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ABSTRACT. In this paper we continue our study of the large time behavior of the bounded solution to the
nonlocal diffusion equation with absorption

ug = Lu — uP in RY x (0,00),
u(z,0) = uo(x) in RN,
where p > 1, up > 0 and bounded and
Lua,t) = [ I =) (uly.0) = (e 1) dy
with J € C§°(RY), radially symmetric, J > 0 with [ J = 1.
Our assumption on the initial datum is that 0 < ug € L>(RY) and
|z|“up(x) = A >0 as |z] = oo
This problem was studied in [17, 18] in the supercritical and critical cases p > 1 + 2/a.

In the present paper we study the subcritical case 1 < p < 1+ 2/a. More generally, we consider bounded
non-negative initial data such that

2
|z|P—Tug(z) — 00 as |z| = oo

and prove that
1 1 \3=¢
tr—Tu(x,t) — <7>p as t— oo
p—1
uniformly in |z| < kv/%, for every k > 0.
Of independent interest is our study of the positive eigenfunction of the operator £ in the ball Bg in the
L setting that we include in Section 3.

1. INTRODUCTION

In this paper we continue our study of the large time behavior of the solution to the nonlocal diffusion
equation with absorption

uy = Lu — uP in RY x (0, 00),
u(z,0) = up(z) in RV,

where p > 1, ug > 0 and bounded and

(12) Lule,t) = [ Tz =) (u(p0) ~ ula,t) dy

with J € C§°(RY), radially symmetric, J > 0 with [ J = 1.
Our assumption on the initial datum is that 0 < up € L>(RY) and

(1.1)

(1.3) |z|ug(x) = A>0 as |z] = o0

These kind of nonlocal diffusions appear in several applications such as population dynamics, disease
propagation, image enhancement, etc (see, for instance, [2, 3, 4, 5, 6, 9, 12, 19].
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When the kernel J in the nonlocal operator (1.2) satisfies the hypotheses in this paper, the long time
behavior of the solutions is closely related to that of the corresponding problem for the heat operator with
a diffusivity related to the kernel J (see, for instance, [7, 10, 14, 16, 17, 18]).

In [16] the authors started the study of (1.1) when uy € L*(RY), in the supercritical case p > 1+ 2/N.
Then, in [17, 18] we studied this problem under assumption (1.3).

The main question we address is what is the interplay between the parameters p, @ and the dimension N
in the large time behavior of the solution.

In [17, 18] the critical and supercritical cases were studied. This is, we assumed that, either ug € L*(RY)
and p > 1+ 2/N (completing the results of [16] by considering the critical case), or 0 < o < N and
p > 14 2/a. Also some intermediate asymptotics for uy involving logarithms where considered in [18],
always in the supercritical case.

In the present paper we complete our study by considering the subcritical case 1 < p < 14 2/« that was
left open in the previous articles.

The critical value p. = 1 + 2/« is the one that makes diffusion and absorption of the “same size”. It is
interesting to observe that this critical value depends on the size of the initial condition at infinity.

In the supercritical case, diffusion wins and the reaction component disappears in the long run. In the
critical case, both diffusion and reaction remain in the time asymptotics (see [16, 17, 18]).

In the present paper we show that, in the subcritical case, only reaction remains in the large time behavior
and the solution behaves as that of the equation

)= ()
up = —uPl, wu(l) = .
t 1
This is

1 N5

(1.4) tﬁu(a:,t) — (71) " as t—oo uniformly in {|z| < kVt}
p—

for every k > 0.

It is interesting to observe that the final profile is independent of the initial datum ug as long as it is
bounded and satisfies (1.3). In the critical and supercritical cases, both the constant A and the exponent «
in (1.3) intervene in the time asymptotics.

Our result is similar to the one obtained by Gmira and Veron in [13] for the heat equation with absorption.
As in [13], we get this behavior for any nonnegative and bounded initial datum ug such that

(1.5) |x|%uo(aﬂ) — 00 as |z| — oo

thus allowing a more general behavior of ug at infinity than the one in (1.3).

In this paper we follow the ideas of [13] where the authors constructed subsolutions of separated variables
with the right asymptotic behavior. These subsolutions involve the positive eigenfunctions hg of the laplacian
in the balls Bg, normalized so that the ||hg|[L~(p,) = 1.

The authors make use of the scaling invariance of the laplacian so that hr(z) = hq(z/R) and the principal
eigenvalue A\gp = R72)\;.

One of the main differences when dealing with problem (1.1) is the lack of any scaling invariance of the
problem. Nevertheless, a parabolic scaling leads —in the limit of the scaling parameter going to infinity— to
the heat equation with diffusivity A(J) = i [ J(2)|2/*dz. And this fact explains, in a way, the interplay
between the time asymptotics of the nonlocal diffusion equation and that of the heat equation with diffusivity
A(J), as was made clear in [18].

This scaling property was also the basis for the understanding of the behavior as |z| — oo of the solution
to

Lo=0 in RV\Q
p=1 in
o(x) = 0 as |z| — oo.

with €2 an open bounded set, studied in [8].
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One of the main contributions of the present paper is a thorough study of the positive eigenfunction Hg
to the nonlocal operator £ in the ball Br with Dirichlet boundary conditions Hz = 0 in RV \ Bg, normalized
so that |Hg| L = 1.

This study was initiated in [11] where the existence of a principal eigenvalue A associated to a positive
eigenfunction was proved. Moreover, in [11] the authors proved that, asymptotically the principal eigenvalue
behaves as that of the laplacian with diffusivity A(J). This is,

R*Ar — A(J)\; as R — oo.

In [11] the authors also studied the associated eigenfunction in the L? setting and they proved that, after
rescaling to the unit ball with an L? normalization, one gets convergence in L? to the positive eigenfunction
of the laplacian in the unit ball with Dirichlet boundary conditions and unit L?— norm.

In the present paper, due to the application to the study of the asymptotics of (1.1) we have in mind, we
are interested in a different normalization and convergence. Namely, we normalize so that the L°°— norm is
preserved and prove uniform convergence in the unit ball.

In order to get this kind of compactness, the arguments in [11] cannot be applied. Instead, we get
uniform bounds for the derivatives of the rescaled eigenfunctions Hg(z) = Hg(Rz), on smaller balls B,
with 0 < r < 1, by using an integral representation formula for Hr and a precise decay in terms of R of
Hp in a neighborhood of the boundary of Br. To this end, we construct an upper barrier. This barrier also
allows to get uniform smallness of the rescaled eigenfunctions and their limits in a neighborhood of 0B; that
gives, in particular, uniform convergence in the whole ball. The uniform limit is then identified as being
h1, the positive eigenfunction of the laplacian in the unit ball with Dirichlet boundary conditions and unit
L — norm.

We believe that the results concerning the eigenfunctions Hp are of independent interest.

The paper is organized as follows. In Section 2 we state the results of [11] on the principal eigenvalue
of the operator £ with Dirichlet boundary conditions set in the ball Bg. Then, in Section 3 we perform
our study of the eigenfunctions associated to the principal eigenvalues in the L setting. In Section 4 we
construct a subsolution to (1.1) by following the ideas of [13] for the heat equation. Due to the lack of any
regularizing effect of the nonlocal operator, we need to prove that infg, u(-,t) > 0 for every R > 0, t > 0
(Lemma 4.1). Finally, in Section 5 we prove our main result, namely that (1.4) is satisfied.

2. DEFINITIONS AND PRELIMINARY RESULTS

In this section we discuss notation and basic definitions. Moreover we state some previous results on the
first eigenvalue of the nonlocal problem with Dirichlet boundary conditions in a ball.
Let R > 0 and define the ball of radius R as

Br={z €eR":|z| < R}

We denote by i the first eigenvalue of the laplacian in Br. That is, Ar verifies that there is a solution
to the following problem,

—Au = Aru in Bg,
(2.1) u=0 on JBg,
u>0 in Bp.

We know that Ap is simple. Let us call hp the associated eigenfunction satisfying

(2.2) 0 < hpr(zr) <1 = max hgr(z) in Bg.
xEBR

It is well known that, due to the scaling of the laplacian there holds that, Ap = R™2\;.



4 A. SALORT, J. TERRA, AND N. WOLANSKI

We now consider the nonlocal eigenvalue problem,
—Lu(z) = Agu(x) in Br
(2.3) u=0 in RV \ Bg,
u >0 in Bg.
}vhere Lu(z) = [J(z —y)(u(y,t) — u(z,t))dy and J € C§(RY) is radially symmetric and J > 0 with
J=1.

It was proved in [11] that such an eigenvalue exists, it is simple and moreover,

A
(2.4) AR ~ A(J)R—lz as R — +00
with

1 2
(2.5) A(J) = ﬁ/ﬂw ()22 d.
This is,

Ar=A(J)(1 +o(1))% as R — +o0.

Consequently, the first eigenvalue Ag for the nonlocal problem (2.3) behaves asymptotically as the first
eigenvalue Ag of the laplacian (2.1), as R tends to infinity.
Moreover, in [11] the authors proved that Ag is given variationally as

Ap= inf lff‘](x_y)(u(w)—U(y))dedy.

0#£u€L2(BpR) 2 fuz(x) dx
u=0 in B,

3. SOME RESULTS ON THE EIGENFUNCTIONS

In this section we study the eigenfunctions of the nonlocal problem in the ball Bp.

The eigenfunction problem was studied in [11] in the L? setting. This is, in [11] the authors consider
the family of eigenfunctions normalized as to have the L?(Bgr)—mnorm equal to 1 and prove that, when
properly rescaled, they converge to the unique positive eigenfunction of the laplacian in the unit ball with
L?(B;)—norm equal to 1.

In the present paper we are interested in the family Hg of positive eigenfunctions normalized so that
the L°°(Bgr)—mnorm is 1. We prove that, when properly rescaled, they converge to the unique positive
eigenfunction of the laplacian in the unit ball with the same normalization. The convergence is uniform in
the unit ball.

In order to get our result, we cannot use the compactness argument of [11] that holds only in L? for
p < oo. Instead, we use Arzela-Ascoli. To this end, we get uniform estimates of the derivatives of the
rescaled eigenfunctions on compact subsets of the unit ball. The argument is delicate and uses a precise
decay, in terms of R, of Hp in a neighborhood of the boundary of Br. This decay is obtained by comparison
with a supersolution that we construct to this end. In this way we obtain uniform convergence on compact
subsets of the unit ball. B

The supersolution also allows us to prove that the rescaled eigenfunctions Hg are smaller than any positive
constant in a neighborhood of @B; if R is large. This, in turn, gives that the convergence is uniform in the
unit ball to a function that is continuous in the closure and vanishes on the boundary. This limit function
is therefore hy.

In this way, we get our main result in this section. Namely,

Theorem 3.1. Let L the operator in (1.2). Let A € R, Hg € C(Bg) , Hr = 0 in RN \ Bg, be the unique
solution to
—LH([E) = ARH(.T) m BR7
H(z) = in RN\ Bg,

0
H(z)>0 in Bp
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obtained in [11], with the normalization 0 < H(z) < 1 = |[HR| 1~ y) for € Bg.
Let Hp(z) = Hgr(Rz) for & € By and hy € C*°(By) N C(B1) the positive eigenfunction of the laplacian
in the unit ball such that ||hi| g (p,) = 1. Then,
I;TR —h1 (R— o0) wuniformly in By.

For the proof of this theorem we need a couple of lemmas.

Lemma 3.2. Let R, — oo be such that Hp, — H in L. _(By). Then H is a solution to,

loc

“AH=MH, in B
H=0 on OBj.

Proof. In order to prove that H is a weak solution to the equation, we let ¢ € C§°(B;) and,

A(J) ; H(z)A¢(z)dx =

— AW [ H, (2)A6(@) de + ALT) /

B, B,

(H({L‘) — Hpg, (m)) A¢(x) dx

= [ Hn, @R (Jr * é(2) — (x)) dz + A(J) /

B; B,

(H(x) ~Hp. (ac)) A¢(z) dz

— | Hg,(2) (R*(Jr * $(x) — ¢(x)) = A(J)Ad(x)) da

B1

— R /B (JR s Hp. () — Hg, (m)) o(z) dz

+A(J) /B (H(:ﬂ) iy (x)) Ap(z)de — | Hp, (z)O(R%)dx

B1

= —R?Ap | Hpg, (2)p(x)dz+ A(J) /

B, B,

— | Hg, (2)O(R™?)dux.
By

(H(z) ~Hp, (x)) A¢(z) dz

Since fIRn — H strongly in L?(B;) and R?Ar — A(J)\, by taking limit as n tends to infinity we obtain,

A(J) : H(z)A¢(z)de = —MA(J) : H(z)p(x) dz,

that is, H satisfies the equation —AH = A\ H, in B;. O

Our next result is the construction of a barrier for Hg.

Lemma 3.3. Let hy be the positive eigenfunction corresponding to the first eigenvalue A1 of the laplacian

in By with Dirichlet boundary conditions and the normalization 1 = max,ep, h1(z). Let us consider the
function

= (i

vl@) =i\ 35

There exists C > 0, Ry > 0 such that
C,C’U(l‘) S £HR m BR Zf R Z Ro.

) for x € Bag.

Proof. Assume R > 1. By using Taylor’s expansion and the symmetry of J we get for x € B,
Lo(z) = A(J)Av(z) + O( ‘Iél‘a:)i ||D’BU||L00(BR+1)).
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Then
(3.1) :_AIQR “h <2R) +O[E™)

== éAlA(‘])R i (23)

if R is large.
Here we have used that there exists a positive constant ¢ such that,

(3.2) < Iy (%) « € Bp.

Finally, since \{A(J)R™2 = Ag + o(1), we get for R large enough,
c
Lv < — —Agrh < ——A
v= 6R1(2R) 167 = 16

since 0 < Hir < 1. O

ARHR fﬁﬁHR

Recall that hy is radially symmetric, radially decreasing, smooth with h;(0) = 1. Let n such that

ha(x) = n(lz).
Now we use the supersolution constructed in Lemma 3.3 in order to bound Hpg. There holds,

Lemma 3.4. Let n(|x|) = hi(z) with hy as in Lemma 3.5. There exist constants C,Cy > 0 and Ry > 0

such that,
s <o) () + %) 5wz

Proof. In Lemma 3.3 we found a constant C > 0 and Ry > 0 such that, for any Cy € R, R > Ry, the

function
we =) —n(3) + %)

Lw < ,CHR in BR.

In order to be able to apply the comparison principle we need to show that, for some constant Cy, there
holds that

satisfies

(3.3) w>0 in {x€ RN\ Bg/dist(z,Bg) <1} ={R <|z| < R+ 1}.
And, in fact (3.3) holds if Co > [|'[| o (0,1)-
Finally, by applying the Comparison Principle, the lemma is proved. |

From this lemma we get the following corollary that will be used to bound the derivatives of H R-

Corollary 3.5. There exists a constant K > 0 such that
J*HRgg in {R<|z|]<R+1}.
Proof. Let R < |z| < R+ 1. Then, if J(z — y)Hg(y) # 0, there holds that R — 1 < |y| < R. Therefore,
Hr(y) < w(y) = C{U<M) - n(%) + CO} <=

2R R R

for a certain constant K > 0 and,

(7 Ha)(w) = [ Itz ) Halw)dy < .
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In order to prove our main result in this section, we will use an integral representation formula for Hp.
To this end, let us recall some results on the fundamental solution to the operator 0y —
In [7] the authors found that the fundamental solution of the nonlocal operator d; — L in the whole space,
is
F(z,t) = e '6(z) + w(x,t)
where 6 is the Dirac mass at the origin in R and w is a smooth function.
Then, in [18] pointwise and integral estimates for w and its derivatives where obtained. In particular,

(3.4) [Vw(z,t)| < C" |N+3,

and,

(3.5) / V(e t)] < Ct 4.
RN

We can now prove our main result in this section.

Proof of Theorem 5.1. The proof follows from the Arzeld-Ascoli Theorem.
In order to get uniform estimates of the derivatives of Hg let us observe that the first eigenfunction of
(2.3) is the unique bounded solution of the following non-homogeneous equation defined in the whole RY,

(3.6)

wy — Lw = Agw — Xpe (J xw) in RN x (0,00),
w(x,0) = Hr(x) in RV,

As the solution of (3.6) is defined in the whole space, it can be expressed in terms of the fundamental
solution F' = F(x,t) by means of the variation of constants formula. Thus, for ¢t > 0 we have

Hi(o) = ¢ Hin(o) + [ (o =3 Halo) dy -+ A ( / fe-9) ds) H(x)
(3.7) - (/t ~(t=s) ds)ch( )(J % Hr)(z) +AR/ /RN w(z —y,t — ) Hp(y) dyds
/ /C (x —y,t —s)(Jx Hg)(y) dy ds.

For = € Bg, there holds that X (z) = 0. Thus, we can rewrite (3.7) for z € B as,
(1—e )1~ Ap)Hp(z) =

(3.8) :/]RN w(z —y,t)Hr(y) d?J—FARA /]RN w(z —y,t —s)Hg(y) dyds
_/0 /c w(@x—y,t —s)(J*xHg)(y)dyds.

Observe that we are free to select the parameter ¢ in expression (3.8).
Let us now rescale the identity (3.8). We have,

(1—e (1~ Ap)Hp(z) =
— [ ot =y Hat) dy A [ [ el =yt = ) Ha) dyds

— /O /C w(Rx —y,t — s)(J *x Hg)(y) dyds
(i) + (id) — (i),
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In order to bound the derivatives of (i), (ii) and (iii) we will choose the value ¢ = R2. First, let us
estimate the derivative of (i). By (3.5), since 0 < Hp < 1, it follows that

V[ o=y 0fet) dy| = B| | VelRo =y Haly) di]

(3.9) < R/ [Vw(y,t)| dy
RN
<CRt 2 =C.

Similarly, since A < CR™2,
t
AR|V/ / w(Rx —y,t — s)Hr(y) dyd5|
0o JRN

t
<A R// Vw(y,t —s)| dyds
(3.10) rlt | sz' (y )| dy

t

< C’Rﬂ/ (t— 8)7% ds
0

<CR 't =C.

Now, by using the pointwise estimate (3.4), Corollary 3.5 and the fact that supp (J * Hg) = Bry1 we
can bound the derivative of (iii) as

|V/O /Ew(Rx—y,t—s)(J*HR)(y) dyds| =

t
:R’/ Vw(Rx —y,t — s)(J * Hg)(y) dyds|
0o JBg

¢ t—s
<ol [[
0 JR<|y|<R+1 | R — y|N+3

1
<o / __
R<|y|<R+1 |Rx — y|N+3

Assume now, |z| < r with 0 < r < 1. Then, if |y| > R we get that |Rz — y| > R(1 — r) and then,

dy.

v et vt ) dvis| <

(3.11)

< CRN=32 {R< |yl < R+ 1}

(1— T)N+3|
<C,R %2 =0C,.

Thus, since (1 — e‘Rz)(l — AR) > ag > 0 for R > Ry, we conclude that for every 0 < r < 1 there exists

C > 0 such that,
sup [VHg(z)| < C
|z <r

if R > Ry.

We can apply Arzela- Ascoli on every ball B, with 0 < r < 1 to get, for every sequence R, — oo a
subsequence Hp, uniformly convergent in B,. Then, a diagonal argument gives a subsequence uniformly
convergent on every compact subset of By to a function H. By the previous lemmas, we know that H is a
solution to

—AH = AlH in Bl.
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Moreover, 0 < H < 1. Let us see that H € C(B;) with H = 0 on 0B;. In fact, we show that the
subsequence Hp, —converging to H uniformly on compact subsets of By is actually uniformly convergent in
By. In fact, we use Lemma 3.4 to get for ¢ > 0,

fntz) < (n(8) —n(3) + ) <

N ™

if 1— |£C‘ < dp and R > Ry.
On the other hand, for every x € Bj, by taking limit as £k — oo we find that,

|| 1 €
H(z) < P _p3)) <<
(r) < C(n( 2)—1(3) <3
if1— |J]‘ < dg-
Observe that, in particular, H € C(B;) with H =0 on 9B.
Then,

|Hg, (#)—H(z)|<e if |z|>1—0d, k> ko

N
On the other hand, due to the uniform convergence of H R,, to H in Bi_s,,
|Hp, (z)—H(x)| <e if |z|<1—60, k> ki

So that, the convergence is uniform in By, H € C(B;) with H = 0 on dB;. So that, H = h; is independent
of the subsequence and the theorem is proved. O

4. BACK TO THE EVOLUTIONARY PROBLEM. CONSTRUCTION OF A BARRIER.

In this section we construct a barrier for the nonlocal problem which is similar to the one constructed
in [13] for the laplacian. This barrier is a function of separated variables involving the eigenfunctions Hp
studied in Section 3.

In order to be able to further analyze our solution u, we state a result that is needed because of the lack
of a regularizing effect of the nonlocal diffusion equation.

Lemma 4.1. Let 0 < ug € L™, ug 0. Then, for every R >0, ¢ >0,
(4.1) inf wu(zx,t)>0.
Br

TE

Proof. We recall some results that can be found, for instance, in [17]. First, u € L* and bounded by ||ug||oo-
Moreover, u > 0 since v = 0 is a solution to the equation and a comparison principle for bounded solutions
holds (see, for instance [15]).
Moreover, u(z,t) > 0 for every z € RV, ¢ > 0. In fact, let A > 1+ |lug||E5 . Then, since 0 < u < |Jug| s,
ug + Au > up +u+uP = J *u.

Thus,
t
(4.2) u(z,t) > e~ Mug(z) +/ e~ A=) (J *u(-,s))(z)dx
0
so that, if u(x,t) = 0 for some x € RY, ¢ > 0 there holds,
t
0> / e~ A=) (J *u(-,s))(z)dz > 0.
0
We deduce that u(y,s) = 0 in By () x (0,t) and, since R is connected, a continuation argument gives that
u=0in RY x (0,¢). But, by (4.2),

u(z,t) > e~ Mug(z)

and ug Z 0.
Therefore, u(z,t) > 0 in RY x (0,00).
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Let us now prove (4.1). In not, there exists a sequence {x, } C Bg such that u(z,,t) — 0. Without loss of
generality we may assume that x,, — Z € Bgr. Going back to (4.2) and using that J x u(-, ) is a continuous
function in RN we get

0+ u(xy,,t) > /0 e A=) (J = u(-,s))(2,) dz — /0 e*A(t*S)(J wu(-,s))(z) dx.

We deduce that uw =0 in By (Z) x (0,t), a contradiction. O
Now, we construct the barrier.

Lemma 4.2. Let Ag be the principal eigenvalue of (2.3) in the ball Br and Hp the positive eigenfunction
with the normalization ||Hpg| =,y = 1. Assume 0 < ug € L®(RY) and let u be the unique bounded
solution of (1.1). Then, the following inequality holds in Br x (0,+00):

(4.3) u(z,t) > Yr(t)Hr(z),
where Ygr is the solution to
Lobp+ App +h =0  in (0,00)

vr(0) =c= inf ;Ijg((xx))

Proof. We set w(z,t) = ¢Yr(t)Hg(z). Then, for z € Bp,

(4.4)

d
we = Lw+ w? = Hyptbr — onlHr + WhH}
=H d ArH P H?
= Ra'l/)R'F'l/}R rHR +YRHp

d _ _
= Hpp( Zn + Arte + V) + Hevr((Hrbr)* ™ = 0.
Since g satisfies (4.4), 0 < Hr <1 and p > 1 we deduce that,
wy — Lw +wP <0 for x € Bg.

As w(z,0) = Yr(0)Hg(z) < up(z) and w(z,t) = 0 in BE x (0,00), we deduce by the comparison principle
for sub- and super-solutions on bounded sets that,

w(z,t) < u(z,t).

Remark 4.3. The function ¢ can be computed explicitly (see [13]). In fact, if ¢ > 0,

1

AR p=l
(45) ¢R(t) = ((1 + lepAR)eAR(Pfl)t _ 1) :

The following technical lemma was proved in [13]. This result will be used later on in Section 5 in order
to obtain the region where we can identify the asymptotic behavior of w.

Lemma 4.4 (Gmira and Veron, Lemma 2.2, [13]). Set ¢ : Rt — Rt such that
lim y%p(y) = oo.
Y—r o0

Then, there exists a nondecreasing function R from RY into RY such that

. y . B
(4.6) ylgf;o RT(y) =0, ylggo ye(R(y)) = oc.
Remark 4.5. In [13] the function ¢ was assumed continuous. But it is easy to see that this assumption is
not needed.
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Now, we prove a key lemma. Once again the goal is to establish a lower bound for u(-, t) by constructing
an appropriate auxiliary function ¢(R). This function will be used as an initial condition for the function
g from Lemma 4.2 in the proof of Theorem 5.1.

Proposition 4.6. Suppose 0 < ug € L>®(RY) is such that
(4.7 \x|%uo(9c) =00 as |z|]— o0
and let u be the bounded solution to (1.1). Then, for any t > 0 the following equivalent properties hold:

(i) Timy|so0 27T 0z, ) = co.

(ii) limp oo R7T inflg < g u(z,t) = oo.

(iii) There exists a positive, non-increasing, real-valued function ¢ such that
(4.8) lim 777 (1) = 00

T—>00

and,
u(z,t) > ¢(R)Hgr(z), V x € Bg.

Proof. By (4.2), for every t > 0,
Pilux, >e xvzluox — 00 as |x| — oo.
7T £) > oAty o1

Thus, (i) holds.
Let us see that (i) = (ii).
If not, there exist R,, — oo and a constant C' > 0 such that

2

Ry~ inf u(-,t) < C.
Br,,
This in turn implies that there exists z,, € Bg, such that

2

(4.9) Ry T u(zn,t) < 2C.

If there exist Ry > 0 and a subsequence R,,, such that {z,,} C Br, we would have, by (4.9) and Lemma
4.1

7 2 2
2C > RE u(Tn,, t) > RES? ji_jnf u(t) > 00 as k— oo

Ro

which is a contradiction. Therefore, |2,,| — oo as n — oo. But then, since z,, € Bg, , by (i),

2
2C > RE  u(zp, t) > |$n|%u(mn,t) — 00 as n— 0o

which again is a contradiction. So, (ii) holds.
(ii) = (iii). We define for R > 0

(4.10) P(R) = Wl Z(zf(z

where Hp, is the positive eigenfunction of (2.3) with |Hg|lco = 1. As u(z,t)/Hg > u(z,t) in B, there holds
that ¢(R) is positive.

From (4.10) we have in Bg,

u(z,t) > p(R)Hg (),
and, as 0 < Hg(z) < 1,
Rﬁg)(R) > Ri1 | i|n<fRu(x,t) — o0 as R — oo,

by (ii). So that, (iii) holds.

(iii) = (ii). In fact, by Theorem 3.1 we know that

Isz(x) — hy uniformly in = By .



12 A. SALORT, J. TERRA, AND N. WOLANSKI
Since hi(x) > > 0 in By /s, there holds that

Hg(z) >

SRy

in 81/2

if R > Ry.
This is,

Hp(z) = in  Bg/z

|

if R > Ry. Hence,

NIy

u(z,t) = p(R)Hg(x) = S¢(R) in Bg/

if R> Ry.
2
Multiplying by R#-T, taking infimum over Bg/, and letting R — oo gives (ii).

(ii) trivially implies (i). O

Remark 4.7. Observe that the function ¢(R) depends on ¢ > 0.

5. MAIN RESULT

In this section we prove our main result. This is, we obtain the large time behavior of u in the subcritical
case 1l <p<1+2/a.

Theorem 5.1. Suppose 0 < ug € L®(RYN) satisfies (4.7). Let u(x,t) be the bounded solution of (1.1).

Then,
1
1 =1
lim tp%lu(a:,t) = ( > )

bz, 1
uniformly on the sets
Ep = {z e RV : |z| < kv/t},
where k is an arbitrary constant.

Proof. From Proposition 4.6, by considering u(z,t) for t > ty > 0 we deduce that there is no loss of generality
in assuming that there exists a nondecreasing function ¢ : RT™ — R™ satisfying (4.8) such that,

uo(x) > ¢(R)Hgr(z) V x € Bp.

From Lemma 4.2 we have that u(x,t) > Hg(z)yr(t) in Bg x RT, where v is the solution of

(5.1) LR+ Arpr+1h =0  in (0,00)
¥r(0) = ¢(R).
By (2.4) the principal eigenvalue of (2.3) we can written in the form
A
(5.2) AR = CRR—l2 as R — +oo,

where \; is the principal eigenvalue of (2.1) and Cr — A(J) as R — oo with A(J) given by (2.5). By using
(5.2) and (4.5) we have

1
a1 L Ar "
tr-Tpp(t) = tr1 1+ ol P(R)Ap)ehr—DE — |
%) R
(CRt)\lR_Q)ﬁe_cRMtRiz

(1 + CrM!P(R)R2 — e—CR/\l(P—l)tR_Q) =3
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—CRrA1 (pfl)tRiz

By using the Taylor expansion for e at the origin we get,

1
CRrtA1

p—1
(5.3) tﬁ?ﬂR(t) = ~RZ e*CR)\ltRiz.
iy + S 4 O(R4?)

Now, as limpg_,0o R2pP~1(R) = 0o we deduce from Lemma 4.4 that there exists a nondecreasing function
t — R(t) such that

t : _
G4 Jm gy =0 and Jlim 1077 (R(D) = oo
Replacing R by R(t) in (5.3) and using (5.4) yields

L\
lim 7 PThp ():<1> .

t—o00

If we consider z such that |\/ < k for some constant k, we have

Tl lol VE
> SRR TR VERD

Since w(x,t) = ((pjl)t) »=1 ig a supersolution for ¢t > 0, and u is bounded there holds that,

1 71 1 1
(56) (pl) > tr-1 U(§C7t) > tpfle(t)(t)HR(t)(,T),

Now, let us prove that
(5.7) lim Hpg (o) = 1
uniformly on |z| < kv/% for all £ > 0. In fact, from the uniform convergence on B; obtained in Theorem 3.1,
for every € > 0 there exists t; > 0 such that,
[Hr(y) —mi(y)l <e if [y <1 and &>t
On the other hand, if || < kv/t and we put @ = R(t)y, we get that

kvt

ly| < <1 ift>ty

R(t)

and consequently, if || < kv/t

Hp@y(z) — M (%)

From the continuity of A it follows that,

(5.8) = |Hpy(y) — (y)| <e if t>max{ts,t2}.

(5.9)

x
— < i < > t3.
hy (R(t)) hl(O)‘ <e if |z|<kVt and t>t3

Hence, from (5.8) and (5.9) we obtain that,

|HR(t)($)7h1(O)} < 2e if |£17| §k\/¥ and tZ{thtg,tg}.
Since h1(0) =1, (5.7) follows.
Taking limit as ¢ — co in (5.6) and using (5.7) we obtain that

L\
lim t7—1 1u(x t) = <>

t—00 p—1

uniformly on Ej, = {z € RY : |z| < kv/t} and the proof is finished. O
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