Q, a path (of length k)
from v to w is a sequence v = vy, v1, ..., vy = w of extreme points such that v;_; and v;
are neighbors for every i € {1, ..., k}. The distance from v to w is the length of a shortest
such path in the polyhedron Q and it is denoted by dist(v, w). If Q is a bounded polyhedron
(i.e., a polytope), the diameter of Q, diam(Q), is the maximum distance between any two
extreme points of Q.

Recall that throughout this paper we are assuming that d; > 0 and then y; = a; = 1.

Theorem 7 If P = conv(S) where S is described by the inequalities (1a)—(1f) then
diam(P) < 4p — 2.

Proof Let w = (x,y,a) and w = (x/,y’,d’) be two extreme points of P. By applying
Proposition 4 we get that the distance between w and w = (x, y, 1) is at most p — 1 (since
ay =1). If F(w) = {t1, ..., &}, we apply successively Proposition 7 starting at w fori = f;,
and over all the indices in F (). In this way we build a path of neighboring extreme points
between w and W = (X, y, 1), where

. [ 1 jeFwW)),

Xj = -

X; elsewhere.

This shows that dist(w, w) < |F(w)| and then dist(w, W) < p + |F(w)| — 1. Finally, we
build a path of neighboring extreme points between w and 1 by applying Proposition 5 to the

null x—variables in @ and we get that the distance between @ and 1 is at most p — |F ().
Then

distw, 1) < p+ |[F@)| — 1+ p — |F(D)| =2p — 1.

The same reasoning shows that dist(w’, 1) < 2p — 1. Therefore, dist(w, w’) < 4p — 2 for
any pair w, w’ of extreme points of P. Then, diam(P) < 4p — 2. ]

Now we focus on finding lower bounds for the diameter of P. To this end, we first present
preliminary results studying conditions that ensure that two extreme points are not neighbors.
We first show that this is the case if two points differ by two y-variables.

Proposition 8 Let w'/ = (x'/, y'/, a'l) be an extreme point of P such that yiij = y;j =0
and i # j in T. We define w'l = (x', 37, a'7) such that yjf = jl/-.j = 1land )—};‘j = yéj for

s € T~ {i, j}. Then ' is also an extreme point and w'/ and W' are not neighbors.
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Proof Clearly, w'/ is an extreme point. If w”/ and w" were neighbors, there would be a
linear function f of the form f(w) = cw for which they are the only optimal solutions
in P. In particular, f(wij) = f(lbij) = max{f(w):w € P}. If c,, is the coefficient of
the yg-variable then cy, + c,; = 0.1If ¢y, > 0then b = (x/, y"/ + ¢;, a'/) would satisfy
f(b) > f(w") contradicting the optimality of w'/. Analogously, we have ¢y, < 0. Then,

cy, = ¢y, =0.
Yi Yj
However, this fact implies that o is also an optimal solution, contradicting the fact that
w'/ and w" are the only two optimal solutions for f in P. O

A similar result holds for the a-variables, and we omit the proof since it goes along the
same arguments as Proposition 8.

Proposition 9 Let w'/ = (x'/, y, a'l) be an extreme point of P such that a;j = a;] =0
andi # jin T. We define w9 = (x', y¥  al/y such that El:.J = Zz;j = land ay = ay for
s € T ~{i, j}. Then W' is also an extreme point and w' and W'l are not neighbors.

The following result provides conditions ensuring non-neighborhood and applies to the
x-variables. Recall that for w € P, F(w) = {s € T : 0 < x; < 1}. If it is nonempty we

assume that F(w) = {t1,...,fx}and 1 = p + 1.
Proposition 10 Ler w'/ = (x'/,y a/) be an extreme point of P with FwY) =
{t1,....,tx}andi # jintheset{ry+1, ..., p}suchthatxfj = x}/ =0andry € {tg, ..., p}

satisfies x'l]rk = dy,. We define W = (x¥ +e; + ej, y'/, aly such that )7;] = yj/ = 1and
3¢ = vy fors € T~ A{i, j}. Then W' is also an extreme point of P and w'/ and '/ are not
neighbors.

Proof Leti, j > ry. Since F(w') = F(w'/) and ¥} = x. =di,, forevery s € F(w"),
then, by Theorem 6, w'/ is an extreme point.

If w and w" were neighbors, there would be a linear function f of the form f(w) = cw
for which they are the only optimal solutions in P. In particular, f(w'/) = f(w"/) =
max{f(w) : w € P}. Thenif c,, is the coefficient of the x;-variable and ¢, is the coefficient
of the ys-variable, we have that ¢y, + ¢x; + ¢y, (1 — y;]) +cy, (1= y}j) =0.

With a similar reasoning as in the proof of Proposition 8 we obtain ¢y, = ¢y; = 0.

If ¢y, > Othen © = (%, §,a"/) with &; = 3; = 1, %, = x;/ fors € T ~ {i} and 3 = yy’
fors € T ~ {i} would satisfy f () > f(w'/) contradicting the optimality of w" . Similarly,
cx; < 0. Then, ¢y, = Cx; = 0.

However, under these conditions w would be an optimal solution, contradicting the fact
that w'/ and w'/ are the only two optimal solutions for f in P. O

The following result can be proved using similar techniques, hence its proof is omitted.

Proposition 11 Ler w'/ = (x, vy, a7y be an extreme point of P with F(wfj) =
{t1, ..., t}. Assume thati = ty, j € {ry + 1, ..., p} are such that x;j < 1 and x}] =0,
where ry € {ty, ..., p} satisfies xi'/r'k = dy,. We define Wil = (3, yij,aij) such that

# =5 =15 =x fors e T~ i j), 5 =3 = Vand 5! = ! fors e T~ i, j}.

Then w' is also an extreme point of P and w' and W'/ are not neighbors.

We present a final preliminary proposition in order to prove the main result in this section.
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Proposition 12 Ler w'/ = (x, vy, a7y be an extreme point of P with Fw') =
{t1, ..., tc}. Assume i = ty—1 and ] = ty. We define w” = (x",y", a") such that
)E;] = )E'/.J = land 3¢ = xi fors € T ~ {i, j}. Then WY is also an extreme point of

P and w'/ and WY are not neighbors.

Proof Leti = t;_1 and j = t;. Since FWw'y = F(wY) ~ {tx—1, t} and )Ei{x = x{‘/r'j =dy,,
forevery s € F (w'/), then, by Theorem 6, W is an extreme point.

If w'/ and w"/ were neighbors, there would be a linear function f of the form f(w) = cw
for which they are the only optimal solutions in P. In particular, f(w") = f(w") =
max{f(w):w € P}. Then if c,, is the coefficient of the x,-variable we have that c, (1 —
x7) + e, (1= x) =0,

If ¢y, > 0 then ) = (7, y", a¥) with ¥ = 1 and &/ = x/ fors € T ~ {j} would
satisfy f () = f(w") + ¢, (1 — xj.j) > f(w') contradicting the optimality of w'/. This
implies that ¢; < 0.

Now we assume that ¢,; > 0. Let & = 1 — x" and we define w = (X", y*/, a"/) with
)Ei'j =1, )E;’ = (x;j — &)t and i;’ = xé‘j fors € T ~ {i, j}. After Theorem 6, it is clear that
w is an extreme point of P. Then w would satisfy

F@) = f@) + e (1= x7) + e (@F — )" —2F) > fw?)

contradicting the optimality of w"/.
Then, cy; = cx ;= 0. However, this implies that w is also an optimal solution, contradicting
the fact that w'/ and w'/ are the only two optimal solutions for f in P. O

We are now in position of presenting the main result of this section, which provides both
lower and upper bounds on the diameter of the polytope P. Let P be the family of the lot-sizing
polytopes with continuous start-up costs and p periods.

Theorem 8 If diam(P) = maxgep diam(Q), then p < diam(P) < 4p — 2.

Proof After Theorem 7 it only remains to show the lower bound. To this end, we present an
instance for which P satisfies diam(P) > p.

Consider 0 < ¢ < L and di = eforeveryi € {1,..., p}. Let w = (¢1, 1, 1). Note that
in this case F(w) = T and x1; = dj; for every i € T. Under the notation in Theorem 6,
r; =i forevery i € T and then, w is a extreme point of P.

We can apply Proposition 7 successively starting from w for i = p over all the indices in
T backwards and obtain a path of neighboring extreme points connecting w with the extreme
point 1 € P. Then, dist(w, 1) < p. By Proposition 12 we get that the distance between w
and 1 is exactly equal to p. Hence, we conclude that diam(P) > p, hence p < diam(P). O

4 The polytope P for high demands

In this section we analyze the particular case of high demands implying nonzero production
in every period. More precisely, we assume that d; < 1 forevery ¢t € T but such thatd; < 1
and kprog = p. This ensures that y, = 1 for every t € T, and we show that the resulting
polyhedral structure is much simplified in this case. We provide a complete characterization
of P interms of linear inequalities, and we show that the inequalities in such a characterization
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are separable in polynomial time, implying the existence of a polynomial-time algorithm for
this particular lot-sizing situation.

The key addition to the model constraints is given by the family of valid inequalities
described in Definition 1 with kyog = p. The main result of this section asserts that the
model constraints reinforced with these inequalities provides a complete characterization of
P in this case. It is important to note that not all the inequalities (5) define facets of P, hence
the characterization given by Theorem 10 below is—in this sense—redundant.

We now present two results by Pochet and Wolsey (2006), which are used to prove the
main result of this section. Let us denote by X~S~U [see Pochet and Wolsey (2006)] the
standard uncapacitated lot-sizing model, i.e., the set of feasible solutions to:

S,_1—I—xt=d,+sr te{l,...,p}, (183)
Xy < My, te{l,...,p}, (18b)
s e RETL x eRP, y €0, 177, (18¢)
yezr, (18d)
50 =83, Sp =5, (18e)
where
Xt the amount produced in period ¢,
St the amount in stock at the end of period ¢,
Vit the 0-1 set-up variable which must have the value 1 if x, > 0,
M: a large positive number and

s(’)k, s;’;: nonnegative real numbers (fixed).

Proposition 13 [Pochet and Wolsey (2006)] Let ¢ € {1, ..., p}, L={1,...,£}and S C L,

then the (£, S)-inequality
D% < D djeyjtse (19)
jes jes

is valid for X5-U

Theorem 9 [Pochet and Wolsey (2006)] When so = s, = 0, the original constraints

(18a)—(18c¢) plus the (£, S)-inequalities (19) give a complete linear inequality description of
conv(XL5—U).

These results help us to provide a complete description of the polytope P for a particular
situation described previously.

Theorem 10 Let O < d; < 1 fori € T such that dy < 1 and kpoa = p. Then, the
polytope P is completely described by the constraints (1a), (1d), x, y,a € [0, 1] and the
(ko, M)-inequalities (5) for every ko > 1 and M < {ko, ..., p — 1}.

Proof Consider the linear system defined by the constraints (1a)—(1f). In our case we have
y; = 1 fort € T and then the system becomes
O<x; <1 teT,
ay =1,
a1 =1—x teT~{p}
di; < Z;(:lxk teT,
a; € {0, 1} tefT.
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By applying the transformation x; = 1 — x; for# € T to the above system we obtain:

0<x <1 teT, (20a)

a) =1, (20b)

Ar+1 > X| t € T~{p}, (20¢)

S xp<t—dy =d  teT, (20d)
a; €1{0,1} t e T~(1}. (20e)

If a,’ = a;41, the constraints (20b), (20c) and (20e) become
L,

a; > x; teT~{p},
a, €{0,1} t e T~{p).

/
)

Define a; = 1.Forr € T, lets; € Ry be such that

t
> xp s =d,. Q1)
k=1

Then, by subtracting Z;(_:ll x, + -1 =d,_, from >} _, x +s; = d] we obtain
X +s=d —d_| + 51

or, equivalently, by the equality in (20d),

xj+se=1—d +s-1. (22)
If
x;-’ =x;77j+1, s}’ = Sp—j, S0 = Sp.
o =dy oo i = 1=dppi @)
then (22) implies that
Xy =di 45T
for j € {1,..., p}. According to this, the variable s;.’ represents the stock at the end of period

Jj for this new model.
By using this last transformation and by denoting d}’ = Z,K(: ;i we rewrite the linear
system (20a)—(20e) as follows:

x;’ + s}L] = d}/ + s;’ jeT, (24a)
X <af JeT, (24b)

a}’ € {0, 1} jeT, (24¢)

s" e RPN X €0, 1P, (24d)
so =0, 5, = 55 (24e)

Observe that the a”-variables behave as if they were set-up variables for periods 1 to p.
Moreover, the inequalities (24a)—(24e) give the feasible solution set of a lot-sizing problem
of the form (18a)—(18e). Then, in order to describe the polytope P = conv(S), we only
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need to add the corresponding (¢, S)-inequalities (19) of Proposition 13. More precisely, let
LeT,L={1,...,€}and S € L. The (¢, S)-inequality becomes

PIEDWA RS @)
jes jes

After Theorem 9 for s = 57, = 0 we have the complete description of P.

By using definition of d;’z in (23) we have that

l

o= (I =dpgr) == j+ 1 =dip—t41)p—j+1)
k=)

and
=0 —d
10 =4t —d(p—t+1)p-
By denoting j, = p— j+1foreach j € T and by using the definitions in (23), the inequality
(25) becomes
Z x.;'p = Z Up—Ltp+1-— depjl,)a}p +5¢,-1 (26)
Jp€Sp ir€Sy

where S, ={keT:p—k+1e€S}CL,={p—€+1,...,p}.
By using (21) and the definition of d’ in (20d) we have

£,—1
Z X +Se,-1 = djgp,l =L, —1—=die,-1
k=1
and
£p—1
Z x}p = Z Up—=€p+1 _depjp)a}p Hop—l—dig,-n = Z x}”.
jpESp jpESp j17=]
This implies that
£,—1
DNt 20K, = 2 Up— byl —dey)a), 6 = 1= dig,.
Jp=1 Jp€Sp Jp€Sp

Finally, returning to the original variables we have that the (¢, S)-inequality in (25) cor-
responds to

-1
Dixjt D x4 D U=ty 1—di,j)aj, 0 = dig,ny + ISl @)
=1 ineSy €Sy

By denoting kg =£,, M =L, \ S,,A=S,and B ={1,...,£{, — 1} U S, we obtain
that the inequality (27) is a (ko, M)-inequality (see Definition 1). After Theorem 9 the result
is proved. O

To conclude this section, we study the separation problem associated with the (ko, M)-
inequalities. If C is a family of valid inequalities, the separation problem associated with
C takes as input a point (x, y, a) within the linear relaxation Prg of P, and consists of
deciding whether (x, y, a) violates some inequality from C or not. The separation problem
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for the (ko, M)-inequalities is relevant in this context, since by Theorem 10 these are the
only nontrivial inequalities in the description of P. If the separation problem for the class of
facet-inducing inequalities of a polytope Q is solvable in polynomial time, then the results
in Grotschel et al. (1988) imply that the optimization problem over Q is also solvable in
polynomial time. The following theorem shows that this is indeed the case for P when
dy < 1 and kproq = p.

Theorem 11 The separation problem for the (ko, M)-inequalities (5) can be solved in
O((p — D) time.

Proof Consider the linear relaxation Py g of P.Givenw = (X, y, a) € P we wanttodecide
if there exists a (ko, M)-inequality which is violated by this point. The (ko, M)-inequality
(5) can be written as
ko—1
D i—d)+ D (xi+ (i —ko+ 1 —diydairi — 1) >0, (28)
i=1 icA
where kg > 1, M C {ko,...,p— 1}, A={i € {tko,...,p—1}: i ¢ M}and B = {i €
(,....p—1}: i ¢ M).

Given a possibly fractional solution w = (X, y, @), consider the following algorithm. For
each kg € {1, ..., p — 1}, define J to be the set of periods j € {ko,..., p — 1} such that
Vjkg =%; + (j —ko+ 1 —dyyi) aj+1 — 1 < 0. Some inequality (28) associated with kg is
violated if and only if 3" ; 0k, < %071 (d; — ). For this inequality we take A = J.
This algorithm provides an O((p — 1)?) separation procedure. O

Theorem 11 implies that the problem associated with this special case can be solved in
polynomial time for any linear objective function.

4.1 Shortest path algorithm for the special case of high demands

Recall that F(w) = {t € T:0 < x; < 1} := {11, ..., 1} for every w € P. In this special
case of high demands null production in a period is not feasible, therefore, T\ F(w) = {t €
T:x; = 1} forevery w € P.In Sect. 3 we have characterized the extreme points of P. Under
the assumptions of high demands we can provide a combinatorial algorithm for solving the
lot-sizing problem.

Corollary 1 Let w = (x,y,a) € S with F(w) # (. Then w is an extreme point if and only

if
xltl = dlt17
X+ =A@+ for Te{l, ... k—1},
x =1 for t e T~ F(w).

Proof 1tisimmediate to check that if w satisfies the conditions as above, then it is an extreme
point by Theorem 6. Now, let w be an extreme point of P. From Theorem 6 we know that

forevery i € {1,..., k} there exists r; € {t;, ..., tiy1 — 1} such that x1,, = dy,,.

Moreover, we now prove that r; = t; fori € {1, ..., k}. To this end, assume that this is
not the case for some j € {1, ..., k}. This implies that there exists r; € {t; +1,...,tj41 —
1}(# ©) such that Xip, = dlrj. The assumption ¢; # r; implies X1 > dlt_,.. However,
by definition of the set F'(w) and the hypothesis of high demands, we have x;, = 1 for
t=t;+1,...,tj41 — 1 which, together with d;, < 1 for any ¢ € T, implies Xirj; > dlrj, a
contradiction. Therefore, the result follows. O
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Using this characterization of the extreme points of P for this case of high demands we can
follow the same reasoning used for the uncapacitated lot-sizing problem. Define a directed
graph D = (N, A) with N = {0,1,...,p}and A = {(i, j):i,j € V,i < j}. The arc
(i, j) will correspond to an interval [i, j — 1] such that there is fractional production in i
and j, with demand satisfaction at equality in these two periods, and saturated production in
every period between them (this corresponds to the concept of regeneration intervals for the
uncapacitated lot-sizing problems). Clearly, any path from 1 to p provides a feasible solution
to our lot-sizing problem. Furthermore, this solution satisfies the structure of the extreme
points in Corollary 1.

We now define costs associated to the arcs of D. Let G be the objective function for a
pointw € P,ie., G(x,y,a) = ZieT cixi + ZieT fiyi + ZieT gia;. Since every feasible
solution has y; = 1 forevery i € T then the problem is equivalent to optimizing >; . ¢;x; +
> ier giai. Hence, we define arc (i, j) to have cost

J
i j— D =ciditnj—G—i—D)+g+ D g

k=i+2

grk<0
The length of a shortest path in this graph plus a constant value >"; ., f;, corresponding to the
y-variables, gives the value of the optimum solution of the capacitated lot-sizing problem with
start-up costs (and high demands). This provides a polynomial-time combinatorial algorithm
for this case.

S Conclusions and open problems

In this work we have addressed a lot-sizing problem including a particular definition of
start-up costs, which we call continuous start-up and gives rise to an interesting structure.
We have presented a first polyhedral study of a natural integer programming formulation for
this problem. Besides general results on the polytope, we have introduced an exponentially-
sized family of valid inequalities and we have provided bounds on its diameter. Finally,
we presented a complete characterization of the polytope for a special sub-problem, and
we showed by polyhedral methods that in this case the lot-sizing problem can be solved in
polynomial time.

Many open questions remain. It would be interesting to find further families of valid
inequalities and to study their facetness properties. Many families of valid inequalities com-
posed by O(p) inequalities are known, but the (kog, M)-inequalities presented in this work
are the only known exponentially-sized family of valid inequalities particular to this poly-
tope. Further families would provide more information on the structure of this polytope. It
would also be interesting to know whether the known O (p)-families can be generalized into
a common super-family.

The characterization in Sect. 4 of the polytope for a special case and the polynomial-time
separation of the inequalities in the complete description are an example of a polynomial-
ity result provided by a polyhedral approach. This result holds for any objective function
expressed as a linear function of the model variables, so it may include production costs
and inventory costs (associated with the x-variables), fixed production costs (associated
with the y-variables), and continuous start-up costs (associated with the a-variables). The
low-complexity combinatorial algorithm in Sect. 4.1 is the algorithmic counterpart of these
polyhedral results. It may be worthwhile to explore whether the approach in that section can
be generalized for other special cases of this lot-sizing problem.
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Appendix: An example

In this last section we summarize the results presented in Sect. 4 in a particular example. We
consider the problem with a planning horizon consisting of periods T={1, . .., 5}. For periods
in T, we have demandsd = (0.8, 0.7, 0.8, 0.9, 0.9). It verifies the conditionsd; < 1forl € T
and kproa = 5. Using the PORTA package (see http://www.zib.de/Optimization/Software/
Porta/) we obtain the following description of P by equations and linear inequalities.

( la) +y5-al == 0

( 2a) +y4-y5 == 0

( 3a) +y3-v4 == 0

( 4a) +y2-y3 == 0

( 5a) +yl-y2 )

( 6a) +al =1

( 1b) -10x1-10x2-10x3-10x4-10x5 <= -41
( 2b) -3a3-5a4-6a5 -10x1-10x2-10x3-10x4 <= -38
( 3b) -2a4-3a5 -10x1-10x2-10x3-10x4 <= -35
( 4b) - a5 -10x1-10x2-10x3-10x4 <= -33
( 5b) -3a3 -6a5 -10x1-10x2 -10x4 <= -28
( 6b) -5a4-6ab5 -10x1 -10x3-10x4 <= -28
( 7b) -3a3-5a4 -10x1-10x2-10x3 <= -28
( 8b) -2a4 -10x1-10x2-10x3 <= -25
( 9b) -3ab5 -10x1-10x2 -10x4 <= -25
(10Db) -3a3 -10x1-10x2 <= -18
(11b) -5a4 -10x1 -10x3 <= -18
(12b) -7a4 -10x3 <= -10
(13b) -3a5 - 5x1 - 5x4 <= -9
(14b) -a2 - 5x1 <= -5
(15b) -4a5 - 5x4 <= -5
(16b) - a3 - 2x2 <= =2
(17b) + x5 <= 1
(18Db) + x4 <= 1
(19Db) + %3 < 1
(20b) + x2 <= 1
(21b) + x1 <= 1
(22Db) + ab <= 1
(23b) + a4 <= 1
(24Db) + a3 <= 1
(25b) +a2 <= 1

The following remarks categorize these 25 facets within the model constraints and the known
families of valid inequalities.
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The equalities (1a)—(6a) correspond to the minimal equation system for P.

The constraint (1b) corresponds to the total demand satisfaction (see Theorem 3(i)).

The inequalities (17b)—(21b) induce facets as we prove in Theorem 3(ii).

The constraints (22b)—(25b) correspond to the inequalities inducing facets in Theo-

rem 3(v).

e The constraints (12b), (14b), (15b) and (16b) belong to the family of (kg, M) -inequalities
(see Remark 1) which define facets for P (see Theorem 4).

e The constraints (1b)—(11b) and (13b) are (ko, M)-inequalities (see Definition 1 and The-

orem 5).
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