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ABSTRACT. The Calderén operator S is the sum of the the Hardy
averaging operator and its adjoint. The weights w for which S
is bounded on LP(w) are the Calderén weights of the class Cp.
We give a new characterization of the weights in C, by a single
condition which allows us to see that C,, is the class of Muckenhoupt
weights associated to a maximal operator defined through a basis
in (0,00). The same condition characterizes the weighted weak-
type inequalities for 1 < p < oo, but that the weights for the
strong type and the weak type differ for p = 1. We also prove
that the weights in C, do not behave like the usual A, weights
with respect to some properties and, in particular, we answer an
open question on extrapolation for Muckenhoupt bases without the
openness property.

1. INTRODUCTION.

Let P and @ be the Hardy averaging operator and its adjoint,

P =1 [ s i = [T a0

The Calderén operator S is defined as S = P + (). Given 1 < p < o0,
it is said that a nonnegative measurable function w defined in (0, +00)
is a Calderén weight of the class C, (see [1]), and we write w € Cp, if
S is bounded on LP(w), or, equivalently, if P and @ are both bounded
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on LP(w). For p > 1 it is known that w € C, if and only if there exists
C > 0 such that for all £ > 0 it holds that

M, - (/too % dx) " (/Otwl—p’(g;) dx) " <C
M </Otw(x)dx)l/p (/f%ﬁdw)l/p/ <c

The case p =1 is easier to describe: w € C; if and only if
(1.1) Sw(z) < Cw(z) a.e.

If w is a Calderén weight, the best constant in M, and MP?, that is,
the least constant C' satisfying M, and MP, will be denoted by [w]c,
Similarly, [w]e, will denote the best constant in (1.1). It is known that
[w]e, is essentially equal to the norm of the Calderén operator on LP(w),
in the sense that the quotient of both quantities is bounded above and
below by constants depending only on p. For all these definitions and
results, see [1] and [13]. The Calderén operator plays a significant
role in the theory of real interpolation. Such theory associated with
Calderdn weights is developed in [1].

The first aim of this paper is to show that the two conditions M,
and MP mentioned in the preceding paragraph can be replaced by a
single condition.

To this end, we introduce a maximal operator which turns out to
be related to the Calderén weights. Given a measurable function f we
define the maximal operator

) = sup /\f )| da.
b>t D

Notice that N f is a decreasing function, and that N f < Sf for non-
negative f. Indeed, for f > 0 and b > ¢t we have

%/Obf(x)dxﬁ %/Otfu)(m/f@dxﬁf(t)-

The operator N is the maximal operator on (0,400) associated to
the basis of open sets of the form (0,b), for b > 0. We recall in Section
2 the concept of basis and the corresponding classes of A, weights. In
the case of N we denote as A, (1 < p < 0o) the class of nonnegative
functions defined in (0, +00) such that

and

1
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For p = 1, we write A, for the class of nonnegative functions such
that Nw(z) < Cw(z) a.e. and [w]; ¢ denotes the smallest constant for
which the inequality holds.

Theorem 1.1. For 1 < p < oo, N is of weak type (p,p) with respect
to the measure w(t)dt if and only if w € A,o. More precisely,

(13) sup Mw({t s Nf () > AN < Wl TS o

>
For 1 < p < oo, N is bounded on LP(w) if and only if w € App.
Moreover,

/

P /1
(1.4) HNwafEEjjhdionMw-

We prove this theorem in Section 2. With such a result in hand we
can easily obtain our main theorem whose proof will be provided in

Section 3.

Theorem 1.2. (a) Let 1 < p < oo and let w be a nonnegative mea-
surable function. Then S is bounded on L*(w) or is of weak-type (p,p)
with respect to the measure w(t)dt if and only if w € A,o. That is, C,
and A, coincide for 1 < p < oo. Moreover,

(15) (@) < 1ISllzsw) < 20() (o)1,

where C(p) = max{p'p" ", (/)"~'p}.
(b) N is bounded on L'(w) if and only if w € C1, and S is of weak-
type (1, 1) with respect to the measure w(t)dt if and only if w € A .

So far as we know, (1.2) gives a new characterization of the Calderén
weights for p > 1 by means of a single condition which is clearly related
to Muckenhoupt’s A, condition. It is worth remarking that in the proof
of this result (for p > 1) we do not need to know the conditions M,
and MP. On the other hand, note that we can also relate the usual
A, weights to the Calderén weights: w : R — [0, +oo] satisfies A, if
and only if for each a € R the weights w,(t) = w(t — a) restricted to
(0, +00) are Calderén weights and sup,cg[wa]c, < +00.

In the case p = 1, C; is strictly contained in A, (for instance,
1 € Ajp\ C1). The theorem says that C; characterizes the strong-
type inequality and A;, characterizes the weak-type inequality. A
remarkable fact is that, unlike for the usual Hardy-Littlewood maximal
operator, there are nontrivial weights for N in the strong (1,1) case
(for instance, [t|® for 0 < ao < 1).
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Once we know that the Calderon weights are of Muckenhoupt type
for an appropriate basis, it is natural to wonder whether they share the
properties of the usual A, weights. Strikingly, some of them fail:

e The basis associated to the operator N does not have the open-
ness property with respect to its weights, that is, there exist
w € C, such that w is not in C, for any ¢ < p (Proposition 4.1).

o Let Cexp be the class of weights w on (0, 00) which satisfy for
some constant C' > 0 that

I I
(1.6) —/ w < Cexp —/ log w
b Jo b Jo

for all b > 0. The inclusion U,C, C Ceyp is strict (Proposition
4.4).

e There exist weights in C, for which the reverse Holder inequal-
ity fails, and there exist weights for which the reverse Holder
inequality holds but do not belong to U,C, (Remark 4.5).

Moreover, we also provide a negative answer to an open question related
to extrapolation of weighted inequalities for bases without the openness
property (Proposition 4.3). All these negative results will be proved
in Section 4 along with a result providing sufficient conditions on w to
ensure the openness property.

In Section 5 we consider the Riemann-Liouville and Weyl averaging
operators from which the operators P and () are particular cases. They
are defined for a > 0 respectively as

L1 = o [ =) pe) o

and . Ao

1t =G+ 1) [T ) d
for t > 0. Let S, := I, + J,. It is clear that Iy = P, Jy = @ and
So = S. It is also easy to see that I,.f < Pf, Jof < Qf and S, f < Sf
for nonnegative measurable fuctions f. Therefore, S, is bounded on
LP(w) for w € C,.

The boundedness of 1, on LP(w) is characterized by two independent
conditions and the boundedness of J, in LP(w) by two other conditions
(see [16] and [12]). Therefore, a priori, the boundedness of S, is char-
acterized by four conditions. Again, we are able to show that those
conditions can be reduced to w € C,, hence, the single condition (1.2)
is the only one we need to characterize the boundedness of S, on LP(w)
for p > 1 and the condition C; for p = 1. Moreover, in both cases, the
conditions are independent of «.
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Theorem 1.3. Let w be a nonnegative measurable function.
(1) Let 1 < p < oo. The following assertions are equivalent.
a) weC, (orwe Ayp).
b) There ezxist a > 0 such that S, is bounded on LP(w).
c) For all a >0, S, is bounded on LP(w).
d) There exist a > 0 such that S, is of weak-type (p,p) with respect to
w(t)dt.
(e) For all >0, S, is of weak-type (p,p) with respect to w(t)dt.
(2) Let p = 1. Then (b) and (c) are equivalent to w € C; and (d)
and (e) are equivalent to w € Aj .

(
(
(
(

The fact that w € A, in the form (1.2) is sufficient for (c) to hold
when p > 1 was observed by H. Heinig in [9], but he did not prove the
necessity of the condition. The proof of Theorem 1.3 is in Section 5.

In the last section we introduce higher dimensional versions of the
Calderén operator and the maximal function. The extension to such a
setting of the results obtained in (0, +00) is straightforward.

Let us indicate that the Calderén operator is almost the same as the
operator

Hf(t) = OOO tf_(i_—azida:

arising in the continuous version of Hilbert’s inequality (see [8, Chapter
IX]). Indeed, it is immediate that for nonnegative f it holds that

HI(t) < Sf(t) < 2H[(1).

Consequently, all the results we state for S are valid for H.

Y

Let us fix some notation. For a measurable set B, we denote as
| B| its Lebesgue measure and as w(B) the integral of the weight w on
B. If B is the interval (a,b), we write w(a,b) for its measure. The
characteristic function of B is denoted as xp.

2. WEIGHTS FOR THE MAXIMAL OPERATOR

Muckenhoupt’s theory of weighted inequalities was extended by B.
Jawerth and formulated in the framework of bases of open sets in R”
(see [10]). The concept of basis is fairly general and it was already
observed by Jawerth that R™ can be replaced by a measure space with
o-finite measure. Among the bases, we are interested in those for which
the weighted inequalities are characterized by a condition of Mucken-
houpt type, called Muckenhoupt bases. We recall here the concept and
adapt it to our setting, that is, to the half-line. The reader can find in
[3, Chapter 3| the formulation in R™.



6 J. DUOANDIKOETXEA, F. J. MARTIN REYES, AND S. OMBROSI

A basis B in (0,400) is a collection of open sets B contained in
(0, +00). Given a basis B, the maximal operator associated with B is
defined by

Mef()) = swp o [ [7(@)lds
BeB:teB ‘B’ B
if t € UpepB and Mpf(t) = 0 otherwise. Given a basis B and a weight
w, we say that w belongs to the Muckenhoupt class associated to B,
A, B, 1 < p < o0, if there exists a constant C' such that for every B € B,

(/B “’) (/Bwl‘p')p_l < C|BP.

The infimum of all such C'is called the A, 5 constant of w.

We say that the basis B has the A, openness property or is A,z
open if given any w € A, 5 for some p > 1, there exists ¢ < p such that
w e Aqyg.

The basis B is a Muckenhoupt basis if for each p, 1 < p < oo, and
for every w € A, 5, the maximal operator Mp is bounded on LP(w),
that is,

/0 " Msf(ePw(e)ds < C / @) Pule)dz,

with a constant C independent of f and depending only on the A, 5
constant of w.

Observe that with these definitions, N can be identified with Mg,
where By = {(0,b) : b > 0}. The corresponding class A, 5, is denoted
in this paper as A, (see (1.2)) for simplicity of notation. Theorem 1.1,
stated in Section 1 and proved below, says that By is a Muckenhoupt
basis. Working with By is particularly simple, because the elements of
the family are nested.

Before proceeding with the proof of the theorem we state some prop-
erties of the weights.

Proposition 2.1. Let w be a nonnegative measurable function, not
identically zero. Assume that N is of weak-type (p,p) with respect to
w(t)dt. Then w(t) > 0 a.e. and w(0,b) is finite for all b > 0 (in

particular, w € Li_).

Proof. Let E be a bounded measurable set of positive Lebesgue mea-
sure. Then
El

Nxg(x) = 1] for x > sup E.
x
Using the weak-type (p,p), for b > sup E we have

(2.1) |—§|w(0,b)1/p < Cw(E)Y?.
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If w(E) = 0, it follows that w(0,b) = 0 for all b > sup E, hence
w(0, +00) = 0. On the other hand, since we can choose the right-hand
side finite for some E (otherwise, w(z) = oo a.e.), the inequality also
implies that w(0,b) has to be finite for all b. O

In the proof of Theorem 1.1 we shall consider the maximal operator
N, associated to a fixed positive measurable function g. We define N,

N, /(1) = sup Do/ (@)lg@) dz

b>t fob g(x)dx

The boundedness properties we need are in the following lemma.

Lemma 2.2. Let g be a nonnegative measurable function such that
0 < ¢(0,b) < oo for all b > 0.

(i) Ny is of weak type (1,1) with respect to the measure g(t)dt.
Actually,

1
22) / 9<5 [ g
{t:Ng (£)(6)>A} {t:Ny (/) (H)>A}

for all A > 0 and all measurable functions f.

(ii) N, is of strong type (p,p), 1 < p < oo, with respect to the
measure g(t)dt. More precisely, it holds that

[1mora< @y [ 1o

Proof. The proof of the lemma is straightforward. By standard inter-
polation arguments, it suffices to prove (i) since || Ny(f)|loo < || f]|oo-

Observe that N, f is decreasing and continuous. Therefore, if {¢ :
Ny(f)(t) > A} is not empty, then it is either a bounded interval (0, d)
or all of (0,400). In the first case it holds that

(2.3) A / 9(z) dz = / F(@)lg() da

whereas in the second case we have

v " gy dv < / 1 @)lg() do

Thus we obtain (2.2). Notice that if g(0,+00) = +oo and f is inte-
grable with respect to g, only the first case is possible and the equality
holds. 0

We proceed to the proof of Theorem 1.1.
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Proof of Theorem 1.1. Let us prove first the necessity of A, for the

weak-type inequality. Let B, = {z : w(z) > 1/k} and wy = wyxg,.
Take [ = wi_p/)((mb). Then

/

1o,
(2.4 Ni@ =g [ ul

for 0 < < b. Thus, (0,b) C {x : Nf(z) > A} taking as A the
right-hand side of (2.4). If the weak type inequality holds,

1 b ) b 1/p b , 1/p
L) () el )
b Jo 0 0
1 b ) 1/p b 1/p
GLwr) ([v) <
0 0

Letting k tend to infinity, w € A, o follows.
To show the necessity, arguing as in the proof of the preceding lemma,
we have (2.3) with g = 1, that is,

d
)\d:/ |f].
0
Then

()< (o) ()"

and (1.3) follows.

Using Lemma 2.2 the proof of the strong type with A, weights is a
particular case of the results of Jawerth in [10]. The strikingly simple
argument introduced by A. Lerner in [11] provides the dependence on
the constant as stated in the theorem. Indeed, if w € Ay, 0 < 2 < b,
and 0 = w'™? we have

(2[5)" <t (B) 22
S IN(fo 1)~
fobw

< [w]poNuw(w ™ [No(fo= )P (2).

and

< [wlpo

Therefore,

INF(@)I” < ([w]po)” |Nu(w ™ INo(fo )P ) (@)
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Consequently, using Lemma 2.2 twice,
[ e AT
< ([l P ) [ 117w

This ends the proof of the theorem. O

Remark 2.3. For the usual Hardy-Littlewood maximal operator, if it is
of weak-type (p, p) with respect to a general measure p, then the mea-
sure has to be absolutely continuous with respect to Lebesgue measure,
that is, du(t) = w(t)dt. For a proof, see [7, Theorem 6.1, Chapter VIJ.
Then the A, condition on the density w characterizes all the weighted
inequalities.

This is not the case for the operator N. For instance, the measure
du(t) = dt + 61, where 0, is the Dirac mass at 1 serves as a counterex-
ample. Indeed, using the fact that N f is decreasing and N is bounded
on LP we have

/0 CINFO PN P <2 / NPt
<c / Cfpdt < C / RO

We want to make it clear that in this paper we are considering only
weighted inequalities with weights that are absolutely continuous with
respect to Lebesgue measure.

3. PROOF OF THE MAIN THEOREM

Proof of Theorem 1.2. (a) Since N f(t) < Sf(t) for nonnegative f, it
is enough to show that w € A, is sufficient for the weak-type and the
strong-type for S. Clearly, we only need the latter.

Let w € A,o. Then 0 = w'™ € A, . Since Pf < Nf, we deduce
that P is bounded on LP(w) and on L¥(c). By duality, @ is also
bounded on LP(w) and so is S. On the other hand, using (1.4) we also
have

1Pleray < P ([wlhpo)”
and
1@ zew) = [1Pll ) < ()" p([0]0)"
Since [0],0 = ([w]p0)” !, we have the right-hand side inequality of
(1.5). The left-hand side inequality holds for ||N||.r(w), then also for
1512 ()
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(b) In the case p = 1, we only need to show that w € C; is necessary
for the strong-type of N and that w € A is sufficient for the weak-
type of S.

Fix b > 0 and let f be the characteristic function of (b — €,b) for
€ < b. Then

11
Nf(t) > emin (b t)

If N is bounded on L'(w), we have
b
) <C w.
b—e

Lo

Dividing by € and letting € tend to zero, due to the local integrability
of w (see Proposition 2.1) we obtain that w € C; as a consequence of
Lebesgue’s differentiation theorem.

The sufficiency of w € A, for the weak-type of S is a consequence
of the pointwise inequality Pf(t) < N f(t). On the one hand, the
inequality implies that if N is of weak-type (1,1), so is P. On the
other hand, it also implies that w satisfies Pw(x) < Cw(x) and, since
P is the adjoint of @, this implies that @ is bounded on L'(w). O

The usual extrapolation theorems (see, for instance, [3]) can be ap-
plied to the class of Calderéon weights, taking either S or N as the
positive operator from which we extrapolate. Results about extrapola-
tion theorems for Calderén weights appear in [1]. Note that, unlike for
the usual Hardy-Littlewood maximal operator, we obtain nontrivial
L'-weighted inequalities starting from LP-weighted inequalities. But
the boundedness on L*(w) will hold for w € Cy, not for w € Ay .

Concerning factorization of C), weights, we have two choices. For
1 <p < oo, we C, can be written as w = wowi_p, where either
wo, wy € Cy or with wg, w; € Ay . Since C; C A, the former choice
is also of the latter form, but not conversely. For instance, w = 1 is
trivially factorized using A; o-weights because 1 € A; o, but 1 ¢ C;.

4. PROPERTIES OF THE CALDERON WEIGHTS

In this section we study some properties of the Calderén weights that
are different from those of the usual A, weights.

Proposition 4.1. Let 1 < p < oco. There exists w € C, (w € A,)
such that w & Cy (w & Ago) for any q < p.
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Proof. For each natural number 4, let [; = (2" + 272" + 1), let Q =
U2, I; and let Q¢ be its complement. Then we define the weights

o0

u(r) = xqe(z +Z 2X1 r) and w=u'".

We shall show that w satisfies (1.2), but not its counterpart for ¢ < p.
First we note that if 3 is negative, u(z)? < 1, so that for any integer
kE>1,

2k+1

(4.1) 2F < |Q°N (0,25 < / u(z)? do < 281,
0

For a > 0 we have

so that

k
Ca2kz(2a+1) < Z/ u<x)1+a do < Ca2k(2a+1)'

Since u(x) =1 on Q°, with different constants ¢, and C, we also have

2k+1

(4.2) ca2MPet) < / w(z)' T dz < O 2K,
0

Let us check now that w satisfies (1.2). If b < 2 the inequality is
obvious with constant C' = 1 since w(x) = 1 in the interval (0,b). Let
b > 2 and let us choose the natural number k such that 2% < b < 2k+1,

Then
b 5 N
(/ “l_p) (/ “) < (QUHUr(CY < o,
0 0

using (4.1) for the first integrand and (4.2) for the second.
Let us see that w does not satisfy A, for ¢ < p. Let £ > 1. From
(4.2) we have

2k+1

kl 1 / u(x)(l—:ﬂ)(l—q/) dr > Cp q22k(p—q)/(q_1)'
2 + 0 - K

where ¢, , is positive and depends only on p and ¢. From (4.1) we have

2k+1

/ u(z) P dor > 28
0



12 J. DUOANDIKOETXEA, F. J. MARTIN REYES, AND S. OMBROSI

2!
2k+1 J

> gp’qz%(p—q)/(q)_

Therefore
1 /
2k+L |

Since the right-hand side tends to infinity with k for ¢ < p, w does not
belong to C,. O

L

2k+1 q/

Q=

2k+1

u(z)' P d;v) w(x) P =) dx)

The Muckenhoupt basis without the openness property shown in
[3, Chapter 3] consists of a single set. The basis considered here is
composed of infinitely many sets. We find this setting suitable to test
the validity of an open question on extrapolation of weighted norm
inequalities proposed in [3]. Let us first reproduce the result that mo-
tivates the question. We give the statement for operators rather than
for pairs of functions.

Proposition 4.2 ([3, Proposition 3.21]). Let B be a Muckenhoupt basis
which is A, open. The following are equivalent:

(a) There exists ro > 1 such that for all r € (1,79) and all w € Ay p,
T is bounded on L"(w).

(b) For allp € (1,+00) and allw € A, 5, T is bounded on LP(w).

The open question proposed in [3] is whether such equivalence holds
for bases which are not A,z open. Our following result provides an
answer in the negative.

Proposition 4.3. There exists an operator T bounded on L"(w) for
allw e Ay and all € (1,400) but such that for each p € (1,400)
there exists w € A, for which T is unbounded on LP(w).

Proof. Let us define T as
(4.3) TF(t) = inf 2Y% Ny f(t),

0<s<1
where N, f(t) = N(|f]9)(t)"/.

Let r > 1. Choose so = min(1, (r — 1)/2). Then Ny, is bounded
on L"(w) for w € A1 g C Arja4s0)0, With constant depending only on
r and the A; g-constant of w. Since Tf(t) < 21/%0 Ny, f(t), the same
holds for T

Let p > 1. We consider the weight w = u'"? defined in (4.4), for
which we know that w is in A,y, but not in A,y for ¢ < p. Our
objective is to see that T is not bounded on LP(w).
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Let I; and € be as in the proof of Proposition 4.1. Let us define

=2 22'/1771' (t —121')2X”(t)'

=10

To check that f € LP(w), notice that

o0

Fyu) = 3 55 gm0

1=

and hence

/OO FEPw(t) dt < i@lp < .

=10
Let us seek a suitable lower bound for T'f(¢). For 0 < s < 1 we have

2k+1

1 Lts 1 1 dx
ok+1 /0 flz) ™ de = QR+ (Qk/p f)I+s /Ik (z — 2k)2(1+9)

ok(1+2s)—1 92ks
> > .
= 2k+1(2k/p k)1+s(]_ 4 25) = 12(2k/p k)1+s
Therefore, if t € (0,2F+1),
s s 1
2'° Ny f(t) > 2V (2k+1 /0

Thus

2k+1 ﬁ 21/522k5/(1+s)

f "”Hsdx) = @)

inf 21/52ks > Co2VE(Qk/PE) 1,

1
>
Tf(t) — 12(2k/pk) 0<s<1

for ¢ € (0,2F+1).
Since w =1 in Q¢ and |[Q°N (0,25*1)| > 2, we have

J

As the last term may be made arbitrarily large with k, we conclude
that T'f ¢ LP(w). O

2k+1

(TFPw > / (TP w > C22VEEP,

Qen(0,26+1)

The characterization of the weights in C, by (1.2) allows us to prove
that they satisfy (1.6), which is a reverse Jensen inequality. This can
be done as for the usual A, weights (see [6, page 405]). Nevertheless, in
the case of the Calderén weights we have the following negative result.

Proposition 4.4. There exists a weight w € Cexp such that w does not
belong to C, for any p.
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Proof. For each natural number 4, let I; = (2°,2" 4+ 1), let Q = U2, [;
and let 2¢ be its complement. Then we define the weight

(4.4) w(x) = Xae(v) + Z x— 29 'x, ().

We first notice that

1 1
. S< 2 <
(4.5) 5 < b/w_l

for all b > 0. Indeed, the second inequality holds because w(z) < 1 for
all z, and the first one because w(z) = 1 on the set Q°N (0,b) whose
length is larger than b/2.

On the other hand, since logw(z) < 0 on 2 and log w(z) = 0 on Q°,
for b € (2%, 2] we have

b k 1
k(k+1
/logw(x)deZi/ logxdx:—¥.
0 — Jo

Then

1 ° C k(k+1) 3
Z > S S
2 /0 logw > min T 1

This inequality together with (4.5) gives that w € Coxp.

It remains to check that w ¢ C, for any p > 1. But this is imme-
diate beacuse w7 is not integrable on intervals of the form (0, b) for
sufficiently large b. O

In spite of the result Proposition 4.4, the class Cexp plays the same
role as the corresponding class Aeyp, for the usual Muckenhoupt weights
in the following characterization: w € C, if and only if w and w7
belong to Cexp. The proof is straightforward and we do not include it.

Remark 4.5. (a) A consequence of Proposition 4.1 is that there are
weights in the C, classes for which the reverse Holder inequality

1+a
l/bul—i-a <_/
b Jo

does not hold for any o > 0. Indeed, it is obvious that if w satisfies
(1.2), the reverse Hélder inequality for w!™" implies that w is in Ay
for ¢ given by (¢’ —1)(1+«a) = p' — 1. (We shall make use of this result
in Proposition 4.6.) Actually, rather than using an indirect argument,
we can propose a precise counterexample using the weight v defined in
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the proof of Proposition 4.1. Indeed, it is in C, for any p € (1,00) and
using (4.2) we obtain

1 ok+1 1/(1+a)
Ca22ka/(1+a) < / u(x)l—l-a dr
9k+1 0

k+1
1 2

SET u(z) de < C,,

and

which are incompatible with a reverse Holder inequality.

(b) On the other hand, the weight w considered in the proof of Propo-
sition 4.4 shows that there exist weights satisfying a reverse Hdélder
inequality which do not belong to U,C,. The reverse Holder inequality
for w is obvious because w!™* also satisfies (4.5).

The Coifman-Rochberg characterization of A; weights says that w €
Ay if and only if w(t) = Mg(t)°k(t), where Mg is finite almost ev-
erywhere, 6 € [0,1), and k and k! are bounded (see [2]). The corre-
sponding result for A; o with IV instead of M satisfies the if part of the
statement, which can be proved as for Ay, but not necessarily the only
if part. Indeed, w(t) = |1 —¢|7%/? is in A;p, but cannot be equal to
Ng(t)?k(t), which is bounded on (1/2, 00), because Ng(t) is decreasing.

Our next result gives some sufficient conditions on a weight which
ensure that it has the oppeness property.

Proposition 4.6. Let 1 < p < oo. Let p > 0 and w € C, such that
either w(t)t’ is a nondecreasing function or w(t)t™" is a nonincreasing
function. Then there exists ¢, 1 < q¢ < p, such that w € C,.

In the proof of this proposition we shall use the following remark.

Remark 4.7. Taking E = (b/2,b) and E = (0,b/2) in (2.1) we deduce
that w € C, satisfies the following doubling conditions:

(4.6)  w(0,b) < (2C)Pw(b/2,b) and w(0,b) < (2C)Pw(0,b/2),

for all b > 0. Therefore, for A =1—1/(2C)? < 1 it holds that
w(0,6/2) < Aw(0,b).

By iteration it follows that

(4.7) /0 " w(z)de < A /0 " () da

for all b > 0 and all nonnegative integers k.
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Furthermore, it can be seen that w € C, if and only if w € M, and
w satisfies the first inequality in (4.6) (and also if and only if w € MP
and w satisfies the second inequality in (4.6)).

Proof of Proposition 4.6. We shall assume that w(t)t~” is a nonincreas-
ing function. If we have the other hypothesis, we can use a similar ar-
gument or, alternatively, we can obtain the conclusion as a consequence
of Theorem 2 in [15].

We already mentioned in Remark 4.5 that the openness property
is an immediate consequence of a reverse Holder inequality for w!=?
namely, there exist « > 0 and C' > 0 such that

1 , LI
(4.8) —/ w0 < ¢ (—/ wlp) .
b Jo b Jo

Let b > 0 given and let & > 0 to be chosen below. We set b; = b/27,
and observe that b;/2 = bjy1 = b; — b;j1. Taking into account that

(w(t)t=?) 0P g o nondecreasing function we have that

b 0 b;
/ L (H-p) _ Z/] (w () 2 7) 10 po(a)1=r) gy
0 j=0 7 bj+1

o0

— a)(1—p' 14+a)(1—p')+1
< (w (bj)bjp)(u Y(1—p') bjgil )(1-p) .

Jj=0

Using again the same property,

1+«
b oo bi_
/ ]_ J—1 / )
/0 wTod=p) < E (b_/b (w () x_p)(l_p)dx> bglgrl;ra)(l p')+1
j=0 \ 7 /0

[e'e) bfpgl_p,) bj,1 Ita (1 )(1 /) 1
<2\ / e B
: bi S, ’

‘7:0 J

0o bj_1 1+«
C(nam)Z(/b wl"") by,

i=0 \’b

Since w'™? € C,, we have that this weight satisfies the doubling
conditions (4.6) and (4.7). Therefore, there exist C' > 0 and a constant
v such that 0 <~y <1 and

b1 b

—p ; ot
/ wlngvj/wlp.
b 0

J
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Consequently,
b ) b / It+a o0 ,
/ w(lJra)(lfp) <C (/ wlp) h—e Z (,yl+a2a)] '
0 0 :
7=0

Choosing a > 0 such that y!*%2% < 1, and combining the previous
estimates we obtain (4.8) for such a. O

5. PROOF OF THEOREM 1.3

Case 1 < p < oo. By using Theorem 1.2, the inequality S, f < Sf
(for f > 0), and the fact that the boundedness on LP(w) implies the
weak-type, it is clear that we only need to prove that (d) implies (a).

Let b > 0. Set By = {z : w(z) > 1/k} and wy = wyg,. Take
f=w. " X0 Then for t € (2b,3b),

1 b o 1y w70, b)
SuJ(0) = 1f0) 2 ey [ (=) ul ™ (@)de > B
Since (d) holds we have
l—p/ b ,
(5.1) %T(l‘)[)) w(20,30)1/7 < Cw! ™ (0, )17,

Take now f = X(2b,3b)- For t € (0, b) we have

3b (. Na
Suf () = Juf(t) > / @0 s L

2b

Using again (d) we get

w(0,b)'/?

(52) Ja+l

< Cw(2b, 3b)/7.

Combining (5.1) and (5.2), and letting & tend to infinity, we get the
condition A, .
Case p = 1. We need to prove that (b) implies w € C; and that (d)

implies w € A; . We start with the latter.
Given a weight w and b > 0, for € > 0 we consider

E={zx<b: < inf
{z <b:w(x) < tel{(l),b)w(t) + €},

which has positive Lebesgue measure. If f = yg, for t € (2b,3b) we
have

E|
Saf () 2 30y
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Using the weak-type (1,1) we have

£l .
< < .
Sat1] w(2b,30) < Cw(F) < C’(telg(lfb)w(t) +¢)|E|

Letting € tend to zero we get

w(2b, 3b)
b

(5.3) < 3°FC inf w(t).

te(0,b)
On the other hand, (5.2) is true for p = 1 if we have the weak-type
(1,1). This together with (5.3) shows that w € Aj .

Finally we prove that (b) implies w € C;. More precisely, we shall
prove that (b) implies the pointwise inequality Sw(t) < CS,w(t) for
some constant depending only on «. Since (b) is characterized by
Sqw(t) < Cw(t) a.e., we obtain w € C;.

Fix b > 0 and let f(z) = b~ x@/ap/2)(x). Then S, f(z) > ¢1/b for
z < b and

Saf(x) =1,f(x) > 2 foraz>b.

x
Taking ¢, = min(cy, ¢2) and using (b) we obtain
C b/2
caSw(b) < & / w(z) < CaSaw(b).
b Jua

The theorem is fully proved.

Remark 5.1. We have written directly the proof of both cases, p = 1
and p > 1, because of their simplicity. Alternatively, one could use
an extrapolation argument and avoid part of the proof. Indeed, let
us denote as W,(S,) the class of weights for which S, is bounded on
LP(w). By extrapolation, if an operator 7" is bounded on LP°(w) for
some py € [1,00) and for all weights w € W, (S,), then T is bounded
on LP(w) for all 1 < p < oo and for all weights w € W,(S,). Using
this extrapolation theorem, the result for p > 1 is a consequence of the
case p = 1.

6. HIGHER DIMENSIONAL RESULTS

A higher dimensional analogue of the operator NV appears in [5] in a
different context, together with its fractional version. It is defined for
locally integrable functions in R" as

Ni@) =swp— [ 1f@)ldy.

n
r2fe| T S |yl<r
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This operator is up to a constant factor the maximal operator associ-
ated to the basis of R" formed by the Euclidean balls centered at the
origin. The corresponding A, classes are defined accordingly.

In a similar way, we can define the higher dimensional analogues of
the Hardy operator P and its adjoint () as

_ b an o) ()
Pi(z) = /| Ty md Q) / d

|z[" wi<lal "

Conditions for the boundedness of P and () on L?(w) analogous to M,
and MP are proved in [4]. Tt is easy to check that all our results con-
cerning N and S = P+ () can be carried out to the higher dimensional
setting.

Note that Nf, Pf and @ f are always radial functions, regardless of
whether f is radial or not. If, moreover, f is radial, f(z) = fo(|z|), the
n-dimensional operators N, P and () acting on f and evaluated at x
coincide up to a constant factor with the corresponding operators on
(0, +00) acting on fo(t'/") and evaluated at |z|”. This is obtained by
a simple change of variable and the details are left to the reader.
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