The Mathematics Student ISSN: 0025-5742
Vol. 84, Nos. 1-2, January-June, (2015), xx-yy

A GENERATING FUNCTION RELATED TO II
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ABSTRACT. The generating function (in the variable t) given by

/1/1/1 ’U\/E (1 +tu2)2
dudvdx
o Jo Jo (d422)V1—v2V1—u? /{1 +tu2(2 — 422u20? + tu2)}3

is shown to be related to certain algebraic approximations to 7.

1. INTRODUCTION AND MAIN RESULT.

The aim of this note is to present a new generating function given by formula
(2) which (in some sense) is related to certain algebraic approximations to 7. For
a source book on 7 we refer the reader to [3]. Our result is not meant to compete

with other existing results. We prove the following theorem.

Theorem 1.1. Let 0 < d,\/d. Forn=1,2,3,..., set

An(d) =
(_41)” jio(_l)j <2n222j) (nQiLj){zjl— 1 2jd— 3" 2jdi 5T (Y},
=3 (7)) &

and Ao(d) =0, Bo(d) = 1. Note that in A,(d), the bracket {} =0 if j = 0.
i) For t in a neighbourhood of zero one has

oo

Z {\/EAn(d) + By, (d) arctan (%) }t" = (2)

n=0

2 /1 /1 /1 v/d (1 + tu?)?
— dudvdzx.
m™Jo Jo Jo (d+22)vV1—02V1 —u? /{1 + tu2(2 — 422u20? + tu?)}3

ii) If d > 3 then By(d), An(d) #0 for alln > 1. Also A,(d)4"lem{1,...,2n}
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and B,,(d)4™ are polynomials of degree n — 1 and n respectively in Z(d). Let d be
any of the numbers dg =3 , dy =7+ 4V3 , do = 15+ 83 4+ 24/104 + 60V/3, . . .,
where dy, is obtained recursively from the formula

dr =2dp_1 +1+ 2\/dk_1(dk_1 + 1).

Then forn > 1,k > 0 one has

(\/dk‘f’ — V)™

0 < |vdrAn(dy) + B (dy) — , 3
and g5r = arctan(\/;—k).
2. PROOF.
i) Set
" (1) (2n+ 2 2 ;
2= RS () )
= n n—j
and considering ¢ = ++/—1 observe that
F,( W (iVd)
A, (d) = / d—|— a:2 dx,
B,(d) =
1
arctan (ﬁ) = \/_/ d—l—xQ
1
and \/_/ d+x2 T A, (d)Vd + B, (d) arctan (ﬁ) (4)

To prove the formula (2), recall the notations (2m — 1)!! = 1.3.5---(2m — 1),
(2m)!! =2.4---(2m) (see [1]) and notice that

m (2m — !
2 2m I /1 _x2
and
(2m)!! b g2m+1 p
2m + D! _/0 T2

so that for 0 < j,1 <n

2G+n) 122G +n) —3]--- 2/ +3)(2+ 1)
G+n)G+n—1)---(G+1)

12541
= racu®t™ /1 — u2d / S
racu u2du v,
0o V1—12

and

2 +n) =12 +n) =3]--- (2 +3)(2 + 1) (n) (n—i—j)
G+n)+n—1)---(G+1) J J

1 (2n+2j 2n
T on 2n n—3j)"
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Thus
2": nﬂ( )(n+j) +1 2(J+n) 125+ ) 2
2 j o vicae™ ), it
= —/ / G (zuv) u Y dudv (5)
_7T 0 0 " \/1—U2\/1—’U2 ’
where
Gp(w) := Z(—l)"’+j (n) (n +‘]) (25 + 1w?
= VAN

The definition of Legendre polynomials (see [2]) gives

n

(e 6)(7))

J=0

and therefore

no 2 v _ (1+y)
;Gn(w)y o dw{ \/1 +2y(1 — 2u?) +y2} T Ut y2—du? ty)) (6)

The formula (2) now follows from (4), (5) and (6).

ii) From formula (1) it follows that B,(d) # 0if d > 0,n =1,2,3,.... Also
notice that 2; T — 2;% + 2;1—:5 — ...+ (=d)’~ 1 is equal to (—d)?~! multiplied by
something positive if d > 3; which gives, using formula (1), that A,(d) # 0 as
stated.

That A, (d)4™lem{1,...,2n} and B, (d)4™ are polynomials of degree n —1 and
n respectively in Z(d) is trivial from the definitions.

The following formula holds: if 1 < d,n; d € R then

)| (Vd+1-Vd)>
N Vi

This yields the inequality (3). The above formula is a special case of Proposition

0 < |[VdA,(d) + B, (d) arctan (

1 in [4] and we refer the reader to that paper.
Finally the recursive formula for the dj is obtained from the relation
z
arctan(z) = 2 arctan (7)
=) V224141
1

Thus putting z = i in this last formula gives

arctan% :2arctan%, if  d =2d+1+2d(d+1).
It follows that
arctan L = 2arctan L =...=2Farctan L
Vdy Vi Vi,

For the sequence starting with dy = 3, notice that arctan \/ig = - This completes
the proof of the formula (3). O
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