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Abstract—The application of the graphical Hopf theorem Chua’s circuit [6], or in power electronic circuits as in [7], and
(GHT) as a tool for detecting invariant cycles in maps is presented. more recently [8]-[10], as well as for smooth nonlinear vector
The invariant cycle emerging from the bifurcation is approxi- fields [11], to mention only a few.

mated using an analogous version of the GHT for continuous-time Thi t daptati f ilable f las f
systems. This technique is formulated in the so-called frequency IS paper presents an adaptation ot available tormulas for

domain and it involves the use of the Nyquist stability criterion  the detection of Hopf bifurcations in continuous-time systems
and the harmonic balance method. Some examples are includedto the case of smooth maps using a frequency-domain approach

for illustration. [12], [13]. The formulas capture the essential asymptotic
Index Terms—Bifurcation, discrete-time systems, frequency do- Pehavior of the dynamics of the emerging invariant cycle
main, harmonic analysis. using concepts from control theory. The main formulation and

interpretation of the GHT for single-input single-output (SISO)
discrete-time systems follow the developments of [14] for
continuous-time systems. The extension of this methodology
HE HOPF bifurcation theorem (HBT) for maps gives confor multiple-input multiple-output (MIMO) systems has been
ditions for the appearance of an invariant cycle in smoo#iso derived [15]. Based on the simplicity and usefulness
maps of dimension equal or greater than two when one paragh- the technique, the multiparameter bifurcation analysis
eter of the system is varied appropriately [1]. The bifurcatiogf continuous-time systems [16] may be also extended for
can be supercritical or subcritical, denoting the appearancedcrete-time systems, allowing the study of degenerate Hopf
stable or unstable cycles for parameter values larger or smaliurcations for maps (see, for instance, [17] and [18]) via the
than the critical one, respectively. The distinction between thequency-domain approach.
vague attractor or the vague repeller at criticality can be ob-The paper is organized as follows. In Section Il, the approx-
tained by a coordinate transformation leading to a type of stafration formulas of the invariant cycle emerging through the
dard normal form in polar coordinates. After laborious calculadopf bifurcation are derived. In Section Ill, some examples to
tions, itis possible to find an expression for a stability index (th@ustrate the application of the GHT for maps are shown. Fi-
so-called curvature coefficient) that allows to determine whighally, some concluding remarks are given in Section IV.
type of bifurcation the system will develop under the variation
of the distinguished parameter (see [2], [3] for regular Hopf bi-  ||. HoPFBIFURCATION FORDISCRETETIME SYSTEMS
furcations and [4] for applications). The Hopf bifurcation for
maps can also be thought as an instrument to describe mor
complex behavior in continuous-time nonlinear dynamical sys- Trq1 = Azy, + Bg(Cays p) 1)
tems, when the resulting map comes from intersections between
a periodic orbit and a certain plane: the so-called Poincaré magerezy, zx+1 € R*, A € R"*", B € R, C € R™*",
In this case, the bifurcation of the limit cycle results into an ing(-): R™ x R — R'is a smooth ", r > 3) I-dimensional
variant torus and the resulting dynamics on the torus: a quasi-pector field,k € N is the iteration index and € R is the bifur-
riodic motion [5]. This phenomenon has been observed in a v&&tion parameter. All the matrices may have explicit dependence
riety of electronic and mechanical systems, mainly those haviag 1+, andA may be the zero matrix.
a piecewise linear nonlinearity such as in the very well-known According to [15], there are many distinct but equivalent
feedback representations for (1). This can be easily seen by
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6(z) the time origin, sax, will be a complex numbeg, = |as|c®.
o We will also assume thdtio| = O(|a1])?, |az| = O(|ay|).
Based on the previous hypothesf%;; 1) can be expanded
in Taylor series in a neighborhood of the fixed pointSince
we are performing a second-order harmonic approximation, the
output of the nonlinear block can be written as
flesn) ok ke
f(ek) = f(é) —+ Re {AO + Alelwk + AQCZka}
Fig. 1. A nonlinear feedback representation of the system (1). with
ur = flew; 1) = g (yr; 1) — Dy, 3) Ao = frao + } f2a}
Yk = =Ck- Ay = fiay + § f2(2a0a1 + araz) + § faa?
This representation suggests that the discrete-time nonlinear Ay = fras + % faa?

system (1) can be thought as the feedback interconnection

shown in Fig. 1, where the linear syste6i(-;-) and the wheref; denotes) f/d¢’|._e.

nonlinear mapf(-; -) are defined by (2) and (3), respectively. The linear part of the system should balance input and
In the figure, the inputd;, (generally used to model parameteputput harmonics with the corresponding oscillatory solution

perturbation, noise effects, etc.) ang (external reference (4). Therefore, the harmonic balance equations are given by
input used for nonautonomous systems) are set to zero as indhe= —G(c"“)A,.. Solvingay anda, as function ofa;, we

continuous-time version of the HBT. obtain

The frequency-domain representation has some computa- 5
tional benefits. Observe thdlt(-; -) is anl-dimensional vector ap = __ G fm
field. Sincel is usually smaller than, it is reasonable to expect 1+G1)f 4
that the frequency-domain approach of the HBT requires less G(e'2) foa?
amount of computation than its analogous temporal form. az =—1+G(eigw)fl 4

For example, the fixed point of (1), obtained by solving a

system ofn nonlinear equations, now corresponds to the poifib avoid singularities it will be assumed thiat- G(1)f; # 0

¢ obtained by solving the system af. nonlinear equations and that there is no resonance:&t".

G(1; p) f(& p) = —e. Then, definingH (=) = G(z)/(1 + G(z) f1) and substituting
Local dynamical behavior can be analyzed via the linearizére above expressions into the formula fgr the equation in-

tion of the open-loop system, given B z; 1) J(:) whereJ(-)  volving only a; andw is

is the Jacobian matrix] = df/d¢|:. One of the hypotheses of ‘

the discrete-time version of the HBT is the crossing of a simple G(e") f1 = -1+ af€(w) 5)

pair of complex eigenvalues through the unit circle for a given

value of parametern = 4,. This is equivalent to the require-Where

ment that an eigenvalue 6¥(z; 1) J(u) for z = ¢*, denoted G(e) ‘

as), crosses the critical poirt1 + :0 for some values;, and §lw)=—¢ [f3(2H(1) + H('*)) — fa] .

1to. This approach is particularly attractive from a feedback sys-

tems viewpoint, because the type of bifurcation and the ampli-As we are dealing with a SISO system, the only eigenvalue of

tude and frequency of the invariant cycle (in case it does exi8fie open-loop system &(c') f; and thus (5) can be expressed

can be derived by simple geometrical arguments on the Nyquast

diagram. Moreover, under this approach the study of some fail- y

ures of the classical hypotheses available for continuous-time A(e™) = =1+ arf(w). (6)

systems [16] may be easily extended to the discrete-time case

The previous results have an appealing geometrical interpre-
A. A Frequency-Domain Approach tation on the Nyquist diagram. Equation (6) can be thought as

. . _the intersection between the locus bfe’) and a half-line
The frequency-domain version of the HBT for a SISO OIIS'tarting at-1-++0 in the direction defined bg(w). If this inter-

crete—time system can be obtained applying the second-or ELtion occurs aln = X(ei“‘R) thenwy, is the frequency and
harmonic balance method [14]. Let us fnearly equal tu, S0 a1 g 1S the amplitude of the periodic solution. Howevéris a

:E: Iocgsg_f)\(e | ) !les ngfarr:he cr|.t|cal pﬁ':elﬂo' Tnerefolre,d complex number depending on the unknown frequency of the
periodic solutions (if t ey exist) witl have small amp |_tu er‘Jeriodic solution, and therefore (6) is a set of polynomial equa-
and frequency close to, . In this case, it is sufficient to con3|derti0nS in botha; andw. Although these equations can be solved
ex = &+ Re {ag + a16™* + ayei?F} (4) Uusing iterative methods, a reasonably accurate~approximation
can be obtained computir@gfor a fixed frequencyw close to
wheree;, € R and ‘Re” means “real part.” For simplicity, we wg. In this case, if the half-line starting atl + <0 in the direc-
can choose the phase @f equal to zero, by properly defining tion defined by (&) intersects the locus of the eigenvalue at the
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Ixn{i(e"“ )} Therefore, for the periodic solution (7) to exist, itis necessary
that
Me™) = —1+46°¢(w) ®)
0 with
el £(w) = —uT Gl )p(w, v)
: wherep(w, v) = Quv° + 1/2Qv? + 1/8Lw,  is the normalized

left eigenvector associated with the eigenvali@’) and
R el Ixm j 7 H : . :
\ afe(@)| L € R™™ involving the third-order partial derivatives of
f(-;-) with respect toes, can be computed as in [15]. Since
Fig. 2. Geometrical interpretation on the Nyquist diagram of the GHT for ¢8) can be thought as the MIMO system counterpart of (6), an
SISO discrete-time system. . . . .
analogous geometrical interpretation can be applied.

pointg = X(ef‘”), thenw is the approximate frequency of the . A PPLICATIONS OF THEGHT IN MAPS
periodic solution anad; =~ (|1 + q|/|£(&)])Y/? its amplitude. _ _ _ _
In Section IIl, we will consider two ways for computing N this section, the dynamical behavior of several smooth

&. One alternative, as shown in Fig. 2, is to choasas the Maps is studied using the methodology proposed above. Ex-
frequency at whichi\(¢) intersects the negative real axisamplelshowsadetalled analysis of the we!l—kr)own delayed lo-
at the pointg near—1 (i.e., Re{A(¢**)} is close to—1 and distic map, anc_J Example 2 presents the d_erlv_atlon of an approx-
Im{A(c¢®*)} = 0). In that casew depends on the currentiMate expression of the periodic oscillation in a neural netlet.

value of parametef.. Another option is to consideb as the In both cases, the discrete-time system develops a supercrit-
frequencyw, at which 3\(@“‘) passes over the critical poimical Hopf bifurcation. On the other hand, Example 3 describes

—1+i0wheny = i, (i.e.,& = w, and thuske{A(¢’*)} = —1 the appearance of a subcritical Hopf bifurcation in an adap-
andIm{\(¢"*)} = 0). This value ofi is then used as an ap-tively-controlled system, showing also how the GHT can be
proximation for all values of: taking into account the generaluSed to estimate the boundary of the basin of attraction of a fixed

(local) linear law of the variation of the frequency versus theCint:

bifurcation parameter for regular Hopf bifurcations. Example 1: The delayed logistic map is given by
B. MIMO Systems $i+1 =3 ©)
The previous computations for SISO discrete-time systems Tryy = BT} (1—a3) .

can be extended to MIMO systems. The procedure is completely . . o o
similar to the one given in [15]. We suppose that the seconghis system has two fixed points: the origin which is stable for

order harmonic balance solution is now 0 < o < 1and unstable fop, > 1; and(1 — p=t, 1 — p~t)
which is unstable fo0 < p < 1 and stable forl < u <

R 2 . ik 1o = 2. Foru = u,, the two eigenvalues associated to the latter

¢k = ¢+ Re Z E'e @) point are complex conjugated and lie on the unit circle. When
=0 the parameter takes values greater than, these eigenvalues

wheree, € R™ andE"™ € C™. The coefficient vector&” are  Cross the unit circle from the inside to the outside, changing the

obtained equating the output of the linear part with the inp§tability of the fixed point, N .
signal to the nonlinear feedback vector fiefd-;-), whose It is well-known that (9) develops a supercritical Hopf bi-
Fourier coefficient vectors are noted 5. Thus, the harmonic furcation around the nonzero fixed point (see [1] for a one-pa-
balance equations afe” = —G(¢™"“)F". These equations arefameter analysis, and [19] for a more complete two-parameter
solved in terms ofE! = fv, wherev is the normalized right Study). In this work, we emphasize the approximation of the in-
eigenvector associated with the eigenvalie™), andf is the variant cycle instead of the computation of the resonant behavior
measure of the amplitude of the periodic solution. The othef the system. The interested readers should consult [19] to find
complex vectors are given b° = 620° andE? = 62v% with ~ more details when the invariant cycle can lose its smoothness
through homoclinic and heteroclinic interactions.

0 = _i H(1)Qv In order to apply the GHT, the map (9) can be transformed
) ) o into the equivalent feedback system (2) and (3) choosing the
vt =—3 H(e"™)Qu trivial representation
whereH (z) = (14 G(z).J))~tG(z), “~"is the complex conju- 0 1 0 10
gate operator an@ € R“™ involves the second-order partial A= [0 /J B = [1} = [0 1}

derivatives off(-; -) with respect toz;, and it can be computed
as in [15]. D=1[0 0], g(ux; 1) = —puivi-
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Then

G =—— |7 Hew ) = —nehed
“7u—z_u 1 ; ks H) = —HCRC.
Linearizing the nonlinear mag(e;; 1) around the fixed point
¢ = (=1+p7t, =1+ p1), the Jacobian matrix is given by
J(p) = (p—1, p—1) and thus the open-loop system matrix is

Gz ) Iy = M= [211 Zﬂ

with eigenvalues

Ai(e) =0 . Re {A,(¢")}
(1 1 + Ciiw
Ao () =(p — 1)m Fig. 3. The locus of;(e?*) and the half-line-1 + #2¢().
The only relevant eigenvalue Js(¢™), asA; (¢*) = 0 for all x; 08
w and thus it never crosses the critical point + 0. There-
fore, A2(e*) corresponds to the eigenvald&*~) defined pre- 071

viously.
The normalized right and left eigenvectors associated with 96}
A2(c™) are

0.5
_Y2fe) V2l
v = 2 1 u = 2 1] 04k
The matrices and L (computed as in [15]) are 0.3t
2 . ) i ; H
= —Q [1 e™] L=[0 0] %52 03 04 05 06 07 08 x;
2
and the linearized closed-loop matrix is Fig. 4. The stable invariant cycles predicted via the GHT) (and by
simulation 6).
1 1 )
H(z) = Tl A i0.0118. The locus of\,(¢*) and the half-line starting at1 +
0 in the direction defined by (&) are shown in Fig. 3. As
Then expected, the locus intersects the half-line verifying the exis-
1 1 tence of an invariant cycle. This intersection occurs; at
v’ = 9% (w) L} v? = 9% (w) { m} —1.05—10.0012 and the corresponding frequencyis= 1.016.
¢ The amplitude of the approximate periodic solution is obtained
where as
~O H iw —tw |1 + q|
(W) = ——— (" + ™) 6= . =0.31054
8(u—1) &(@)]
P (w) = Ne—f’“ ‘ and then the first three harmonics are
4(/1—1—622“"—{-614“") ~

1
EY =0.02479
and thus 1}

[ ,75.267
flw) = 2@ E' =0.21958 | © }
V2(p = e .
. y [ (é0.701
with E% =0.02583 ei2'102:|
_ V2p 0 —iw 2 3w ; ; ; ;
plw) = 5 [26°(wW)(1 + e ™) + 0% (w)(e™ +1)] . The invariant cycle predicted through the GHT and that obtained

by numerical simulation are depicted in Fig. 4. As can be seen
Assuming, for instance, that = 2.05, the intersection be- in the figure, there exists a close agreement between the actual
tween, (e“") and the negative real axis near the critical poirdnd the predicted cycles because the paramegteclose to the
—1 4 {0 takes place at = 1.018 and thug(@) = —0.5185 —  critical value,.
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Example 2: The discretized model of a neural netlet of exci- ¢, 05
tation and inhibition is - -
i o é:
a:i_i_l =e "z} 4+ a(l — e *) tanh(cyx3) (10) 5”_0'2 0.05 <0 0.05
23,1 = e Hxi +a(l — e7#) tanh(—cox},) £ o> é-os 0
-04 005 - -0.05
12 -1 0.8 -12 -1 -0.8)
wherea, ¢; andcy are positive constants andis the bifurca- -2 -1 0 3 2 -1 0 1
tion parameter that represents the time-delay due to the fin Re (A ()} Re (A ()}
switching speed of amplifiers in models of electronic network (a) ()
[4]. For oscillations to existgZc;cy > 1. 2
The origin is the only fixed point of (10) and it is stable for
0 < p < po With g1, = In(a?cico + 1) — In(a®cico — 1). £ 05 Fal
. . LY
Wheny: = p,, the linear part of the map has a pair of comple = oS i%. o
conjugate eigenvalues on the unit circle. As the parameter g '0\/\ EO 'O\f\
is increased through,, these eigenvalues cross the unit circle %3 008 005
-12 -1 =038 -1.2 -1 -0.8
-1

modifying the stability of the fixed point. -1

A representation leading to a single nontrivial eigenlocus i
given by the matrices

e M 0 1 0 a O
A:{o e‘“} B:C:{o 1} D:{o /3}

and the vector

tanh(c13) }

9(yr; p) = a(l —e™") [t h(—copt)
anh{—cayi

2 -1 0
Re {1,()}

©

1

with & = ace(1 — e #) and

2 0
Re (A, (¢"))

@

_ae(l—e e — (e + )]

2

Fig. 5. The locus ofA;(e?~) and the half-line—1 4 62¢(&) for different
values ofu. (@) = 0.55. (b)) = po. (C)pp = 0.8. (d) p = 0.9.

B(w) = g
with a8 = —a?ciez(1 — ¢ #)2. Then plew — (e + o]
1 . In this example, the matrice3 and L are
z— (e 4 a)
Gz n) = 1 0= 0 0
0 - - 0 0}’
z— (e H+p) .
i ) a(l — e *)tanh(—c ef) + act I 2act(l —e™H) 3
. _ =5 C N
it a(l — e™#) tanh(coe}) + Bei L+ (w))* | - <£) b(w)? 0
The open-loop system matrix is and then

« —acy (1 —e™#) 24 2n 2
ype— iy p— _ aB(c; + alow)])
G(z; 1) (1) = Zac ((f ! ;;);) ? (‘3/; +) ) = T P (o £ ) (e — o) — 20]"
(1 —
z—(e *+p5) z—(e*+p) To simplify the calculations, we choosg = ¢z = 8 = 1,

a = /3 and assume that = w, = 1.046 for all values of
the parametes. The locus of\,(c’) and the half-line from the
point—1+40 in the direction o (@) corresponding to different

and its eigenvalues are

A(e™) =0, values ofy are shown in Fig. 5. For < p, = In2, the fixed
i (a+ B)(e™ — e ) —2ap point is stable and there is no intersection between the locus
Az(e™) = [ei — (e + a)][e™ — (e + B)] of the eigenvalue and the half-line [Fig. 5(a)]. Adncreases,

the locus moves away from criticality [Fig. 5(b)] and intersects
As expected, the only relevant eigenvalue Xg(c’>), so the half-line. Then, fop. > 1, the fixed point is unstable and
Me) = Ag(ei). an intersection appears denoting the existence of an invariant
The normalized right and left eigenvectors associated witlycle [Fig. 5(c) and (d)]. Moreover, a stability analysis for small
Ao(e) are perturbations of the intersection point establishes that the cycle
is stable (for more details, see [15]).
From (7), the expression of the periodic solution is

1
L
2
L,

v= (14 o)) "2 @(f)}

R

()(Re{#(@)} cos(@k) — Im{d(&)} sin(k))
(@) cos(@k)

(1

w=(1+a)2)"? {ﬂ
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x2 06
05 05
0.4} & . N .
< 0.1 < 01
02 B 0 {\ E 0 {\
-05 -05
0.1 -0.1
-1.1 -1 -09 -1.1 -1 0.9
0r— -5 -1 -0s 0 -5 -1 <05 0
Re {A,(¢)} Re (A, ()}
-0.2 @) (v)
B R S 05 0.5
f : . N N
-04 02 O 02 04 X <0 o1 >0 o
E 0 B
2 06 @ -05 o\ -0s -o[i \\
k Y T T - - s -
: OPQORC’E"OOO v 11 -1 =09 1.1 -1 -09
9at® g, -15 -1 -05 0 -15 -1 -05 0
0.4} %ox* - “gop Re {}»g(e'w)} Re {13(e“")}
o 2,
e -%eo © @
0.2+ Sa iy ]
Sa &
g: ;% Fig.7. Thelocus oh;(ei) and the half-line-1+62£(2) for different values
Of s ad of . (@) = —0.5. (b) g = —0.51. (c) p = —0.5238. (d) g = —0.55.
S , be
OA : Aé’ . . . . .
-0.2 °°36' o B : “ag” wherec is a small positive constant of the estimation algorithm
: 40 . .
%é%e : : xd anda andy (k andb in [17], respectively) are parameters that
-0.4 N ' -3%0-0%5” i define the mismatch between the plant and the model-refer-
o0& 8abod 408 : ence. This system presents a complex dynamical behavior in the
04 02 0 02 04 0.6 x! nelg_hborhood of its unique fixed _p0|(11, 1,1—p— a_) when
®) varyinga and . (see [17]). We will focus our attention in the

Fig. 6. Stable invariant cycles computed by the GHY) @nd by simulation

(o) for different values ofi. (@) = 0.72. (b) u = 0.8.

region of the(a, )-plane where this point loses local stability

via a Hopf bifurcation.

To apply the GHT, the map (11) is expressed as a feedback

system adopting

1 0
0 0
0 1
0 0
1 0
0 1

a+ Yy

—ay? [yl — 1) + o1 + yuf)

with p(&) = —0(1 + |5(0)]?)~Y/2. Sinced(w) ~ i for i near "0
e, the last equation can be approximated as A= |p
0

5 L
o % O sin(wk) 1
C=10

2
o —g 6 cos(Wk). K
The invariant cycles obtained through the GHT and those ob-
tained iterating the map are shown in Fig. 6. In Fig. 6(a) the 9(yr;-) =
parametey: is near the critical value,, (¢ = 0.72) and thus i

the actual and the predicted cycles are very similar. For larger

values ofy (1 = 0.8, for example) the difference between botf{/Neréau =y +a —1landa; =a

cycles increases [see Fig. 6(b)], revealing the local nature of the

c+ (13)?

(¢c+1)7%. Then

1 0 7
approximation. 1 z 0
Example 3: In the adaptively-controlled system proposed in G(z-) = 22— pos +onz 22— p
[17], the aim is to maintain a linear, second-order discrete-time T, o 2 —9 |

system at a desired state using a first-order model-reference,
self-adapting, nonlinear feedback control scheme. The map in-
cluding the plant, the controller and the estimator is

fler;-) =g(—er;-) —

1 2 .
pogey, + orey — e |

0
3

Tho, =i The eigenvalues of the open-loop matixz; -).J(-) are
Thyr = pry + o+ oy (11) A (%) =Xo(e’®) =0,

2 1 2.3 - i

(pxy, +a — 1+ zgoy, - 1 2w B
$%+1 = “7% - ailuy +a i) A3(e*) = (14 a1 +az)e ae 14

¢+ (x7)?

(= g = 2)
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1.5¢

) A
a Bt e ciniind ""'MT
0 05 1 15 2 25 x}
®)

Fig. 8. Projections of the unstable cycle obtained by the GKJ) and Fig. 9. Projections of the unstable cycle obtained by the GHY) and
trajectories of the map] for p = —0.5. trajectories of the map] for p = —0.51.

Notice that, as in the previous examples, an appropriate electiba third contracting direction is taken into account) defining the
of the feedback representation leads to a single nontrivial eigéeundary of attraction of the fixed point. Notice that this cycle,
value, A(c™*) = As(c). due to its saddle-node nature R® [17], can not be located

A necessary condition for a Hopf bifurcation is givendfy numerically by backward iteration of the map in time. Conse-
400 < Owith p, = —(c+1)/(c + 2) (see [17]). In order to quently, the predictions of the GHT method complete the results
compute some numerical results, we choose0.1, a = 0.68, of [17] giving an explicit estimation of the emerging invariant
assuming: as the main bifurcation parameter. cycle.

The locus ofrz(c¢) and the half-line-1 + 6%¢(o) for dif-
ferent_\{alues of. are presented in F_ig. 7. W_heuj's greater than IV. CONCLUSIONS
the critical valueu, [Fig. 7(c)], the fixed point is stable and an
unstable invariant cycle is detected [Fig. 7(a) and (b)], while for A frequency-domain approach to analyze Hopf bifurcations
1 < 11, the fixed point is unstable and no invariant cycle exisfor smooth maps as well as approximation formulas to recover
[Fig. 7(d)]. Therefore, the map (11) develops a subcritical Hogiie invariant cycle using a second-order harmonic balance tech-
bifurcation. nigue have been presented. The application of the GHT is il-

Figs. 8 and 9 show projections on the phase pldngsz?}) Iustrated wiFh three examples. A close agreeme.nt b_etwee_n the
and (z3, 3) of the unstable invariant cycles obtained by thaumerical simulations and the approximate solution is obtained
GHT, and some trajectories of the adaptively-controlled syste#en the parameter is close to the bifurcation point. Since the
The initial conditions are located inside and outside the cycfgHT for discrete-time systems provides a useful graphical in-
and the simulations have been performed for valugsgkater terpretation, an extension to deal with other degenerate cases
thany,. As can be seen in the figures, when the parametsr S€ems very attractive to pursue.
closer tog,, the invariant cycle is smaller.

An useful byproduct of the frequency-domain analysis is also
depicted in Figs. 8 and 9. System (11) has two attractors at this
parameter setting: the stable fixed point and a chaotic attractorOne of the authors, J. L. Moiola acknowledges the hospitality
with the unstable invariant cycle (and its stable manifold wheaf the University of Cologne, Cologne, Germany.
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