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A Degenerate 2:3 Resonant Hopf–Hopf Bifurcation as Organizing
Center of the Dynamics: Numerical Semiglobal Results∗

G. Revel†, D. M. Alonso†, and J. L. Moiola†

Abstract. In this paper a degenerate case of a 2:3 resonant Hopf–Hopf bifurcation is studied. This codimension-
four bifurcation occurs when the frequencies of both Hopf bifurcation branches have the relation
2/3, and one of them presents the vanishing of the first Lyapunov coefficient. The bifurcation is
analyzed by means of numerical two- and three-parameter bifurcation diagrams. The two-parameter
bifurcation diagrams reveal the interaction of cyclic-fold, period-doubling (or flip), and Neimark–
Sacker bifurcations. A nontrivial bifurcation structure is detected in the main three-parameter space.
It is characterized by a fold-flip (FF ) bubble interacting with curves of fold-Neimark–Sacker (FNS),
generalized period-doubling (GPD), 1:2 strong resonances (R1:2), 1:1 strong resonances of period-

two cycles (R
(2)
1:1), and Chenciner bifurcations (CH). Two codimension-three points with nontrivial

Floquet multipliers (1,−1,−1), where the bifurcation curves FF , FNS, R1:2, and CH interact, are
detected. A second pair of codimension-three points appears when FF interacts with GPD and
R

(2)
1:1 (and CH in one of the points). Finally, it is shown that this degenerate 2:3 resonant Hopf–Hopf

bifurcation acts as an organizing center of the dynamics, since the structure of bifurcation curves
and its singular points are unfolded by this singularity.
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1. Introduction. The Hopf–Hopf bifurcation of equilibrium points explains the origin of
a class of interactions between oscillatory modes in autonomous nonlinear dynamical sys-
tems. This bifurcation is characterized by the transversal intersection of two Hopf bifurcation
branches in the parameter space. At this point the linearized system has two pairs of pure
imaginary eigenvalues ±iω1 and ±iω2. When the ratio of frequencies ω1/ω2 is irrational, the
dynamics can be described by a two-dimensional (2D) truncated normal form, also known as
the amplitude system, since the amplitudes of the orbits are decoupled from their phases. In
these cases, the periodic orbits emerging at each Hopf bifurcation branch (with frequencies
ω1 and ω2, respectively) can undergo Neimark–Sacker bifurcations, generating quasi-periodic
orbits (2D tori). Therefore, in addition to the pair of Hopf branches, the canonical un-
folding of the truncated normal form of this codimension-two bifurcation always includes two
Neimark–Sacker bifurcation curves. In special cases, two additional bifurcation curves appear,
and a three-dimensional (3D) torus arises [18]. When the ratio of frequencies is rational, i.e.,
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ω1/ω2 = p/q with p and q integers, a p:q resonant Hopf–Hopf bifurcation occurs. In particular,
when p + q ≤ 5, the resonance is called strong [19]. In these cases, the 2D amplitude system
is not valid (the amplitudes of the orbits cannot be decoupled from their phases) and a higher
dimensional system is required to describe the dynamics. For example, the generic 1:1 reso-
nant Hopf–Hopf bifurcation (with ω1 = ω2 �= 0) is described by a 3D system (two amplitude
equations and one phase equation). This codimension-three singularity can be interpreted as
the origin (or end) of a branch of codimension-two nonresonant Hopf–Hopf bifurcations (with
the local behavior described in [18]). In a three-parameter space, this branch is the handle
of the Whitney umbrella formed by the stratified set of Hopf bifurcation points in the neigh-
borhood of the resonance [12]. The 1:1 resonance gathers other codimension-two bifurcation
curves (see [31, 29] and references therein), namely, a branch of generalized Hopf bifurcation
points of the equilibrium, a branch of 1:1 strong resonant Neimark–Sacker bifurcation of limit
cycles, a branch of Chenciner bifurcations of 2D torus, and a branch of fold-Neimark–Sacker
bifurcations of limit cycles. These codimension-two bifurcation curves enable the occurrence
of more complex interactions between periodic and quasi-periodic orbits.

In general, the structure of a codimension-n bifurcation and the associated interactions is
exposed by performing semiglobal bifurcation analyses on sections of dimension n − 1 of the
parameter space near the singularity [4]. The term semiglobal means that the dynamics is
studied on a relatively large region, instead of considering an infinitesimally small one in the
neighborhood of the bifurcation point. For example, two-parameter semiglobal unfoldings on
sections near the 1:1 resonant Hopf–Hopf bifurcation must include some of the codimension-
two phenomena listed before, and their subordinated curves of codimension-one bifurcations.
Let us describe briefly the related bifurcation scenarios on 2D sections perpendicular to the
handle of the Whitney umbrella (in [31], a section parallel to the handle is considered). On
one hand, when the section does not intersect the handle (branch of nonresonant Hopf–
Hopf bifurcations), the scenarios always include two nonintersecting Hopf bifurcation curves.
Depending on the value of the parameters, the following four possible scenarios can arise,
adding to the nonintersecting Hopf bifurcation curves: (i) no other bifurcations; (ii) a pair of
generalized Hopf bifurcation points on each Hopf branch and the associated saddle-node bifur-
cations of periodic orbits (cyclic-fold bifurcation); (iii) the same as (ii) but with a Neimark–
Sacker curve interacting with the cyclic-fold curves in a fold-Neimark–Sacker bifurcation point;
(iv) the same as (iii) but without the generalized Hopf points, i.e., the cyclic-fold bifurcation
curves are not connected to the Hopf branches. On the other hand, when the section in-
tersects the handle of the Whitney umbrella, a nonresonant Hopf–Hopf bifurcation point is
always present in the unfolding. At this singularity, two Neimark–Sacker bifurcation curves
arise, and the scenario is completed with (v) no other bifurcations; (vi) a pair of generalized
Hopf bifurcation points on each Hopf branch and the associated cyclic-fold curves; (vii) a
structure involving the generalized Hopf bifurcation points, the associated cyclic-fold curves,
and pairs of 1:1 strong resonances and Chenciner bifurcations on each Neimark–Sacker curve;
(viii) the same as (vii) but without the pair of generalized Hopf points, i.e., the cyclic-fold
curves are not connected to the Hopf branches. The aforementioned singularities enable the
occurrence of complex interactions between periodic and quasi-periodic solutions, such as
saddle-node bifurcations of tori and possibly chaotic dynamics [31]. Recently, the normal
form of the 1:1 resonant Hopf–Hopf bifurcation with Huygens symmetry has been developed
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in [15]. This special symmetric case unfolds a structure of bifurcation curves that, in a two-
parameter section, includes two bubbles of cyclic-fold bifurcations (where phase-locking of the
mixed-mode occurs) and bifurcation curves that give rise to a quasi-periodic 3D torus (called
“toroidal breather”). The bubbles are connected by two cyclic-fold curves delimiting a region
where two mixed-mode phase-locked oscillations coexist.

Structures of bifurcations are typically encountered in other p:q strong resonant Hopf–
Hopf bifurcation cases. For example, they were observed in the numerical three-parameter
unfolding of the 1:2 Hopf–Hopf bifurcation [26]. In the considered case (a simple exam-
ple of an electrical oscillator), the bifurcation unfolds several codimension-two bifurcation
branches, namely, a nonresonant Hopf–Hopf bifurcation curve, two 1:1 and two 1:2 strong
resonant Neimark–Sacker bifurcation curves, a generalized Hopf bifurcation curve, a cusp of
cyclic-fold bifurcations, and two generalized period-doubling bifurcation curves. Some of these
codimension-two phenomena, in particular the degenerate period-doubling bifurcations, were
observed in analytical studies [16, 21, 20]. Two-parameter slices in the neighborhood of the
1:2 resonance include the transversal Hopf branches (H1 with frequency ω1, and H2 with fre-
quency ω2 � 2ω1) and the associated Neimark–Sacker curves (NS1 and NS2, respectively).
In addition, a couple of 1:1 strong resonances appears on the Neimark–Sacker curve NS1, and
a couple of 1:2 strong resonances appears on the curve NS2. The couple of 1:2 strong reso-
nances on NS2 is connected by a closed curve or bubble of period-doubling bifurcations with
a pair of generalized period-doubling singularities. These points are connected by a cyclic-fold
curve, which also interacts with the 1:1 strong resonances that appear on the Neimark–Sacker
curve NS1. The structures appearing on the Neimark–Sacker curves NS1 and NS2 coincide,
respectively, with those observed separately in the k :1 and k :2 normal-internal resonances in
quasi-periodically forced systems [4, 27]. A similar bifurcation structure has been detected in
the study of the 2:3 resonant Hopf–Hopf bifurcation [25], where the scenarios corresponding
to the k :2 and k :3 normal-internal [5] resonances are joined. In this case, the three-parameter
unfolding includes the nonresonant Hopf–Hopf bifurcation branch, a couple of 1:2 and one
1:3 Neimark–Sacker strong resonance bifurcation curves, and two generalized period-doubling
bifurcation curves. The structure associated to the couple of 1:2 strong resonances on the
Neimark–Sacker branch NS1 (associated to the Hopf branch H1 with frequency ω1) is simi-
lar to that described above for the 1:2 resonant Hopf–Hopf bifurcation; i.e., these points are
connected by a bubble of period-doubling bifurcations, with two generalized period-doubling
bifurcation points. The cyclic-fold curve emerging at the generalized period-doubling points
interacts with the 1:3 strong resonance on the Neimark–Sacker branch NS2 (associated to the
Hopf branch H2 with frequency ω2 � 3/2ω1). Notice that the period-two cycle emerging at
the period-doubling bubble on one side of the bifurcation structure evolves into a period-three
cycle near the 1:3 strong resonance point on the opposite side (see [25] for details).

The complexity of interactions near a 2:3 resonant Hopf–Hopf bifurcation increases when
the first Lyapunov coefficient of one of the Hopf branches passes through zero at the reso-
nant point. Roughly speaking, the generalized Hopf bifurcation introduces a third limit cycle
by means of the associated cyclic-fold curve, and this cycle interacts with the periodic and
quasi-periodic orbits existing in the 2:3 resonance. This codimension-four singularity is in-
teresting since it acts as an organizing center of the dynamics, in the sense that bifurcations
of codimension-three or less are subordinated to it (this works in general for codimension-n
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bifurcations [4]). In this paper, we analyze one case of the degenerate 2:3 resonant Hopf–Hopf
bifurcation of the equilibrium point in a four-parameter space by performing systematic two-
and three-parameter semiglobal studies near the singularity. The aim of the analysis is to give
insight into the mechanism by which the degeneracy condition in one of the Hopf bifurcation
branches is transferred to the Hopf–Hopf resonant (and nonresonant) scenario. In the con-
sidered case, the degenerate Hopf bifurcation condition is on the branch H1 (with frequency
ω1), and we will show that the fold bifurcation is transferred to the structure associated to
NS1, i.e., that involving the period-doubling bubble and the pair of 1:2 strong resonances.
Notice that additional local phenomena do not arise on the branch NS2. A new structure of
codimension-two bifurcation curves associated to H1 and NS1, resembling that observed in
the two-parameter analysis of the 2:3 Hopf–Hopf bifurcation, is detected. It consists mainly in
a bubble of fold-flip bifurcations, a fold-Neimark–Sacker bifurcation curve, and a couple of 1:2
strong resonances (i.e., a fold bifurcation is added to the Neimark–Sacker, the period-doubling
bubble, and the cyclic-fold curves observed in the nondegenerate 2:3 Hopf–Hopf bifurcation).
In the three-parameter space, the new structure of limit-cycle bifurcations is organized around
four codimension-three singularities. Two of them correspond to an interaction between fold-
flip bifurcations, 1:2 strong resonances, and fold-Neimark–Sacker and Chenciner bifurcations,
leading to nontrivial Floquet multipliers of the limit cycle at (1,−1,−1). The other two sub-
ordinate a fold-flip bifurcation, a generalized period-doubling bifurcation, and a 1:1 strong
resonance of period-two cycles (one of them also generates a Chenciner bifurcation). This
structure is analyzed by performing detailed two-parameter numerical semiglobal bifurcation
diagrams, and the richness of the associated dynamics is shown by numerical simulations.
Finally, it is shown that when the four-parameter space is considered, the degenerate 2:3 res-
onant Hopf–Hopf bifurcation of equilibria acts as the organizing center of the dynamics, i.e.,
the whole structure (the codimension-three bifurcations of limit cycles and the subordinated
codimension-two curves) is unfolded by the singularity.

The rest of the paper is organized as follows. In section 2, the equations of the oscil-
lator used as an example are introduced and are generalized as two second order coupled
subsystems. A general description of the Hopf–Hopf bifurcation and its resonances is also
given. In section 3, two-parameter semiglobal bifurcation analyses near the degenerate 2:3
Hopf–Hopf bifurcation are performed. A three-parameter numerical semiglobal unfolding is
carried out in section 4, and the structure involving the fold-flip bubble, fold-Neimark–Sacker,
strong resonances, generalized period-doubling, and Chenciner bifurcations curves is analyzed
in section 5. In section 6, the role of the degenerate 2:3 resonant Hopf–Hopf bifurcation as
a codimension-four organizing center of the dynamics is discussed. Finally, in section 7 some
conclusions are included.

2. Hopf–Hopf bifurcation on a model of a simple electrical oscillator. We consider a
four-dimensional (4D) dynamical system modeling a simple electrical oscillator. The interest
in using this circuit as a benchmark for studying the Hopf–Hopf bifurcation is that different
unfoldings and relevant p:q resonances can be created by varying physical parameters. The
circuit has been used by the authors to investigate the 2:3 and 1:2 resonant cases in [25, 26],
respectively. In this section, the attention is focused on presenting the model and highlighting
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some structural properties rather than describing its physical features. The model is given by

ẋ1 = η1
(
α1x1 + x2 − x4 − α2x

2
1 − α3x

3
1

)
,

ẋ2 = −η3x1,(1)

ẋ3 = ρ1x4,

ẋ4 = ρ2 (x1 − x3 − η2x4) ,

where xi, i = 1, 2, 3, 4, are the state variables; η1, η2, and η3 are the main bifurcation param-
eters; ρ1 and ρ2 are constant parameters; and α1, α2, and α3 are auxiliary parameters. All
of the parameters are positive and are univocally related to the physical parameters of the
circuit (see [25, 26] for details).

2.1. A more general representation. The model (1) can be represented as two second
order coupled subsystems by considering the coordinates (y1, y2) = (ωn2/η3 x2, x3), resulting
in

ÿ1 − σ1 [1− f(ẏ1)] ẏ1 + ω2
n1
y1 − σ12ẏ2 = 0,(2)

ÿ2 + σ2ẏ2 + ω2
n2
y2 + ωn2 ẏ1 = 0.(3)

The primary subsystem (2) is basically a self-excited nonlinear oscillator, similar to the
Rayleigh one, with a self-excitation coefficient σ1 = η1α1, a nonlinear coefficient f (ẏ1) =(−α2ẏ1/ωn2 + α3ẏ

2
1/ω

2
n2

)
/α1, a natural frequency ωn1 =

√
η1η3, and a “velocity” coupling

term σ12ẏ2 with σ12 = η1ωn2/ρ1. The secondary subsystem (3) is a damped linear oscillator
(or load) with damping coefficient σ2 = η2ρ2, a natural frequency ωn2 =

√
ρ1ρ2, and a coupling

term ωn2 ẏ1. In this paper, ρ1 and ρ2 are fixed at ρ1 = 1 +
√
2 and ρ2 = 2 − √

2. Thus, the
natural frequency of the secondary subsystem (3) is fixed at ωn2 = 21/4 = 1.1892. In addition,
the auxiliary parameter α3 is fixed at α3 = 1.

The representation (2)–(3), although simple, is more general than (1) and places the
results derived here in the context of coupled second order systems. Interacting second order
systems are frequently used to describe several problems in engineering and physics. Simple
self-excited systems with linear couplings are treated in [24], and with nonlinear couplings in
[1, 33, 3], just to mention a few.

2.2. Hopf–Hopf bifurcation condition. The defining conditions of the Hopf–Hopf bifur-
cation using a dimensionless version of the system (2)–(3) are derived in Appendix A. These
conditions determine that (i) the self-excitation (linear) coefficient of subsystem (2) must be
equal to the damping coefficient of subsystem (3), i.e., σ1 = σ2 (see (17)); (ii) the natural
frequencies of both subsystems must be equal, i.e., ωn1 = ωn2 (see (18)); (iii) the coupling coef-
ficient σ12 > σ1 σ2 (see (19)). Translating these conditions to the main bifurcation parameter
space (η1, η2, η3) results in the codimension-two Hopf–Hopf bifurcation curve (parameterized
in η3)

(4) HH =

{
(η1, η2, η3) : η1 =

ρ1ρ2
η3

, η2 =
α1ρ1
η3

, η3 ≥ ρ1α
2
1

}
.

The bifurcation branches involved in the Hopf–Hopf singularity will be denoted as H1 and
H2, and their frequencies as ω1 and ω2, respectively. The frequencies of the Hopf bifurcations
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H1,2 on the curve (4) result in (see Appendix A)

(5) ω1,2 = ωn2

√
Δ∓

√
Δ2 − 1,

where Δ = 1+ ρ2
(
η3 − ρ1α

2
1

)
/(2η23) ≥ 1, since η3 ≥ ρ1α

2
1 on the Hopf–Hopf bifurcation. The

ratio of frequencies is

(6)
ω1

ω2
= Δ−

√
Δ2 − 1.

2.3. Hopf–Hopf resonances. Letting ω1/ω2 = p/q in (6) and solving for Δ results in

(7) Δ = Δp:q =
p2 + q2

2pq
.

Solving for η3 results in

(8) ηp:q±3 =
2ρ1α

2
1

1±
√

1− (α1/α
p:q
1c )

2
,

where αp:q
1c =

√
ρ2 p q/4ρ1/ (p− q) and α1 < αp:q

1c . Notice that α1c places an upper limit on
the value of α1 for the existence of p:q resonances.

Therefore, in the main bifurcation parameter space, the p:q resonant Hopf–Hopf bifurca-
tion point results in

(9) HH±
p:q =

{
(η1, η2, η3) : η1 =

ρ1ρ2

ηp:q±3

, η2 =
α1ρ1

ηp:q±3

, η3 = ηp:q±3

}
,

and the frequencies corresponding to the branches H1 and H2 at the singularity are

(10) ωp:q
1 = ωn2

√
p/q, ωp:q

2 = ωn2

√
q/p.

The values of ω1 and ω2 on the Hopf–Hopf bifurcation curve (4), for α1 = 1/2 and
α1 = 1/7, are depicted in Figure 1(a), and the ratio ω1/ω2 for the same values of parameter
α1 is shown in Figure 1(b). In the latter, the horizontal dashed lines denote the five p : q
resonant cases with p+ q ≤ 5. In particular, the 1:1 resonance occurs at

(11) HH+
1:1 =

{
(η1, η2, η3) : η1 =

ρ1ρ2

η1:1+3

, η2 =
α1ρ1

η1:1+3

, η3 = η1:1+3 = ρ1α
2
1

}
.

In the main parameter space (η1, η2, η3), the resonance point can be interpreted as the begin-
ning of the Hopf–Hopf bifurcation curve (4), and it exists for any value of α1 (since α

1:1
1c → ∞).

The curve ends in a second 1:1 resonance for η3 = η1:1−3 → ∞, i.e., at HH−
1:1 = (0, 0,∞). The

corresponding frequencies are ω1:1
1 = ω1:1

2 = ωn2 = 2
1
4 .

As noted above, and denoted in Figure 1(b), the value of parameter α1 plays a critical
role in the existence of additional p:q resonances on the Hopf–Hopf bifurcation curve (4). In
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Figure 1. Frequencies of Hopf branches H1 and H2 associated with the Hopf–Hopf bifurcation. (a) Fre-
quencies ω1 (black) and ω2 (gray) varying η3 for α1 = 1/2 and α1 = 1/7. (b) Frequency ratio ω1/ω2.

particular, for α1 < α2:3
1c , with α2:3

1c =
√

3/2
√

ρ2/ρ1 � 0.6033, a pair of 2:3 resonant points
occurs at

(12) HH±
2:3 =

⎧⎨
⎩(η1, η2, η3) : η1 =

ρ1ρ2

η2:3±3

, η2 =
α1ρ1

η2:3±3

, η3 = η2:3±3 =
2ρ1α

2
1

1±
√
1− 2ρ1α2

1
3ρ2

⎫⎬
⎭ .

The corresponding frequencies are ω2:3
1 = ωn2

√
2/3 � 0.9710 and ω2:3

2 = ωn2

√
3/2 � 1.4565.

The 2:3 resonant Hopf–Hopf singularity generates a structure of bifurcations involving 1:2 and
1:3 Neimark–Sacker strong resonances, a period-doubling bubble, cyclic folds, and degeneracy
points as described in [25]. Since the focus of the analysis is the degenerate case of the 2:3
resonant Hopf–Hopf bifurcation, the auxiliary parameter α1 is fixed at α1 = 0.5 such that
only 1:1 and 2:3 strong resonances can appear, i.e., 1:2, 1:3, and 1:4 resonances are avoided
(see Figure 1(b)). For α1 = 0.5, according to (11) and (12) with ρ1 = 1+

√
2 and ρ2 = 2−√

2,
the 1:1 and 2:3 resonances occur at the points

HH+
1:1 � (2.343146, 2, 0.603553),

HH−
1:1 = (0, 0,∞),

HH+
2:3 � (1.827140, 1.559570, 0.774002),

HH−
2:3 � (0.516001, 0.440435, 2.740720).

The projections of the Hopf–Hopf bifurcation curve (4) on the planes (η1, η2) and (η2, η3)
are depicted in Figures 2(a) and 2(b), respectively. In this paper, the analysis of HH+

2:3 is
considered, and for simplicity the sign is dropped, and we refer to this point as HH2:3 in the
following. The same holds with HH1:1.

2.4. Local unfoldings for the nonresonant cases. The dynamics of (1) in the neighbor-
hood of the equilibrium point, for parameter values sufficiently close to the Hopf–Hopf curve
(excluding the transition points and resonances), can be classified in four qualitatively differ-
ent local unfoldings, depending on the value of α2. In accordance with the nomenclature used
in [18], these scenarios are referred to as S.I, S.II, S.III, and D.VI, as denoted in Figure 2 for
α2 = 0.83 (the points where the unfoldings change are denoted by empty circles). Cases S.I–
S.III are called “simple” since the transversal intersection of both Hopf bifurcation branches
only develops a pair of Neimark–Sacker bifurcation curves leading to 2D tori. On the other
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Figure 2. Projections of the Hopf–Hopf bifurcation curve for α1 = 1/2 on the parameter planes. (a) η1−η2,
(b) η2 − η3. Resonant points HH1:1 and HH2:3 are denoted by black circles. The local unfoldings for α2 = 0.83
are indicated as S.I, S.II, and S.III (simple), and D.VI (difficult), and the transitions by empty circles.

hand, the case D.VI is called “difficult” since it unfolds two additional bifurcation curves lead-
ing to a 3D torus. The normal form of the Hopf–Hopf bifurcation and the local unfolding of
the four cases are included in Appendix B (see [18] for a detailed description). Notice that the
canonical diagrams shown in Figure 19 (rotated clockwise 135◦) are qualitatively equivalent to
the diagrams observed in the parameter plane η1 − η2 near the Hopf–Hopf bifurcation curve.

The transition from the simple case S.III to the difficult case D.VI occurs at the point
denoted as HH0 in Figure 2. This is a codimension-three singularity where, in addition to
the Hopf–Hopf bifurcation condition occurring, the first Lyapunov coefficient of the Hopf bi-
furcation H1 vanishes. Increasing α2, HH0 approaches the 2:3 resonance HH2:3, and for
α2 � 0.86 both points coincide, leading to a codimension-four bifurcation, denoted in the
following as HH0

2:3. This degenerate 2:3 resonance point acts as an organizing center of the
dynamics, unfolding nontrivial phenomena that will be studied in the following by means
of two-, three-, and four-parameter analysis. All of the bifurcations detected in this paper,
with their corresponding acronyms, codimensions, critical eigenvalues or multipliers, and sub-
ordinate bifurcations, are listed in Tables 1 and 2 for equilibrium points and limit cycles,
respectively.

3. Numerical two-parameter semiglobal unfoldings of the Hopf–Hopf bifurcation near
the degenerate 2:3 resonant condition. As depicted in Figure 2, for α2 = 0.83, the degenerate
Hopf–Hopf point HH0 is close to the 2:3 resonance HH2:3 (they coincide for α2 � 0.86).
Therefore, performing semiglobal unfoldings of the Hopf–Hopf bifurcation, useful information
about the interaction of these singularities is obtained. Moreover, they can be interpreted
as slices of the unfoldings of HH0, HH2:3, and the additional singularities arising at the
interaction of the former ones. Towards this end, numerical unfoldings in the parameter plane
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Table 1
Local bifurcations of equilibria detected in this paper. The fifth column (incidence) contains the subordinate

bifurcations (see the acronyms of limit cycle bifurcations in Table 2). The difference between the simple and
difficult cases in the Hopf–Hopf bifurcation is not indicated since the bifurcations leading to the 3D torus are not
detected. The supra-indices a,b denote that two bifurcations are unfolded. The last column indicates when the
normal form of the Hopf bifurcation branch H1 is degenerate, i.e., when the first Lyapunov coefficient vanishes.

Label Bifurcation Codim. Eigenvalues Incidence (detected) Deg. on H1

H Hopf 1 λ1,2 = ±iω - No

GH Bautin or generalized Hopf 2 λ1,2 = ±iω H + CF Yes

HH Hopf–Hopf 2 λ1,2 = ±iω1 H1,2 +NS1,2 No

λ3,4 = ±iω2

HH0 Degenerate Hopf–Hopf 3 λ1,2 = ±iω1 HH + FNS +GH Yes

λ3,4 = ±iω2

HH1:1 1:1 resonant Hopf–Hopf 3 λ1,2 = ±iω1 HH + FNS +GH Yes

λ3,4 = ±iω1

HH2:3 2:3 resonant Hopf–Hopf 3 λ1,2 = ±iω1 HH +Ra,b
1:2 +GPDa,b +R1:3 No

λ3,4 = ±i 3
2
ω1

HH0
2:3 Deg. 2:3 resonant Hopf–Hopf 4 λ1,2 = ±iω1 HH2:3 +HH0 +Qa,b + P a,b Yes

λ3,4 = ±i 3
2
ω1

η1 − η2 for α2 = 0.83 and four different values of η3 (denoted as vertical dashed lines in
Figure 2(b)) are performed. The two-parameter bifurcation diagrams obtained with Matcont
[9] are described in the following subsections. The coefficients of the truncated normal form
(29)–(30) of the Hopf–Hopf bifurcation for each case are listed in Table 3. The normal form
coefficients for all of the detected bifurcations are also computed with Matcont (see [10]).

3.1. Two-parameter slice at the right ofHH2:3 (η3=0.778). The numerical semiglobal
unfolding of the Hopf–Hopf bifurcation in the parameter plane η1 − η2 for η3 = 0.778 (the
vertical rightmost slice in Figure 2(b)) is shown in Figure 3. Computing the coefficients of
the normal form (first row of Table 3) reveals that the Hopf–Hopf bifurcation corresponds to
the simple case S.III (compare Figure 3 with case S.III in Figure 19). The unfolding contains
two Neimark–Sacker bifurcation curves NSa

1 and NSa
2 associated to the cycles born at the

Hopf curves H1 and H2, respectively. The cyclic-fold bifurcation CF is not unfolded by the
Hopf–Hopf bifurcation HH, but, as will be shown later, it arises in a generalized Hopf bi-
furcation of the branch H1 and will interact with the bifurcation curves associated to HH.
The superscript in NSa

1,2 denotes that the branch begins at the Hopf–Hopf bifurcation. When
parameter η3 is varied, Neimark–Sacker strong resonances appear on these branches, and the
superscript b will be used to denote the segment that evolves from the resonance point.

The limit sets corresponding to each region of the bifurcation diagram are illustrated in
Figure 4. The figure shows, in the second and third rows, the projections of the orbits on
the phase plane x1 − x2, and in the first and last rows, the projections on the plane x2 − x3
of the corresponding iterates at the Poincaré sections x1 = 0 and ẋ1 > 0. In the phase
planes (second and third rows) the equilibrium point (origin) is denoted with a filled circle
when stable (region 1) and an empty circle when unstable (regions 2–8). The limit cycles
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Table 2
Local bifurcations of limit cycles detected in this paper. The superscript (2) indicates a secondary bifurca-

tion. The label TF in the incidences of R1:2 and CH means a saddle-node bifurcation of torus (not included
in the first column since it is not detected numerically). The subordinated bifurcations (incidence) indicated
for R1:2 and FF correspond to the more complex cases of their normal forms, and some of them may not be
present (e.g., NS(2)). The last column denotes whether a degeneracy is present (a) on the period-doubling curve
PD, (b) on the Neimark–Sacker curve NS, or (c) on the fold-flip curve FF, since the flip bifurcation PD is
degenerate due to the generalized period-doubling bifurcation GPD.

Label Bifurcation Codim. Critical multipliers Incidence Degeneracy

CF Cyclic-fold 1 μ1 = 1 - No

NS Neimark-Sacker 1 μ1,2 = e±iθ - No

PD Period-doubling or flip 1 μ1 = −1 - No

GPD Generalized PD 2 μ1 = −1 PD + CF (2) Yes (a)

CH Chenciner 2 μ1,2 = e±iθ NS + TF Yes (b)

R1:1 1:1 strong resonance 2 μ1,2 = 1 NS + CF No

R1:2 1:2 strong resonance 2 μ1,2 = −1 NS + PD +NS(2) + TF No

R1:3 1:3 strong resonance 2 μ1,2 = e±i 2π
3 NS No

FF Fold-flip 2 μ1 = −1, μ2 = 1 PD + CF +NS(2) No

FNS Fold-Neimark–Sacker 2 μ1,2 = e±iθ, μ3 = 1 NS + CF No

P Codim-3 sing. cycles 3 μ1 = −1, μ2 = 1 FF +GPD +R
(2)
1:1 +CH(2) Yes (c)

Q Codim-3 sing. cycles 3 μ1,2 = −1, μ3 = 1 FF +R1:2 + FNS + CH +CH(2) No

Table 3
Normal form coefficients corresponding to the Hopf–Hopf bifurcation (see (29)–(30) in Appendix B) for the

values of η3 denoted by the dashed lines in Figure 2(b).

η3 p11 × p22 θ δ Θ Δ Case Figure

0.7780 1 5.6245×101 –1.4914×10−1 –5.6774×105 2.8800×101 S.III 3

0.7700 1 8.8924×101 –1.7423×10−1 –1.8425×106 3.6525×101 S.III 5

0.7607 1 3.1039×102 –2.0475×10−1 –6.2948×107 8.4121×101 S.III 9

0.7570 –1 -9.1810×103 –2.1733×10−1 1.4948×1012 –1.9094×103 D.VI 10

are depicted as solid curves when stable and dashed when unstable; blue is used for the cycle
arising at H1, orange for the cycle associated to H2, and magenta for the cycle that undergoes
the cyclic-fold bifurcation CF with the blue cycle. The actual size of the magenta cycle is
considerably larger than the orange and blue cycles, and it was reduced in the figure to a
scale compatible with the formers. The stable 2D torus is shown in black (see regions 7 and
8). Notice that in region 7 the 2D torus coexists with the equilibrium point and the three
unstable cycles. The corresponding iterates at the Poincaré section (first and last rows) show
the limit cycles as fixed points and the 2D torus as a closed curve with the same colors as
those used in the phase planes.

The dynamics in the whole range of Figure 3 is illustrated in Appendix C by computing
the largest Lyapunov exponent (see Figure 21). Notice that, for this value of η3, neither the
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Figure 3. Two-parameter bifurcation diagram for η3 = 0.778 and α2 = 0.83. Normal form S.III.

effect of the 2:3 resonance (HH2:3) nor that of the degenerate curve (HH0) is observed, and
the dynamics is governed by the normal form of the Hopf–Hopf bifurcation.

3.2. Two-parameter slice at the left of HH2:3 (η3 = 0.77). When parameter η3 is
decreased to η3 = 0.77, i.e., the point HH2:3 is on the right of the corresponding vertical slice
in Figure 2(b), a nontrivial bifurcation structure appears as shown in the semiglobal unfolding
in Figure 5. The normal form of the Hopf–Hopf bifurcation does not change qualitatively and
remains as the simple case S.III, with the coefficients shown in Table 3 (second row). As
in the previous case, the (local) unfolding predicts only the existence of the Neimark–Sacker
bifurcation curves NSa

1 and NSa
2 (see Figure 5(a)). In addition, a structure involving 1:2

and 1:3 strong resonances is detected. This nonlocal structure is shown in detail in the blow-
ups of Figures 5(b) and 5(c). It is formed by a period-doubling (PD) bubble with two 1:2

strong resonance points (Ra,b
1:2) on the branch NSa,b

1 , and by a 1:3 strong resonance (R1:3)

on the branch NSa,b
2 . Both scenarios are connected by a curve of saddle-node bifurcations

of limit cycles CF (2) arising at two generalized period-doubling bifurcation points GPDa,b

on the PD bubble. In the following, the superscripts a and b included in the bifurcation
acronyms will denote that the phenomenon is associated to the Neimark–Sacker branches
NSa

1 or NSb
1, respectively. The structure is completed with two secondary Neimark–Sacker

bifurcation curves NS(2) beginning at Rb
1:2 (on the PD bubble) and at R

(2)
1:1 (near R1:3), and

ending at two 1:1 strong resonance points R
(2)
1:1 on CF (2). Two curves of neutral-saddle points

(dashed lines) close the connection between the strong resonances Rb
1:2 and R

(2)
1:1. A similar

structure for α2 = 0.6 was described in [25], where it was shown that it arises at HH2:3.
The dynamics near the PD bubble is governed by period-two phenomena related to the

cycle born at H1, whereas the dynamics in the vicinity of R1:3 is associated to period-three
phenomena of the cycle arising at H2. These phenomena will be described in detail next,
but, to illustrate roughly the dynamics involved in this structure, two scenarios near the
PD bubble and two near R1:3 are included in Figure 6 by means of the phase planes and
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Figure 4. Limit sets on the phase plane x1-x2 (second and third rows) and the associated Poincaré maps
on the plane x2-x3 (first and fourth rows) for x1 = 0 and ẋ1 > 0.

the corresponding Poincaré maps. The stable (unstable) limit cycles are denoted by solid
(dashed) lines in the phase plane diagrams and by filled (empty) colored circles in the maps.
Only stable tori are depicted in both diagrams (in black and gray). In Figure 6(a), the
“period-one” limit cycle born at H1 (in blue), the associated period-two cycles born at cyclic
fold bifurcation CF (2) (in red and green), and the 2D torus (in black) arising when the blue
cycle undergoes the Neimark–Sacker bifurcation NS1, are appreciated. Figure 6(b) shows the
scenario after the collapse of the blue cycle in H1 and near the Neimark–Sacker bifurcation
NS(2) of the “period-two cycle.” The stable 2D torus (in gray) associated to the period-two
cycle is observed. The period-two phenomena in Figures 6(a) and 6(b) evolve into period-
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Figure 5. Two-parameter bifurcation diagram for η3 = 0.77 and α2 = 0.83. Normal form S.III.

three phenomena, and analogous scenarios are observed near R1:3 as depicted in Figures 6(c)
and 6(d). The period-three cycles (in red and green) are also created by the CF (2) curve, but
now they are associated to the cycle born at H2 (in orange). The description of the global
phenomena involved in the transition between both scenarios is beyond the scope of this paper;
instead, our attention is focused on describing the structures around the PD bubble and the
1:3 strong resonance depicted by the rectangles in Figure 5(b).

The semiglobal scenarios around the PD bubble and the R1:3 resonance coincide, re-
spectively, with those observed in the analysis of k :2 and k :3 normal-internal resonances in
quasi-periodically forced systems [4, 5, 27]. The dynamics in the vicinity of the PD bubble is
illustrated in Figure 7 by means of selected Poincaré maps on the plane x2-x3 for x1 = 0 and
ẋ1 > 0. A schematic representation of the blow-up of Figure 5(c) is also included in order to
allow a better identification of the regions. The phase planes are not included, but the shapes
of the orbits are similar to those shown in Figures 6(a) and 6(b). The limit sets are identified
with the same colors used before (the orange limit cycle associated to H2 is not included in
Figure 7 since it has no direct participation in the dynamical phenomena of the PD bubble).
The connection between the stable and unstable manifolds of the limit sets is depicted by
means of the iterates at the Poincaré map. The period-one cycle (in blue) arises at H1 and
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Figure 6. Phase planes (first row) and the corresponding Poincaré maps (second row) for x1 = 0 and
ẋ1 > 0 at different points near the PD bubble ((a) and (b)) and near R1:3 ((c) and (d)).

exists only in regions 1–8 and 12 (it does not exist in regions 9–11). The cycle undergoes
period-doubling bifurcations on the PD bubble leading to the period-two cycles denoted in
red and green (see, for example, the transitions from regions 12–1, 1–2, 8–7, or 7–6). The

period-one cycle also undergoes Neimark–Sacker bifurcations on NSa,b
1 leading to a 2D torus

(closed curve in black) as occurs in the transitions 12–5, 2–3, and 12–8. The period-two cycles
collapse on the cyclic-fold curves CF (2) (see transitions 3–5 and 6–8). The trajectory depicted
in magenta represents the unstable manifold of the third period-one cycle (the “large” one in
magenta (see Figure 4) not involved in the Hopf–Hopf bifurcation) that interacts with the blue
cycle at the cyclic-fold bifurcation CF . Notice that global phenomena such as homoclinic and
heteroclinic bifurcations and saddle-node bifurcations of tori, which explain the transitions
between regions 3–4 and 9–10, are not included. The bifurcation diagram of this structure,
including global phenomena, is described in [4, 5, 27] in relation to the normal form of the k :2
normal-internal resonances. In our case, the dynamics in the neighborhood of Rb

1:2 involves
two Chenciner bifurcations CH and CH(2) enabling the transition from the dynamics given
by the local unfolding of the 1:2 strong resonance to the dynamics shown in Figure 7. These
phenomena introduce saddle-node bifurcations of tori, but they occur in an extremely narrow
region of the parameter plane, and thus it is practically impossible to distinguish all of the
regions in order to show the associated Poincaré maps.

The dynamics near R1:3 is shown in Figure 8. The period-one limit cycle depicted in orange
arises at the Hopf bifurcation branch H2, and the period-three cycles in red and green are
created (and collapsed) at the cyclic-fold bifurcation CF (2) (see transition 1–2). The orange

cycle undergoes the Neimark–Sacker bifurcation NSa,b
2 leading to a stable 2D torus (denoted

by the black closed curve in maps 1 and 4). This torus exhibits heteroclinic connections with
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Figure 7. Blow-up of the bifurcation diagram of Figure 5(c) in the neighborhood of Ra,b
1:2, and projections

of the relevant Poincaré maps for x1 = 0 and ẋ1 > 0.

the green period-three cycle (predicted by the normal form of the Neimark–Sacker bifurcation),
enabling the transitions between regions 2–3 and 3–4 (and also 5–6 and 6–7). A secondary
stable torus (gray cycle in regions 5, 6, and 7) is created by a Neimark–Sacker bifurcation of

the red period-three cycle on the curve NS(2) originating at R
(2)
1:1 (see transitions 2–7, 3–6, and

4–5). The Chenciner bifurcation CH(2) on NS(2) indicates the presence of a curve of saddle-
node of tori associated to the gray torus. We do not show the heteroclinic curves associated
to the black torus and the saddle-node of the gray torus since they were not computed. The
diagram (excluding the cyclic-fold bifurcation CF (2) and NS(2)) is described in [5] in relation
to the analysis of k :3 normal-internal resonance.

To expose the complexity introduced by the whole structure, the largest Lyapunov
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Figure 8. Blow-up of the bifurcation diagram of Figure 5(b) in the neighborhood of R1:3, and projections
of the relevant Poincaré maps for x1 = 0 and ẋ1 > 0.

exponent diagram on the parameter plane η1 − η2 is computed in Figure 22 in Appendix C.
The main difference between this case (η3 = 0.77) and the previous one (η3 = 0.778) is the
dynamics around the ensemble of resonant bifurcations (see Figure 22(b)).

3.3. Two-parameter slice at the right of HH0 (η3 = 0.7607). For decreasing values
of parameter η3, the cyclic-fold bifurcation curve CF (observed previously in the diagrams
of Figures 3 and 5) interacts with the period-doubling bubble PD, paving the way for the
birth of additional phenomena. This is revealed in Figure 9(a) and in the corresponding
blow-ups of Figures 9(b) and 9(c) for η3 = 0.7607. Notice that the deepest blow-up of
Figure 9(c) is a schematic representation since it is very difficult to distinguish the curves
in the actual bifurcation diagram. The local unfolding of the Hopf–Hopf bifurcation remains
without qualitative changes, i.e., it is the case S.III (see the coefficients in Table 3). As shown
in Figure 9(c), the interaction between CF with the PD bubble and GPD introduces new
phenomena: two fold-flip bifurcation points FF a,b and a 1:1 strong resonance of a period-two

cycle R
(2)a
1:1 , which change the connections of the NS(2) curve and generate a twist in the PD

bubble. The higher codimension bifurcation leading to these phenomena, and the new features
introduced in the dynamics, is associated to the interaction between HH0 and HH2:3, and it
will be analyzed in detail in the next section.
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Figure 9. Two-parameter bifurcation diagram for η3 = 0.7607 and α2 = 0.83. Normal form S.III.

3.4. Two-parameter slice at the left of HH0 (η3 = 0.757). Both fold-flip bifurcations
disappear for lower values of η3, as is depicted for η3 = 0.757 in Figure 10(a) and in the
blow-ups of Figures 10(b) and 10(c). Again the deepest blow-up (Figure 10(c)) is a schematic
representation of the actual bifurcation diagram. The fold-flip interaction has disappeared and
the cyclic-fold curve CF now interacts with H1 by means of two generalized Hopf bifurcations
(GH in Figure 10(a)). In addition, the twist in the PD bubble disappeared and a new 1:1

strong resonance of the period-two cycle R
(2)b
1:1 was created. In this case, as a consequence of

the degenerate Hopf–Hopf bifurcation HH0, the local unfolding of the Hopf–Hopf bifurcation
has changed to the difficult case D.VI, with the coefficients given in the last row of Table 3.

This two-parameter analysis reveals a bifurcation structure associated to the 2:3 resonant
Hopf–Hopf bifurcation, and additional codimension-two bifurcation points, namely, fold-flip
bifurcations, generalized Hopf bifurcations, and Neimark–Sacker 1:1 strong resonances, expos-
ing the effect of the degenerate condition HH0 that will be analyzed in the next section.

4. Numerical three-parameter semiglobal unfolding of the 2:3 resonant Hopf–Hopf bi-
furcation near the degenerate condition. In order to identify the mechanism leading to the
interactions between the cyclic-fold curve CF with the limit-cycle bifurcations PD, GPDa,b,
Ra,b

1:2, and NSa,b
1 exposed in Figures 9 and 10, the relevant codimension-two bifurcation points
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Figure 10. Two-parameter bifurcation diagram for η3 = 0.757 and α2 = 0.83. Normal form D.VI.

detected before for α2 = 0.83 are continued in the main parameter space (η1, η2, η3). The con-
tinuation results, completing those shown in Figure 2, are depicted in Figures 11(a) and 11(b),
with the corresponding blow-ups in Figures 12(a)–12(d). Figures 11(a) and 11(b) show that

the 1:2 and 1:3 strong resonance curves Ra,b
1:2 and R1:3, and a pair of generalized period-

doubling bifurcations GPDa,b, arise at HH2:3. Therefore, as shown in [25] for α2 = 0.6, the
2:3 resonant Hopf–Hopf singularity acts as an organizing center of the dynamics in the main
parameter space. The three-parameter bifurcation diagram includes the 1:1 resonant Hopf–
Hopf point HH1:1 that unfolds a fold-Neimark–Sacker curve (FNS) and a generalized Hopf
curve (GH) corresponding to the vanishing of the first Lyapunov coefficient of the branch
H1. The curve GH interacts with the Hopf–Hopf bifurcation HH at the codimension-three
bifurcation point HH0, where the nondegeneracy condition of the Hopf–Hopf normal form
fails, and the fold-Neimark–Sacker curve FNSa arises (see Figures 12(a) and 12(b)).

Other codimension-two and -three phenomena denoted in these diagrams are not explained
by the 2:3 resonant Hopf–Hopf singularity or by HH0 or HH1:1. These phenomena are
organized around a fold-flip bubble FF and four codimension-three bifurcation points P a,b

and Qa,b (see Figures 12(c) and 12(d)). A brief introduction of this structure is given here
and a detailed description is included in section 5. At the singular points P a,b the fold-flip
bubble interacts with the curves GPDa,b, respectively. As a result, one of the coefficients of



1148 G. REVEL, D. M. ALONSO, AND J. L. MOIOLA

Figure 11. Three-parameter bifurcation diagrams for α2 = 0.83.

the fold-flip normal form vanishes, and a curve of 1:1 strong resonances of a period-two cycle,

denoted as R
(2)a,b
1:1 , arises. The singularity P b also introduces a Chenciner CH(2) bifurcation

curve of a period-two torus. On the other hand, Qa,b relates the fold-flip bifurcation FF to
the 1:2 strong resonance curves Ra,b

1:2 and the fold-Neimark–Sacker curves FNSa,b. Notice that
FNSa connects Qa with HH0. In addition, Qa,b unfolds Chenciner curves, denoted CH and
CH(2) in Figures 12(c) and 12(d). The nontrivial Floquet multipliers at Qa,b are (−1,−1, 1).

Different methods were used for computing codimension-two bifurcation curves. The gen-
eralized Hopf bifurcation curve GH was obtained by using the frequency domain method
[22, 23]. Thus, the first Lyapunov coefficient was computed, and the conditions on the pa-
rameters leading to the vanishing of this coefficient were obtained. The FF curve was com-
puted with LOCBIF [14], starting at the points detected in the two-parameter bifurcation
diagrams. The remaining curves were obtained with Matcont by performing 2D slices in
the parameter plane η1 − η2 for different values of η3 and then connecting the points. This
“artisanal” method was also used for computing the codimension-three bifurcation curves
appearing below.

5. Analysis of the fold-flip bubble and its singular points P a,b and Qa,b. Let us consider
2D bifurcation diagrams in the parameter plane η1−η2 for some key values of η3. These slices
of the three-parameter bifurcation diagram are denoted by the vertical dashed lines with
labels a–f in Figure 12(d), and the results are represented schematically in Figure 13(a)–(f),
respectively. The locations of the interacting bifurcations and their normal form coefficients
are given in Tables 4 and 5, respectively. Let us begin with a description of the interactions
from the right to the left in Figure 12(d), i.e., for decreasing values of η3.

5.1. Effects of the FF bubble and FNS on the bifurcation structure. The scenario
at the right of the fold-flip bubble FF is similar to the one observed in Figure 5 for η3 = 0.77.
For η3 = 0.7608, i.e., on the slice a in Figure 12(d), the PD bubble retains both 1:2 strong
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Figure 12. Blow-ups corresponding to the three-parameter bifurcation diagrams of Figure 11 for α2 = 0.83.

resonances Ra,b
1:2 and both generalized period-doubling bifurcations GPDa,b as show in Figure

13(a). According to the coefficients of the normal form (see Table 5), the unfoldings of Ra
1:2 and

Rb
1:2 correspond to the ones shown in Figures 9.9 and 9.10 of [18], respectively. Both scenarios

coincide with those in our Figure 13(a) (global bifurcations are not included). Notice that
only the 1:2 resonance Rb

1:2 unfolds a supercritical Neimark–Sacker curve NS(2) since a < 0
and b > 0. The scenario is completed with two Chenciner bifurcations on the Neimark–Sacker
curves NSb

1 and NS(2), denoted as CH and CH(2), respectively. On the other hand, the
normal form coefficient e of the generalized period-doubling bifurcation GPDa is negative
and the unfolding corresponds to the one shown in Figure 9.3 of [18]. The coefficient of GPDb

is positive and the unfolding is the opposite of the one of GPDa.
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Figure 13. Two-parameter bifurcation diagrams (schematics) across the fold-flip bubble for α2 = 0.83.

The first influence of the fold-flip bubble on the bifurcation diagram is introduced by
the two fold-flip points FF a,b. The normal form coefficients of FF a,b are also included in
Table 5. According to [6], since in both cases a02 × b11 < 0 and CNS < 0, each fold-flip point
unfolds a supercritical Neimark–Sacker curve (NS(2)) of the period-two cycle. In this case,
NS(2) is a single curve joining FF a and FF b (as depicted in Figure 13(a)) with two Chenciner
bifurcations CH(2). A second addition to the bifurcation structure is the fold-Neimark–Sacker
bifurcation point FNSb. The normal form coefficients, computed according to the procedure
described in [7, 8], reveal that the unfolding corresponds to the one shown in Figure A1(c)
of [8] for s = 1, θ < 0, and E > 0 and contemplates the existence of an unstable 3D torus.
This torus is destroyed via a complicated global phenomena (homoclinic tangle) occurring in
an exponentially small wedge in the parameter space (see [18, 32, 8]).

The dynamics related to the bifurcation scenario in Figure 13(a) is illustrated in Figure 14.
The phase portraits on regions 1–12 coincide with those in Figure 7, and the ones related to the
bifurcations FF a,b and FNSb are depicted by means of schematic local unfoldings and their
associated Poincaré maps. The new scenario is governed by the interaction between the the
cycle originated by the cyclic-fold curve CF and the limit sets associated to the PD bubble.
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Table 4
Bifurcation points with superscripts a and b in the diagrams shown in Figures 13(a)–13(f).

η3
FF a Ra

1:2 GPDa FNSa

η1 η2 η1 η2 η1 η2 η1 η2

(a) 0.76080 1.862743 1.579845 1.862584 1.580118 1.862536 1.580198 - -

(b) 0.76075 1.862881 1.579923 1.862673 1.580278 1.862673 1.580279 - -

(c) 0.76070 1.863018 1.580001 1.862838 1.580311 1.862809 1.580359 - -

(d) 0.76065 1.863156 1.580080 1.863038 1.580282 1.862946 1.580440 - -

(e) 0.76055 1.863568 1.580003 1.863431 1.580236 1.863218 1.580601 1.863375 1.580332

(f) 0.76050 - - 1.863569 1.580315 1.863355 1.580681 1.863445 1.580527

η3
FF b Rb

1:2 GPDb FNSb

η1 η2 η1 η2 η1 η2 η1 η2

(a) 0.76080 1.862745 1.579841 1.862944 1.579502 1.863118 1.579206 1.863026 1.579362

(b) 0.76075 1.863060 1.579617 1.863083 1.579578 1.863258 1.579281 1.863096 1.579556

(c) 0.76070 1.863300 1.579521 1.863222 1.579655 1.863397 1.579355 - -

(d) 0.76065 1.863505 1.579485 1.863360 1.579731 1.863537 1.579430 - -

(e) 0.76055 1.863568 1.580003 1.863638 1.579884 1.863817 1.579579 - -

(f) 0.76050 - - 1.863777 1.579960 1.863957 1.579653 - -

Table 5
Normal form coefficients of the bifurcation points with superscripts a and b of Figures 13(a)–13(f). The

values in brackets (e.g., [10−3]) indicate a scale factor of the corresponding coefficient.

η3
FF a Ra

1:2 GPDa FNSa

a20 [10−3] a02 [10−4] b11 CNS a [10−1] b [105] e [109] s θ E

(a) 0.76080 4.1178 1.3644 -1.8507 -8.9634 2.9203 -4.2929 -5.8797 - - -

(b) 0.76075 4.0583 1.8156 0.1390 - 3.8690 -7.4499 -100.43 - - -

(c) 0.76070 3.9975 1.9739 1.9798 - 5.6924 -15.942 -4.1026 - - -

(d) 0.76065 3.9363 1.9933 5.5875 - 10.607 -54.798 -1.1052 - - -

(e) 0.76055 3.8121 1.5230 -7.8798 -566.38 -15.294 -111.30 -0.2852 1 -320 -4516

(f) 0.76050 - - - - -6.9714 -22.869 -0.1844 1 -325 -1014

η3
FF b Rb

1:2 GPDb FNSb

a20 [10−3] a02 [10−4] b11 CNS a [10−1] b [105] e [107] s θ E

(a) 0.76080 4.1151 0.7337 -5.1269 -85.111 -1.3484 6.4661 1.3518 1 -297 2204

(b) 0.76075 4.0521 0.3053 -39.489 -5951.8 -8.3582 247.77 2.3048 1 -301 8374

(c) 0.76070 3.9906 0.1677 8.4332 - 1.9996 14.145 4.8444 - - -

(d) 0.76065 3.9296 0.1670 2.5796 - 0.8947 2.8244 16.152 - - -

(e) 0.76055 3.8094 0.6684 -1.6483 -2.9738 0.4262 0.6376 34.083 - - -

(f) 0.76050 - - - - 0.3381 0.4003 0.7419 - - -
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Figure 14. Two-parameter bifurcation diagram and Poincaré maps for η3 = 0.7608 (Figure 13(a)).

Thus, the period-one cycle in magenta is introduced to the ensemble, interacting not only with
the cycle born at H1 (in blue) but also with the period-two phenomena related to the PD
bubble, namely, the period-two cycle (red dot in regions 15, 16, and 1) and the 2D torus (gray
closed curve in region 16). In addition, the fold-Neimark–Sacker bifurcation FNSb introduces
another 2D torus (see the black dot in regions 15′, 16′, and 8) and an unstable 3D torus
(closed dashed curve in region 16′). Notice that the dot above the horizontal axis represents
a period-two cycle in the unfoldings of the fold-flip, and a 2D torus in the unfolding of the
fold-Neimark–Sacker bifurcation. On the other hand, the closed curve is a 2D torus in the
fold-flip diagrams and a 3D torus in the fold-Neimark–Sacker. In order to illustrate the actual
dynamics associated to the FNSb phenomenon, a simulation of the limit sets and transient
behavior in region 8, very close to the heteroclinic curve P , is shown in Figure 15. In this figure
the period-one cycles are unstable and the only stable set is the 2D torus (see the Poincaré
map corresponding to region 8 in Figure 14). A slow transient behavior, reminiscent of the
heteroclinic orbit (cf. Figure 8.20 in [18]) and associated to the connection of the manifolds
of the cycles, appears.

5.2. Effects of singularity P a on the bifurcation structure. Decreasing η3 from η3 =
0.7608 (Figure 13(a)) to η3 = 0.76075 (Figure 13(b)), the GPDa curve interacts with the FF
bubble in a codimension-three bifurcation labeled P a in Figure 12(d). At this point, GPDa
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Figure 15. Dynamical behavior in region 8 near the P curve for η3 = 0.7608. The transient behavior
resembles the heteroclinic orbit associated to the connection of the manifolds of the cycles.

becomes singular (e → −∞) and, simultaneously, a degeneration is introduced on the fold-
flip bifurcation, which is denoted by the vanishing of the normal form coefficient b11. After
P a, the normal form of GPD does not change but FF a changes, as denoted in Table 5 for
η3 = 0.76075. Since a02×b11 > 0, now FF a does not unfold the NS(2) bifurcation, as depicted
in the schematic diagram of the numerical continuation shown in Figure 13(b). The interaction

between FF a and GPDa at P a introduces a 1:1 strong resonance R
(2)a
1:1 on the cyclic-fold

branch CF (2) (originated at GPDa). Then, the Neimark–Sacker curve NS(2), originally

associated to FF a, is transferred to R
(2)a
1:1 . In this case, the curve is supercritical (as before)

since the product of the normal form coefficients of R
(2)a
1:1 (not included in Tables 4 and 5)

is negative (a × b < 0) [18, 6]. This product remains negative throughout the curve R
(2)a
1:1 in

Figures 12(c) and 12(d), and the unfolding is equivalent to the one shown in Figure 8.8 of [18].
The interaction between FF a and GPDa (and the one between FF b and GPDb explained
below) can be interpreted within the framework of quasi-periodic Hopf bifurcations discussed
in [30]. In particular, the slices shown in Figures 13(a),(b) can be associated to the connections
at the right in Figures 4 and 2 of [30], respectively. The latter presents different unfoldings

of the FF and R
(2)
1:1 bifurcations (associated to the singularities SH and BT , respectively, in

[30]).
Notice that in the slice shown in Figure 13(b) the bifurcations FF b and Rb

1:2 share the same
Neimark–Sacker curve NS(2). This is due to a global interaction between the Neimark–Sacker
curve joining FF a with FF b and the Neimark–Sacker curve originating at Rb

1:2 (both shown
in Figure 13(a)). This global phenomenon occurs between η3 = 0.7608 and η3 = 0.76075
(Figures 13(a),(b), respectively), when both curves collide and split, leaving FF b and Rb

1:2

connected by the same Neimark–Sacker curve and FF a with the curve formerly associated to
Rb

1:2. Chenciner bifurcations CH and CH(2) complete the scenario. It is worth noting that
the point CH(2) in gray, near FF b, could not be detected numerically but it must exist in
order to make consistent the normal forms of FF b and Rb

1:2. The existence is also conjectured
by noticing the bifurcation diagram in Figures 12(c) and 12(d), where a curve of CH(2) points
was traced to the vicinity of Qb (the actual continuation is denoted as a solid black curve and
the conjectured one as the dashed gray segment).

Finally, after P a, the PD bubble is twisted at the top, leading to an “eight” figure. The
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twist will be rectified later at the interaction of FF b with GPDb (point P b in Figure 12(d)). A
bubble with a similar twisting was observed in [2] but considering Neimark–Sacker bifurcation
(Hopf of periodic orbits) and neutral-saddle curves instead of period-doubling bifurcation.

5.3. Effects of singularity Qb on the bifurcation structure. For lower values of η3, a
second codimension-three bifurcation occurs at the point labeled Qb in Figure 12(d). In
this case, the interaction is between the curves FF b, Rb

1:2, FNSb, CH, and CH(2), and the
nontrivial Floquet multipliers of the involved limit cycle are μ1,2 = −1 and μ3 = 1. As was
shown in [28] and [11], bifurcations of periodic orbits like this can lead to complex dynamics,
more precisely, Lorenz-like attractors. The curve FNSb ends at this singularity, and thus the
two-parameter bifurcation diagram for decreasing values of η3, i.e., on the left of Qb, does
not contain the bifurcation point FNSb. In addition, Qb changes the normal forms of FF b

and Rb
1,2. The effect of Qb is exhibited when comparing the scenarios in Figure 13(b) for

η3 = 0.76075 (slice b on the right of Qb) with the one in Figure 13(c) for η3 = 0.7607 (slice
c on the left of Qb), and the corresponding normal form coefficients in Table 5. In this case,
neither FF b nor Rb

1:2 unfolds Neimark–Sacker curves, since a02 × b11 > 0 for FF b and a > 0
for Rb

1:2.
Figure 13(d) shows the situation for η3 = 0.76065 (slice d). It does not differ qualitatively

from the one in Figure 13(c) for η3 = 0.7607, but in this projection, the strong resonance
point Ra

1:2 appears on the lower part of the PD bubble due to the twist of the curve.
Notice that for values of η3 between P a and Qa neither the bifurcation points FF a nor

Ra
1:2 unfold NS(2) curves. The same is valid for FF b and Rb

1:2 between the points Qb and P b.
Moreover, fold-Neimark–Sacker bifurcations do not exist between Qa and Qb.

5.4. Effects of singularities Qa and P b on the bifurcation structure. The transition
between Figures 13(d) and 13(e) (i.e., slices d and e in Figure 12(d), respectively) denotes the
effects of the singularities Qa and P b, simultaneously. Decreasing the parameter from η3 =
0.76065 (slice d) to η3 = 0.76055 (slice e), the resonance Ra

1:2 interacts with FF a in another
codimension-three bifurcation with multipliers μ1,2 = −1 and μ3 = 1. This point is labeled
as Qa in Figure 12(d). As a consequence, Ra

1:2 and FF a change their unfoldings, introducing
a secondary torus by means of the NS(2) curve that connects both bifurcation points (see
Figure 13(e)). Nevertheless, the Neimark–Sacker curve unfolded by Ra

1:2 is subcritical (since
a < 0 and b < 0 in Table 5), while the one generated by FF a is supercritical (CNS < 0 in
Table 5). The connection of these branches is possible due to a Chenciner bifurcation (labeled
CH(2) in Figure 13(e)). In addition, a fold-Neimark–Sacker bifurcation (FNSa) appears on
NSa

1 , when Qa is crossed. The unfolding of the normal form of FNSa is the same as FNSb but
with a time reversion, since E < 0. Hence the stability of all limit sets are interchanged and
the 3D torus is stable. The Poincaré map of the stable 3D torus and the unstable period-one
cycles near FNSa is depicted in Figure 16.

Almost immediately after Qa, the fold-flip bubble FF interacts with GPDb at the point
P b (in a way similar to FF a and GPDa). This interaction changes the unfolding of FF b,
generating a period-two Neimark–Sacker curve. Another 1:1 strong resonance is also created

(namely, R
(2)b
1:1 in Figure 13(e)) and shares the same NS(2) curve with FF b. In this case,

the Neimark–Sacker curve originating at FF b is supercritical (CNS < 0 in Table 5), while

the one associated to R
(2)b
1:1 is subcritical (since the product of the normal form coefficients is
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Figure 16. Poincaré map corresponding to the stable 3D torus observed near FNSa for η3 = 0.76055.

positive, a × b > 0). Again, the connection is possible via a Chenciner bifurcation, namely,
CH(2) in Figure 13(e). The Chenciner bifurcations encountered throughout the diagrams in
Figure 13 (and the corresponding curves shown in Figures 12(c) and 12(d)) were detected dur-
ing the continuation of the Neimark–Sacker curves. These singularities serve as a connecting

mechanism between the fold-flip and R1:2 and R
(2)
1:1 resonances.

5.5. Bifurcation scenario after the fold-flip bubble. The final slice of Figure 12(d) (slice
f ) is represented in Figure 13(f) for η3 = 0.7605. In this case, there are no fold-flip bifurcations,

and the 1:2 resonance Ra
1:2 is now connected to R

(2)b
1:1 by a Neimark–Sacker curve NS(2). Both

Chenciner bifurcations CH and CH(2) remain close to Ra
1:2 and R

(2)b
1:1 , respectively. The

resulting scenario is similar to the one shown in Figure 10 for η3 = 0.757, except that for
η3 = 0.7605 there is a fold-Neimark–Sacker bifurcation, and the normal form of the Hopf–
Hopf bifurcation is S.III.

Finally, notice that the structure of codimension-two bifurcation curves in Figure 12 is
reminiscent of the one associated to the branch NS1 in the two-parameter analysis of Fig-
ure 5(c). Now it includes a fold on all of the bifurcations associated to this branch, induced
by interactions with the fold curve generated by the generalized Hopf bifurcation GH. There-
fore, instead of the Neimark–Sacker, the period-doubling bubble, and the cyclic-fold curves
observed in the two-parameter analysis, a structure with a fold-Neimark–Sacker, a fold-flip
bubble, and a pair of 1:1 strong resonance curves appears. In addition, adding a fold to
GPDa,b and Ra,b

1:2, the points P a,b and Qa,b are obtained.

6. Degenerate 2:3 resonant Hopf–Hopf bifurcation HH0
2:3 as the organizing center of

the dynamics. For increasing values of α2, the point HH0 (where the generalized Hopf curve
GH crosses the Hopf–Hopf bifurcation) approaches the 2:3 resonance HH2:3. Thus, for α2 �
0.86, GH crosses the curve HH at HH2:3, leading to the codimension-four singularity HH0

2:3.
Then, for α2 > 0.86, the structure based on the fold-flip bubble FF described previously for
α2 = 0.83 disappears. The resulting bifurcation scenario for α2 = 0.89 is shown in Figure 17,
where the fold-flip bubble and the corresponding codimension-three bifurcation points P a,b

and Qa,b do not exist. Nevertheless, the 2:3 resonant Hopf–Hopf bifurcation retains the
codimension-two bifurcation curves Ra,b

1:2, GPDa,b, and R1:3.
Therefore, the fold-flip bubble FF and their codimension-three points P a,b and Qa,b
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Figure 17. Three-parameter bifurcation diagram for α2 = 0.89.

Figure 18. Projection on the plane η3 − α2 of the 4D continuation diagram varying (η1, η2, η3, α2).

are organized around HH0
2:3, at (η1, η2, η3, α2) � (1.82714, 1.55957, 0.774002, 0.86). This is

confirmed with the four-parameter (η1, η2, η3, α2) analysis, as shown in the projection of the
continuation diagram on the plane η3 − α2 in Figure 18. This figure includes the transition
curves between the different unfoldings of the Hopf–Hopf bifurcation. They were obtained
using the routines provided by Matcont (and derived in [17]) for computing numerically the
normal form coefficients of the Hopf–Hopf bifurcation on the analytical curve (4) for different
values of α2. Figure 18 also includes the location of the 1:1 resonant Hopf–Hopf bifurca-
tion (denoted by the dotted vertical line HH1:1 for η3 � 0.603553) and the 2:3 resonance
(denoted by the dotted vertical line HH2:3 for η3 � 0.774002). The Hopf–Hopf bifurcation
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occurs for values of η3 > 0.603553 (gray zone in Figure 18), and sufficiently close to HH1:1 the
normal form is always D.VI. For α2 small, the transitions occur almost simultaneously and
the unfolding is practically S.I along the Hopf–Hopf bifurcation curve. As α2 is increased,
the cases S.II, S.III, and D.VI become distinguishable, as shown in Figure 2 for α2 = 0.83.
Notice that the transition from the simple case S.III to the difficult one D.VI is determined
by the curve HH0. Finally, the codimension-three curves evolving from HH0

2:3, as a result of
the interaction between HH2:3 and HH0, are Qa,b, while the ones corresponding to P a,b are
not shown since they are very close to Qa,b and become indistinguishable.

7. Conclusions. In this paper the bifurcation structure related to a degenerate case of the
2:3 resonant Hopf–Hopf bifurcation has been studied. The nontrivial structure unfolded by
this codimension-four bifurcation has been analyzed by means of numerical two- and three-
parameter bifurcation diagrams. It has been shown that this singularity acts as an organizing
center of the dynamics when the four-parameter space (η1, η2, η3, α2) is considered. The main
phenomenon observed is the unfolding of a bifurcation structure involving a fold-flip bubble
with two pairs of codimension-three bifurcation points. In one of these pairs, the fold-flip
bifurcation interacts with a fold-Neimark–Sacker curve and a strong 1:2 resonance. At these
points the nontrivial Floquet multipliers of the corresponding limit cycle are (1,−1,−1). In
the other pair the fold-flip bifurcation interacts with a generalized period-doubling bifurcation,
generating a curve of 1:1 strong resonances of period-two cycles. This interaction between the
involved codimension-two curves fold-flip, fold-Neimark–Sacker, generalized period-doubling,
and 1:2 strong resonances has been described in detail. This analysis shows that not only the
resonance of the Hopf–Hopf bifurcation is transferred to the Neimark–Sacker curves but also
the vanishing of the first Lyapunov coefficient (by means of a cyclic-fold curve) is transferred
to the resonant structure. Then, when a three-parameter space is considered, the original
structure formed by the Neimark–Sacker, the period-doubling bubble, and the cyclic-fold
curves is transformed into a similar structure involving fold-Neimark–Sacker, a fold-flip bubble,
and a pair of 1:1 strong resonances (of period-two cycles). Moreover, this particular structure
is generated from a single equilibrium point bifurcation: the degenerate 2:3 resonant Hopf–
Hopf.

It is worth noting that the structure involving the fold-flip bubble and the four codimension-
three points P a,b and Qa,b is mainly related to the Neimark–Sacker branch NS1, i.e., the one
exhibiting the couple of 1:2 strong resonances and the period-doubling bubble PD. In addi-
tion, the associated Hopf bifurcation branch H1 presents the degenerate condition. Therefore,
a similar structure could be observed when introducing a degenerate Hopf condition in the
setting of the normal-internal k :2 resonance.

Appendix A. Defining conditions of the Hopf–Hopf bifurcation and its p : q resonances.
Let us transform the coupled system (2)–(3) into a dimensionless form by considering τ = ωn2t,

y′′1 − k1
[
1− g(y′1)

]
y′1 + r2y1 − k12y

′
2 = 0,(13)

y′′2 + k2y
′
2 + y2 + y′1 = 0,(14)

where the symbol ′ means differentiation with respect to τ , k1 = σ1/ωn2 and k2 = σ2/ωn2

are the (linear) self-excitation and the damping coefficients of subsystems (13) and (14),
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respectively, g(y′1) = (−α2y
′
1 + α3y

′2
1 )/α1, k12 = σ12/ωn2 , and r = ωn1/ωn2 is the ratio of

natural frequencies of the uncoupled subsystems. The Jacobian associated to (13)–(14) at the
equilibrium point (x1, x

′
1, y1, y

′
1) = (0, 0, 0, 0) is

(15) J =

⎛
⎜⎜⎝

0 1 0 0
−r2 k1 0 k12
0 0 0 1
0 −1 −1 −k2

⎞
⎟⎟⎠ ,

and the associated characteristic polynomial results in

(16) P (λ) = λ4 + (k2 − k1)λ
3 +

(
1 + r2 + k12 − k1k2

)
λ2 +

(
r2k2 − k1

)
λ+ r2.

The necessary conditions to have a Hopf–Hopf bifurcation, i.e., two pairs of eigenvalues
on the imaginary axis, are

k1 = k2,(17)

r = 1,(18)

k1k2 < k12,(19)

i.e., the linear self-excitation coefficient and the natural frequency of subsystem (13) must be
equal to the value of the damping coefficient and the natural frequency of subsystem (14),
respectively, and the coupling coefficient must be greater than the product of the damping
coefficients. The characteristic polynomial on the Hopf–Hopf condition results in

(20) P (λ) = λ4 + 2Δλ2 + 1,

where Δ =
(
2− k21 + k12

)
/2. The roots are λ1± = ±iω̄1 and λ2± = ±iω̄2, where

(21) ω̄1,2 =

√
Δ∓

√
Δ2 − 1

are the normalized frequencies of both Hopf bifurcation branches.
The frequency ratio on the Hopf–Hopf condition results in

(22)
ω̄1

ω̄2
= Δ−

√
Δ2 − 1,

and the condition leading to a p : q resonance is

(23) Δ = Δp:q =
p2 + q2

2pq
,

leading to the normalized frequencies at the p : q resonant Hopf–Hopf bifurcation

(24) ω̄1 =
√

p/q, ω̄2 =
√
q/p,

which do not depend on the parameters.
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Figure 19. Unfoldings of the Hopf–Hopf bifurcation for the four cases detected in this paper.

Appendix B. Hopf–Hopf bifurcation normal form and local unfoldings observed in this
paper. The truncated normal form of the Hopf–Hopf bifurcation in polar coordinates is given
by [18]

ṙ1 = r1
(
μ1 + p11r

2
1 + p12r

2
2 + s1r

4
2

)
,(25)

ṙ2 = r2
(
μ2 + p21r

2
1 + p22r

2
2 + s2r

4
1

)
,(26)

ϕ̇1 = ω1,(27)

ϕ̇2 = ω2,(28)

where ri, ϕi, and ωi, i = 1, 2, are the amplitudes, phases, and frequencies of the orbits,
respectively, μ1,2 are bifurcation parameters, and pjk and sk, j, k = 1, 2, are real coefficients.
Since the amplitudes and phases in the truncated normal form are decoupled, the dynamics
can be reproduced by the amplitude system (25)–(26). Depending on the signs of p11 and p22,
two different scenarios arise: the “simple” ones when p11 × p22 > 0, and the “difficult” ones
when p11 × p22 < 0. Considering the variables ξ1 = ∓p11r

2
1 and ξ2 = −p22r

2
2, and rescaling

time, the amplitude system can be expressed as

ξ̇1 = ξ1
(
μ1 ∓ ξ1 − θξ2 +Θξ22

)
,(29)

ξ̇2 = ξ2
(
μ2 ∓ δξ1 + ξ2 +Δξ21

)
,(30)

where the sign “−” corresponds to the simple cases (with p11 < 0 and p22 < 0) and the sign
“+” to the difficult cases (with p11 > 0 and p22 < 0), θ = p12/p22, δ = p21/p11, Θ = s1/p

2
22,

and Δ = s2/p
2
22.

The two-parameter unfolding corresponding to the four cases detected in the present paper,
namely S.I (θ > 0, δ > 0, θ × θ > 1), S.II (θ > 0, δ > 0, θ × θ < 1), S.III (θ > 0, δ < 0),
and D.VI (θ > 0, δ < 0), are depicted in Figure 19. The generic phase portraits are shown in
Figure 20. The dot at the origin represents the equilibrium point of the system, the dot in the
horizontal axis represents the cycle associated to the Hopf bifurcation H1, and the dot in the
vertical axis represents the cycle associated to H2. The dot located out of the axes represents
the 2D torus, and the limit cycle corresponds to the 3D torus. Notice that the unfoldings
depicted in Figure 19 but rotated clockwise 135◦ coincide with the local unfoldings observed
near the nonresonant Hopf–Hopf bifurcation point in the parameter plane η1−η2 for η3 fixed.
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Figure 20. Generic phase portraits corresponding to the unfoldings shown in Figure 19.

Appendix C. Dynamics associated to the nonresonant and resonant Hopf–Hopf bifur-
cation. The dynamics associated to the two-parameter bifurcation diagrams for η3 = 0.778
and η3 = 0.77 (Figures 3 and 5, respectively) described in section 3 is illustrated in Figures 21
and 22 by the largest Lyapunov exponent corresponding to the stable solutions. Numerical
simulations with the initial condition (x1, x2, x3, x4) = (0.0001, 0, 0, 0) and parameter values
(η1, η2) on a grid of 600 × 600 equally spaced points (in both diagrams and the blow-up in
Figure 22b) were performed. The first 30 × 104 s of the simulation were discarded, and the
time series composed by the following 25 × 104 s were used to compute all the Lyapunov
exponents using the algorithm described in [34] and implemented in [13]. The results in Fig-
ures 21 and 22 present a rough picture of the complex dynamics introduced by the resonant
bifurcation structure since, to display the largest Lyapunov exponent, those sufficiently close
to zero were discarded, introducing an uncertainty near bifurcation curves. In addition, near
the period-two bubble the transients are extremely large, and the time series discarded and
used to compute the exponents should be more than two orders of magnitude larger, and
therefore the corresponding blow-up is not shown. The grayscale region corresponds to the
largest Lyapunov exponent of the stable equilibrium point (all the exponents are negative),
the blue-green regions (one exponent is zero) correspond to the largest exponent of a stable pe-
riodic orbit, and the red-yellow region (two exponents are zero) corresponds to quasi-periodic
orbits. In all of the cases, brighter colors mean closest to zero values as is denoted by the
scales in Figure 21 (right). The white region corresponds to a stable limit cycle not directly
associated to the nondegenerate Hopf–Hopf bifurcation.

In Figure 21, the limit cycle in the region delimited by CF and H1-NSa
1 is the one associ-

ated to H1, that born towards the left (see the unfoldings and phase portraits corresponding
to the normal form S.III in Figures 19 and 20). The cycle arises stable in the upper segment
of H1 (above HH) and unstable in the bottom segment (below HH), but it becomes stable
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Figure 21. Largest Lyapunov exponent for α2 = 0.83 and η3 = 0.778. Equilibrium point: grayscale. Limit
cycles: blue to green. Quasi-periodic solutions: red to yellow.

at NSa
1 . On the other hand, the cycle born at H2 exists on the right. It is stable in the upper

segment and unstable in the lower one (below HH). As expected, the quasi-periodic orbit
exists between NSa

1 and NSa
2 .

In the case of Figure 22, parameter η3 = 0.77, and thus the bifurcation structure arising
in HH2:3, introduces additional dynamical phenomena on the quasi-periodic orbit, as shown
in the blow-up of Figure 22(b).

Appendix D. Normal forms of some codimension-two bifurcations and values of their
coefficients for key bifurcations. For the sake of completeness, the canonical unfoldings of the
truncated normal form of those codimension-two bifurcations appearing in Table 5 are listed
below. These equations (with unfolding parameters β1,2) approximate the second iterate of
the Poincaré map associated to the critical limit cycle (see [6, 8]).

Generalized period-doubling bifurcation (section 2.1.2 of [6]):

ξ̇ = β1ξ + β2ξ
3 + eξ5.

Neimark–Sacker 1:2 strong resonance (section 2.2.3 of [6]):

ξ̇1 = ξ2,

ξ̇2 = β1ξ1 + β2ξ2 + aξ31 + bξ21ξ2.

Fold-flip bifurcation (section 2.1.6 of [6]):

ξ̇1 = β1 + β2ξ1 + a20ξ
2
1 + a02ξ

2
2 + (a30 + a20) ξ

3
1 + (a12 + a02) ξ1ξ

2
2 ,

ξ̇2 = b11ξ1ξ2 + (b21 + b11) ξ
2
1ξ2 + b03ξ

3
2 .

Fold-Neimark–Sacker bifurcation (section 2.2.1 of [8]):

ξ̇1 = β1 + ξ21 + s |ξ2|2 ,
ξ̇2 = (β2 + iω1) ξ2 + (θ + iυ) ξ1ξ2 + ξ21ξ2.
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Figure 22. Largest Lyapunov exponent for α2 = 0.83 and η3 = 0.77. Equilibrium point: grayscale. Limit
cycles: blue to green. Quasi-periodic solutions: red to yellow.
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