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Abstract

We study deformations of axially symmetric initial data for Einstein-Maxwell
equations satisfying the time-rotation (z-¢) symmetry and containing one asymp-
totically cylindrical end and one asymptotically flat end. We find that the 7-¢ sym-
metry implies the existence of a family of deformed data having the same horizon
structure. This result allows us to measure how close solutions to Lichnerowicz
equation are when arising from nearby free data.

1 Introduction

The observation that wormhole initial data (black hole data having two asymptotically
flat ends) rapidly evolve to trumpet initial data (one asymptotically flat and one cylin-
drical end) (see [21]], [20] and references therein) motivated the use of trumpet data to
study numerical binary collisions since, in this way, the gauge evolution and the initial
noise in wave quantities would be minimized. This then inspired an extensive study of
initial data for Einstein equations having cylindrical ends, both from the numerical rel-
ativity community [4]], [19], [24], [23]], [17]], [16] and the mathematical relativity side
(130, [0, [27], [26], [9], [10]. There seems to be a close relation between the pres-
ence of a cylindrical end and certain extremality condition suggested in part, by the
behavior of stationary solutions like Kerr-Newman and also by the fact [11]] that given
a mono-parametric family of conformally flat initial data having a wormhole structure,
with given angular momentum and charges, then there exists a singular limit as the
parameter goes to zero, where the asymptotic structure changes to trumpet-like and the
angular momentum and charges are maximal for given mass. This reinforces the in-
terest in studying initial data with cylindrical ends in an attempt to understand cosmic
censorship issues, black hole formation, conical singularities appearing in stationary
multi-black hole solutions, etc.

Initial data with more than one cylindrical end, i.e. representing many extremal
black holes, are specially important. They include data for the Majumdar-Papapetrou



solution [28]], consisting of black holes of the extremal Reissner-Nordstrom type. It
is the only static multi black hole solution of Einstein-Maxwell equations in equilib-
rium known to us. Moreover one would expect it to be the unique electro-vacuum,
stationary solution with disconnected horizon. Nevertheless, the proof of this result
and a complete analysis of its stability are lacking. Motivated by these open problems
it is our aim here to understand perturbations of electromagnetic fields in initial data
for Einstein-Maxwell with cylindrical ends. To us, this is a first step in the study of
deformations of the full 4-dimensional Majumdar-Papapetrou solution.

In the past five years there has been increasing interest in developing the mathe-
matical tools appropriate to deal with the problem of initial data with cylindrical ends.
In [13]] weighted Sobolev spaces were used to prove existence of an extremal solution
with one cylindrical end as a special limit of Bowen-York initial data. This was gen-
eralized in [11]] to conformally flat initial data. Then, Waxenegger et al adapted
the theorem of sub and super solution on weighted Holder spaces to prove the same
result without invoking the singular extremal limit. On the other hand, in [14]], defor-
mations of extreme Kerr black holes were studied. It was proven that for compactly
supported perturbations, there exists a unique family of nearby initial data, that have
the same horizon structure as extreme Kerr but greater ADM mass. For that result
a specific property of extreme Kerr’s metric was explicitly used in the proof. In more
general terms Chrusciel et al [9] have studied solutions to Lichnerowicz equation. They
proved existence of vacuum initial data with positive scalar curvature, having a number
of asymptotically flat and cylindrical ends. This is an important existence result that
extends previous ones by Choquet-Bruhat et al [6] to manifolds with cylindrical (or
periodic or hyperbolic) ends. Uniqueness of solution however, has not been dealt with
in [9] due mainly to the methods used there.

In this article we are interested in electro-vacuum initial data with an asymptoti-
cally flat end and one cylindrical end, representing the black hole horizon. We address
the problem of how close solutions to Lichnerowicz equation are, when they arise from
close free data. The idea is thus to consider two sets of free data for Lichnerowicz
equation that are close in a certain norm, and analyze how close the corresponding ini-
tial data found from them are. We choose the free data sets as one being a deformation
of the other one. This extends the result of [14] to more general, axially symmetric
initial data for Einstein-Maxwell equations having the 7-¢ symmetry. Basically this ex-
tra symmetry gives a positivity condition (Yamabe positivity) that replaces the explicit
property of Kerr used in [14]. Moreover, we also abandon the vacuum hypothesis, in
view of our later study of the Majumdar-Papapetrou solution.

The manuscript is organized as follows: In sectionRlwe present Einstein constraints
and describe in detail the hypotheses we work with, axial symmetry and time-rotation
symmetry. We show how they lead to the Lichnerowicz equation and the asymptotic
boundary conditions. We present our main result, Theorem 2.1] and discuss its scope
and implications afterwards. In section[3] we present the proof of Theorem 211

2 Main result

Consider a 3-dimensional surface M = R®\ {0}. An initial data for the Einstein-
Maxwell equations is a set (M, g;;,K;;,E',B') where g;; is the 3-metric on M, K;; is
the extrinsic curvature tensor and E', B' are the electromagnetic fields on M. This set



of fields satisfies the constraints on M:

R+K*—K;jK" =2(E:E' + B;B') (1)
DjK! — DK = —2¢;xE/B* 2)
DiE'=0, DB =0 3)

where K = K; jgij , Di, R and €; j; are respectively the covariant derivative, the curvature
scalar and the volume form associated to the metric g;;. For simplicity, we will not
consider electromagnetic currents in @), i.e. j; = —28ijkEjBk = 0. This is a techni-
cal assumption to make the equations and calculations easier, but could be removed
without altering the basic results of this article.

We will focus on initial data satisfying the above equations and the following three
hypotheses:

HI. Axial symmetry. We consider axially symmetric initial data, namely, we as-
sume that there exists a Killing vector field mn tangential to M with complete closed
orbits, such that Ly g;; =0, LnK;; =0, L,]Ei =0, LqBi = 0. In cylindrical coordinates
(p,z,0) we write ' = (dy)" and axial symmetry implies in particular that the fields
above will not depend on ¢. Moreover, we will see below that this assumption allows
us to write the metric, extrinsic curvature and electromagnetic fields in a simple manner
in terms of scalar potentials.

H2. Time-rotation symmetry. Besides axial symmetry we impose a discrete sym-
metry, namely, time-rotation symmetry. In terms of the initial data and the coordinates
associated with the axial symmetry, this means that under the map ¢ — —¢ the initial
data map as (see Appendix[A])

8ij = &ij»  Kij = —Kij “)

and . . . .
E'— E', B' — B'. 5

Initial data satisfying this symmetry turn out to be maximal and has been called “mo-
mentarily stationary”, as this symmetry is to a stationary space-time what time-symmetry
is to a static space-time [2], [22]], [3]. In the treatment below it will be highlighted why
we need this symmetry in order for our equations to be written in a particular form,
without being too restrictive as to forbid the consideration of dynamical space-times.

It is important to remark that the time-rotation symmetry implies (see [3]]) maxi-
mality K = 0 and moreover, due to the Hamiltonian constraint (D, also R > 0. This in
turn means that (M, g ;) satisfies the positivity condition

| 1orE+RfPdu, >0 ©

for all f € Cy, where 0 denotes partial derivatives and the norm, curvature scalar and
volume element du, are taken with respect to g. For later purposes, we will say that
(M, g ;i) satisfying (@) is in the positive Yamabe class .

H3. Asymptotic structure. The manifold M = R*\ {0} has an asymptotically flat
end and we take the origin to be a cylindrical end. This means (9] that the cylindrical



end is identified with the product R™ x N, where N is compact and the asymptotic
metric is conformal (with bounded conformal factor) to

g=dx* +h+0(e ™) (7)

for a metric 4 on N and some positive constant a. Moreover we will restrict our study
to the topologically spherical case N = S2, and take / to be the standard metric on the
unit sphere.

We will approach the constraint equations by using the Conformal Method, [6].
Consider the rescaling

g =gy, K;j=9Kj [E=0CE, B=0F ®)
where @ > 0 and for simplicity, we take the conformal metric to be
gij = &U(dp” +d2*) +p’do ©)

where g does not depend on ¢. This rescaled conformal metric g;; is not the most

general axially symmetric metric satisfying @) (see eq. (5) in [1]]). Nevertheless, it is

not difficult to see that the same procedure can be made for that more general metric.
Under this rescaling, the constraints read

L 1~ KiK'  EE'+ BB
Did — — By B i

DiD'® = (R~ Y (10)
DR =0, D;E'=0, DB =0. (11)

Here R is the curvature scalar associated to 8ij
In electro-vacuum and axial symmetry, the fact that M is simply connected implies
[8] the existence of potentials ®, ¥ and 7 given by

K = éﬁ("nﬁ, St = %pzéffkn 0k, (12)
o, = Fm’, oy = +F;m/, (13)

such that the momentum and Maxwell constraints (IT)) are automatically satisfied (see
for a proof in the momentum case and the appendix [Bl for the electromagnetic
case). Here F;; is the 4-dimensional electromagnetic tensor, which can be constructed
in the standard way from E’ and B! (T13).

The values of the potentials ®, y and ), are constant on each connected component

of the symmetry axis I := {p = 0} and give the angular momentum J, electric charge
Qr and magnetic charge Qp respectively [7]:
s . e TR (14)
where we denote by @, := o(p =0,z > 0), o_ := o(p = 0,z < 0) the values of the
function ® on the axis, at positive and negative values of z respectively. Analogous
notation holds for the electromagnetic potentials.

In terms of these potentials, the symmetry conditions [@)-(3) translate into the fol-
lowing expressions appearing in the Hamiltonian constraint

J=

2 2 2
KKV = e (90) , EE = efzq%» BB = 672{]@1 15)

2p4 p p>



where the norms are taken with respect to the flat metric on R3. In general, for data not
satisfying the symmetry conditions, a > sign holds in the three equations in ([3) (see
Appendix [A).

The scalar curvature in terms of the metric function ¢ is given by

R=—2¢"21Ayq (16)

with Ay = 92 + 2.
With these variables, the only non-trivial equation left is the Hamiltonian constraint
(1), which takes the form

Mgy (0 (y)?+ (ax)Z’ (7

AD = -
4 16p*®7 4p293

where A = 8,2) +p 19, + 02

This equation, known as the Lichnerowicz equation, is a non-linear equation for
the conformal factor ®. The set of functions F := (g,®,y,%) is known as free data,
and can be freely prescribed, made to satisfy the asymptotic conditions appropriate
for the problem at hand. Once @ is found, we can construct the initial data as follows.
From the prescribed function ¢ we have the conformal metric g;; (9). With the obtained
conformal factor we calculate the metric g;;, and using the prescribed functions y and
X we can calculate E' (IT3) and B’ (IT4). From ® we calculate K;; (I2)) and rescaling
obtain K;;. Therefore we finally have g;;, K;j, E and B'.

Next we investigate the conditions that the functions @ and ¢ in the metric (@) must
satisfy at the cylindrical end. We write g in spherical coordinates (r,0,0) and make the
change x = —Inr,

g = r’®*[e®%dx’ 4 ¢*1d6? + sin® 0d ). (18)

Thus, by comparison with ([Z) we obtain that the conditions for the data on the cylin-

drical end r — O are
@ =0(r /7, g=0(1). (19)

In virtue of equation (I7) and the regularity near the symmetry axis (see [23]])
we obtain conditions for the derivatives of the function ¢ and the potentials on the
cylindrical end

Arg=0(r?) (20)

dw|> = O(r2sin®0), [oy|> = O(r2sin’0), |9x|> = O(r 2sin’@).  (21)

Finally, recall that the Yamabe condition (&) is conformally invariant, and therefore
if g;; is conformally related to g;;, then (M, §;;) also belongs to 9", that is

/M|af|§+1éf2dyg > 0. (22)

The question we want to address is the following. Consider two sets of free data ¥
and F giving rise, through (7)), to corresponding conformal factors ®¢,® and thus, to
initial data satisfying the hypothesis H/-H3 above. If the free data are close in certain
norm, how close are the data constructed from them? Clearly, this depends mainly on
the relative size of the conformal factors. To study this problem we will think of F as
a deformation of the set %y, then look for a solution to Lichnerowicz equation close to
®, and finally, estimate its relative size.



Assume (D, qo, o, Yo, o) satisfy (I7). Let |A| be a sufficiently small number,
take

q0 =~ qo+Ag, o — @+A®, Wo—Wo+Ay, xo—xotAx  (23)
for appropriate axially symmetric functions g, ®, y,y and write
Dy — D =Dy +u. (24)

We demand the perturbed function @ = ®( + u to satisfy Lichnerowicz equation (I7)
and write the resulting equation for u as

G(Au)=0 (25)
with

Aogou | A (9o +20w)>  (da)?
—A b —
A (R0 T e @ )7 16p*®]

G(hu) =Au+ +

4
(Oyo +A0y)>  (dyo)* | (Oxo+Adx)>  (9x0)?

4p2( Do +u)p  4p2d] | 4p2(Do+u)®  4p2d

(26)

Clearly, if L = 0, we recover the Lichnerowicz equation for the background solution
&P in the form
G(0,0) =0. 27)

Our main result, presented in the next theorem proves that there exists a unique
solution u of 23] close to the background (0,0) for each small enough A.

The weighted Lebesgue spaces L’S2 [3], with weight 8 € R are the spaces of mea-
(R3\ {0}) such that the norms

1/2
MngMWf”ﬂ 28)

are finite. As usual the weighted Sobolev spaces Hék are defined with norms

surable functions in leo .

k
el e = X 1D ull - (29)
j=0

Theorem 2.1. Let q,,y,y € C7 (R3 \I') be arbitrary smooth axially symmetric func-
tions. Then, there is Ao > 0 such that for all A € (—Ao,No) there exists a solution
u(h) € H/fl 12 of equation @3). The solution u(\) is continuously differentiable in A

and satisfies ©o + u(X) > 0. Moreover, for small A and small u (in the norm H?l » ) the
solution u(\) is the unique solution of equation 23).

Once u is found, we can re-construct the perturbed initial data in the same way as
it was explained above.

With this construction, a different wording of Theorem[2.1]can be presented as fol-
lows: given initial data D° := (M, g}, K}, E, B") that satisfy hypotheses H1-H3, with
angular momentum J and electromagnetic charges Qr and Qp, there exists a mono-
parametric family of initial data sets (M, g;;(A),K;j(A),E*(A), B'(X)), unique for each
A sufficiently close to zero such that



(i) ij(0) = g}, Kij(0) = K7, E'(0) = E%, B'(0) = B". The family is differentiable
in A and it is close to D° with respect to an appropriate norm which involves two

derivatives.

(ii) The data has the same asymptotic geometry as D°. The angular momentum,
charges and the area of the cylindrical end in the family do not depend on A, they
have the same value as in D°.

(iii) The data are axially symmetric and time-rotational symmetric.

The A-dependent initial data is to be constructed from the given functions (23)) and the
solution u()) to equation (23). That is, one must solve equations (I2)-(I3) for K;;(A)
and F;;(A) and use (9) to obtain the metric in terms of A.

Before going to the proof of Theorem 2.1l we want to make some remarks.

e Several known black hole solutions fit into the hypotheses described above. In
particular the extreme Bowen-York initial data built in [I3], the {r = 0} slice in
extreme Kerr and extreme Reissner-Nordstrom black holes. As we explained in
the introduction, the results of [14]] are of course included in Theorem 2.1l for the
vacuum, extreme Kerr case. Moreover, a {t = 0} slice of the axially symmetric
Majumdar-Papapetrou solution also satisfies the hypotheses, but contains many
cylindrical ends (as many as black holes are described). This case is of particular
interest for us and will be dealt with in a subsequent paper. The main difficulty
that the many ends bring into the problem is the appropriate choice and treatment
of the Sobolev spaces involved.

e The method of proof we use not only gives us existence but also unigueness
of solution for each A. Moreover we also obtain an estimate on the perturbed
conformal factor in terms of the background one 0 < /r® < max(\/r®g) +
C1/C /2 where Cy,C; are constants depending on @y (see eq’s. (36), (G8)). In
turn, this estimation on the conformal factor and the size of A allows us to control

how different the initial data (M, g;;,K;;,E', B) and (M,g%,K?j,EOi,BOi) are.

e Axial symmetry is required to define in a well manner the angular momentum of
the initial data. Time-rotation symmetry is used to simplify the analysis of the
constraint equations as it gives an explicit and simple relation between the fields
Kij,E',B' and the potentials. We believe the most important ingredient for our
purposes that we obtain from this symmetry is the Yamabe positivity.

e In it was shown that the weighted Sobolev space H?] /2 is specially appro-
priate for the study of small perturbations of solutions to Lichnerowicz equation
with a cylindrical end. By small here we mean that the structure of the cylindri-
cal end is unchanged by the perturbation (see for details). This is due to the
fact that the background function satisfies ®y = O(r_l/ 2) asymptotically at the
cylindrical end. The perturbation is not meant to change the asymptotic structure
of the end, which translates to u = o(r~'/?) at the end. This behavior is captured
by the —1/2 weight in the Sobolev space.

e The compact support away from the symmetry axis of the metric function ¢ is
required by the regularity desired on the metric g, this guarantees that there will
not be a conical singularity on the axis. On the other hand, in view of (I4), the
compact support of ®,y,yx implies that there is no change in the angular mo-
mentum and charges of the data. Moreover, the whole horizon structure remains



unaltered, in particular the horizon area will be the same as in the background.
This can be seen as follows. The horizon area is computed as

A=lim [ ds 30
r—0JB, 8 (30)
where B, is a coordinate ball of radius r and ds, is the area element with respect
to the metric g;;. This integral can be written as

A(A) = lim q>4r2eq0+Msineded¢=1ir% / (Do + u)*r2e90™M sin 0dOd G
r—0.JB,

r—0JB,
(€29)
and using the boundary conditions (T9) and u = o(r~'/2) we find A = A.

If one wants to alter, say, the angular momentum, then ® must have a precise
asymptotic behavior at » — 0 and the axis p = 0. We expect that a different treat-
ment will be necessary to deal with this case as it is likely that the perturbed solu-
tion ®( + u will no longer have the same asymptotic behavior, resulting probably
in a different character for the end (changing from asymptotically cylindrical to
asymptotically flat or giving rise to a naked singularity).

e The condition of positive Yamabe for the background data (M,g;;), (€) does
not imply a non-negative conformal scalar curvature, Ry > 0 as is assumed in
[9]. That is, Ry can attain positive, negative and zero values, we only know that
inequality ([22) is satisfied. However, if on top of Yamabe positivity, we assume
Ry > 0, we can estimate how small the deformation parameter A needs to be in
order to guarantee the existence of a new solution. We find

A< 220 (32)

This condition arises from equation (I6) and the results in [9]. Note that this
does not depend on the size of the m, y, % functions, but only on the perturbation
function q.

3 Proof of main result

Sketch of the proof

The proof uses the Implicit Function theorem to show that there exists a unique so-
lution to (23). WEe first investigate the appropriate functional spaces where we expect
to find the solution. Then prove that the operator G is well defined and continuously
differentiable on these spaces. Finally, we prove that the associated linear operator DG
is an isomorphism. In this last step we use the Riesz Representation Theorem to find a
weak solution and then, a regularity theorem to prove that the weak solution is a strong
solution. The Yamabe condition (22) plays a key role in the last parts of the proof, as it
serves as the coercivity condition needed for the application of Riesz Theorem.

In this section we use several constants whose exact value is not relevant, we denote
them by C;.

Sobolev spaces and neighborhoods used

We will work with the only non-trivial constraint equation written as (23) and look
for a solution u. In the authors deal with an analogous map G, and choose G :



RxH ’_21 N L’_25 P considering the fall off behavior of the functions involved. As in
our case the asymptotic behavior is the same, we choose the same function spaces.
We are considering the map G : R x H’_Z1 N L’_Z5 /2 but for a general u € H’_z1 P
the function ® = ®( + u does not have a definite sign. In order for ® to be a proper
conformal factor we need it to be positive. As we take ®( > 0, then we can conjecture
that if u is small enough, then @ is also going to be positive. There are some subtleties
in the problem at hand, as we have a particular behavior at the cylindrical end. Even so,
it is possible to prove the conjecture, that is, to show that that there is a neighborhood
V of 0in Hizl/z such that
Dy +u>0. (33)

We start by noting that as & is a proper conformal factor, then it is positive and
bounded away from zero if we remove a neighborhood of the cylindrical end. Ap-
proaching the cylindrical end, ®y — r~'/2 as r — 0, thus we can conclude that there
are positive constants Cy, Cp, C3 and C4 such that

Ci\r+Cy < Vrdy < C3\/r+Ca. (34)

The argument in [14]] carries through. Consider the open ball of radius & around the
origin in HL21/2’

V:{VEH/—zl/zi HVHH'}l/Z <&}, (35

where § > 0 is yet to be defined. From Lemma A.1 in [14] we have that if ||u|| ;2 ) <&
—1/2

then there is a constant C such that

Vrlul < CE. (36)
Given @ satisfying (34) we find
Vr(®o+u) > Ci\/C—CE=:Cs, (37
and if we choose & such that
CivQC,
0 38
<E< ¢ (38)
then
CvC
Cs > % >0, (39)
and therefore
Dy +u > 0. (40)

From now on & and V are fixed. The factor 1/2 in the r.h.s. of (38) is a technical
requirement needed later to perform some bounds.



The map G : R x V — L, 1, is well defined

To prove that G : R x V — L’ /2 1s a well defined map we evaluate G|~ o
—5/2

16z, < 8uln +

AMoq AO®(20w) + A0w)
L%,
L [[awave ) Mo +20) |
4p*(Po+u) |, 4p*(Po+u)® ||,
s s/
Arqo (9ax)? P
* 4 “ ” ‘ 16[)4 (CI)() + u)7 (13(7) ” "
L% L%
n (0wo)* 1 n (9%0)* 1
4p%  [(Po+u)® @} o 4% [(Po+u)® &)
ey

The term on the r.h.s. of (4)) is bounded by the definition of the H /721 /o horm. The terms
in (@2) and (@3} are bounded due to the compact support of ¢, ®, ¥ and ¥, respectively.
The first term in (@4) is bounded due to u € H ?l /2 and the behavior of gy given in
20). The remaining three norms are bounded due to the asymptotic conditions on the
background functions (2I)) together with the inequalities (34) and (3Z). This can be
seen as follows. Use the identity

L1 4 ¥ i=pp=i-i 46
Y (b—a) i;,) a (46)
to write . |
o - _ptD)2
=r uH, 47)
o) (Po+u)?
where 1
p7 . .
H="Y" [Vr(®o+u) P[v/rdo] ', (48)
i=0
Using (34) and (37) we see tha
H < G, (49)

where Cq is a constant that only depends on previous constants. Using the conditions
(1) we can bound for instance

(Owo)? { 1 1 } r2sin’0 , ,
_ < Cy||———(r‘'uH (50)
‘ 4p2 [(@o+u)® @] L 4p2 ( ) L
—5/2 -5/2
CiCo || u C7Cs C71Cs
_ _ / < — no.
4 rz » — 4 ||uHL,21/2 — 4 ||M||[{721/2 (51)

Applying the same argument to the other terms involving ®y and o completes the
proof that ||G(A,u)||,» , is bounded and therefore the map is well-defined.
-5/2
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(41)

(42)

(43)

(44)

(45)

72
L75/2



The map G is continuously differentiable

We now prove that G is differentiable. To propose candidates for D;G(A,u) and
D>G(A,u) we calculate the directional derivatives

d
DG\ u)[y] :== EG(K—HY, u) (52)

t=0

DA = LG+ 1) (53)

dt

)

t=0

obtaining

D1G(Au)[y] +——=(Po+u)

00(dwy +Adw)  Axg
8p4 (CD() + u)7 4

oy (g +Ady) | Ix(Ixo +Adx)
202 (Po+u)d  2pH(Po+u)

Y, (54)

- 7(dwy + 7\.80))2 Argo+ Mg
16p*(Do + u)? 4

~ 3(dyo +Ady)?  3(dxo -+ Ady)>
4p2(¢'0 + M)4 4p2(CI>o + u)4

D)G(hu)[v] = Av+

(55)

We show that the operators are bounded. The L’_25 /o horm of each term inside square
brackets in (34) is bounded due to compact support, the conditions @I) and the in-

equality (7)), then
121Gl , < Cal (56)

For the second operator the proof is a bit more tricky. We have

(57)

(58)

TAO®(20wg + A0w) 7(dwp)?
! < ) - -
|‘D2G(}\’7u)[v]||L35/2 e ||Av||LES/2+ 16p4(q)0+u)8 16p4(¢0+u)8
L MlgotAg)  3MY(20yo+Ady)  300vo)
4 4p2(<130 + Li)4 4p2((I)O + u)4
_ 3hax(20x0+Adx)  3(9x0)?
Ap2(Ro+u)t Ap*(Potu)t| |,
52
IR 77M00(200 + M) 72 (day)?
= 18I, 16p* (Do + u)® 16p* (Do + u)®
n r*As(qo +2q) B 3r2hw(20y + Aoy) B 3r2(dyy)? B
4 4p? (P +u)* 4p? (o +u)*
B 3r20ay (200 + AdY) B 3r2(9xp)? v
4p2 (Do +u)* 4p2(Do+u)* | 2|,
L%,
< Vlan, , +Golvllz2, , < Crollvllge, (59)
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where again we have used that v € H ’_21 /20 equations (37), (20) and (21)) and the compact
support of ®, g, Y and . This proves that the operators D;G and D, G are bounded.
To show that D; G is the partial Fréchet derivative we calculate

GO\"’_% u) - GO"?“) _DIG(}W”)[’Y] (60)

_ (dw)? (9y)? (9x)* P
| 16pH( Do +u)T T 4p2(Dy+u)d T 4p2(Po+u)d

(61)
and as o, y and  have compact support
GO+ v.) = G~ DyG (o)l 2, < Curly, (©)

which shows that

IGA+Y,u) = G(Asu) = DiGA )l 2,

li =0. 63
Y0 K ©9
For D, G we have
GAu+v)—G(Au)—DrG(Au)[v] (64)
90 + A0w)? 1 1 7
:((Do 4(0) - —+ v . (65)
16p (®o+u+v)  (Po+u) (Po+u)
(Oyo + Aoy)? 1 1 v
_ 66
T | @orut)? @eta) | (@) (66)
(90 +A9x)? 1 1 3v
_ 67
T [ @etuty) @otu) T (@ota) 7
(0w +AIw)* 9 (Owo +Ady)? (Ao +Adx)*\ s
= et VEH, + W T riviH, (68)
[ 2002000 +200) ¢, (dx)? ¢
[ oot T H e O H (69)
Ay (20 + AJy) (9yo)*
+ 202 r*Hy + 1p2 *H, (70)
2 2
M2 +A) 4y OH0) apy 1V (71)
4p2 4P2 r2

where H; is as in [14] and satisfies |H;| < C}, and H, is given by

! : —i i
NN T

with C; numerical constants and satisfy

H, =

(C3\/r+Cy +CE?TI(CE) < Cp3.  (73)

|Ha| <

1 2
G
(CVr+Cy—2c8) i=26| |

12



Using that o, y and y have compact support

[\S]

Vv

IG(A,u+v)—G(A,u) — DrG(A,u)[V] ||L/25/2 <Cus
- r

<Cislhile, . (74

3
2

LI—ZS/z
where the last inequality has been calculated in [14]]. This proves that D,G is the
Fréchet partial derivative.

The next step is to prove continuity of the derivatives. We compute o

ID1G(Ar )] = D1 G, ) Wl 2, (75)

_ (0w)? (Oy)* (9x)*

_‘ S0 (@0+u) | 295G up | 2@ T O

Z5/2
(0w)* (@y)*

<[ 8 (@0 1) ||, | 202 @eru || 77)

L= Y
(9x)
2075 (@otu) || YA = As (78)

LZ5)

< Cisl¥l M — 22, (79

Note that eq (55) in [[14] has a typo. It should be a D, derivative

13



where again we used compact support and the bound (37). We also compute
D26kt ] = DG )] g2,

7(00p + A0w)?
16p*

1 1
(@o+u)8  (Po+ur)

}v
5/2

(9w +A0w)* o) 3(9yo +Aay)* 5/
{ 16p4 r’'“Hz+ 4p2 r°/“Hy

1 1
(Do+ur)*  (Po+ur)*

30y +M0y)?
4p2

L300+ Ay
4p2

1 1
(@0 +u2)*  (Po+up)*

(80)

L/2

(81)

LI, 5/2H4}v<uz—m>

”
LZ5)

r6H3 +

70200 + Mw) o 7(0w)?
H{ fon 12000 0, 100

3A0W(20y) + AJy) 4
4p? it 4p?

3AAY (200 +AdY) 4 3(9%0)? 4 v(ug —uy)
4p2 r*Hy+ 4[)2 rHy 32

2
3(dyo) PH,

(82)

L2,
v(uy —uy)

—c <Cugllvllye, i =l (83)

=52

where to go from (80) to (8I) we used

_ 1 1
r ((CI>0+M1)8 a (¢>o+u2)8> = (w2 —u)Hs (84

and

1 1
o ((q>o+u1)4 - (<I>0—|—u2)4) = (i~ )l )
with ,
Hy = Y (/@0 + 1)) (V7@ 1)1 (56)
i=0
3
Hy:= Y (Vr(Po+u1) *(Vr(®o+u2)) """, (87)
i=0

Lines (82) are merely a convenient re-writing of (81). To go from (82) to (83) we
use the asymptotic conditions on the background functions (21)), that , W and . have
compact support, the bounds

|H3| < Cyo, |H4| < Cxo (88)
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and combined all the constants into Cj7. Then we have

1026 ) ] = D2G ) Wz, | < Collvlln, o =l | (89)

proving that the derivative operator (33) is also continuous.

The map D,G(0,0) : H?, n= L? 1, is an isomorphism

Finally, we need to prove that £ := —D,G(0,0) : H”, 5 L? /2 is an isomorphism.
As in [14]], we can write

D>G(0,0)[v] = Av — aw, (90)

A 00 )? o) + (9x0)?
o= — 2q0+7( 0)8+3( WO) +(4X0) 7 91)
4" epidf 4p>®}

which can be written as

o= hr? 92)

and  is a bounded function in R? with 4 € L*(M). In [[L1]] it was proven that when £ is
positive, the operator (O0) is an isomorphism. In general, due to the first term in (OT)),
o is not necessarily positive. However, here is where the Yamabe positivity condition
plays a role. We have the following important result.

Lemma 3.1. Let (M, §;;) be in the positive Yamabe class, namely

/M 0f [+ Rfdu, >0 (93)
forall f €Cy, f#0, then
/M|8f|2+af2dy>0 (94)

where o, is given in (O1)) and the norm and volume element in (04) are computed with
respect to the flat metric.

Proof We start with the left hand side of ([©4)

| 1osP -+ o] du (95)
-~ 2 Azqo (dap)? (3W0)2+(3X0)2) >
N M{W' ]d +/ ( gl O apay ) W00
> { —2qo|af|2 —Zquzqon] 62110d'u: 97)
= | 2
= [ [0SR+ R dug >0, 98)

which proves the claim. Note that in order to go from (@7) to (@8) we have used the
background metric § = ¢%?(dr> 4 r>d6?) + r? sin® 0d¢>.

|
Theorem 3.2. The linear map L defined by

Lu:=—-Aut+ou=f  inR>\{0}, (99)

where o is given by @1)-©2) and satisfies ©4), is an isomorphism H?l = L/fs P
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The proof of this result will be given below and departs slightly from because
we exploit the symmetry of the weak problem associated to (Q9) to apply the Riesz
Representation theorem instead of Lax-Milgram theorem used in [[I1]]. This is impor-
tant as we will no longer need to prove the coercivity condition.

We first prove the existence of a weak solution (Lemma[3.3) and then we find it to
be regular.

Lemma 3.3. There exists a unique weak solution u € H,_ll P of Q9) for each f € L/_25 /2

Proof. Foru,v e HL' 1/20 define the bilinear form

Blu,v] := /R3 ou - dv+ auvdu (100)

which corresponds to the linear operator L.

Let us check that B[, ] satisfies the hypotheses of Riesz Representation theorem
(see [I8]). We first need to prove that the B[u,v] can be taken as an inner product on
Hlll/z X HLII/Z. By the Yamabe condition we know that for all u # 0, Blu,u] > 0 and
also, by definition, if u = 0, then Blu,u] = 0. Therefore, the bilinear form is positive
definite. Second, it can easily be proven that Blu,v] = B[v,u] and that Blu,av + cw]| =
aBlu,v] + bB[u,w]. Therefore, Blu,v] is an inner product. Next we need to prove that
the linear functional ¢(-) := BJ-,v] is bounded for all v € H’_‘1 /- This is done exactly as

in [11]]

|Blu,v]] < ‘/8u-8vd,u’+‘/ocuvd,u‘ (101)
< J0ulp2|0v|2 + Clur ™ 2 ur ™! 2 (102)
< Rl fovl+ Clul, Jul, (103)
< max{l,C}|u\Hljl/2|u\HL1|/2. (104)

Then with these conditions fulfilled, Riesz Representation Theorem states that there
. . !
exists a unique u € HJ] /2 such that

Bluyl=(fv), WeH,, (105)

that is, such that
/R3(Luff)vdx:0, weH" ), (106)
Therefore u is the unique weak solution of Lu = f. L]

Next, we use Lemma A.3 in to prove regularity of solution, namely
Lemma A.3in [I1]. Let f € Llfs/z' Assume u € HL'I/Z is a weak solution of Lu = f.
Then u € H?l/z'

These two lemmas show that there exists a unique function u € H/_Z1 /2 which solves
equation —Au+ o = f a.e, for each f € L/_25/2. This, in turn, means that L := —A+ o
is an isomorphism H/fl n L/ES /2 Proving Theorem[3.21
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A Time-rotation symmetry

An axially symmetric initial data (M, g;;,Ki;, E i, B') has the time-rotation symmetry if,
in the coordinates associated with the axial symmetry, under the map ¢ — —¢ the initial
data map as

8ij —)gl‘j, K,’j*) 7Kl'j, Ei—)Ei, Bi%Bi. (107)

This symmetry on the level of the initial data implies that the development is invariant
under the transformation (7,¢) — (—z,—0) (see [2], [22], [5]).
Using the symmetries it can be concluded that (see [8]], [13])

ciip _ IDO; 5, ()’
KK = 2 = M T (108)
8

We consider now the electric and magnetic fields. Since the initial data is axially
symmetric, the components of the fields in (p,z,9) coordinates do not depend in the ¢
coordinate. This means in particular that

E3(p,z7—¢) = ES(p,Z,(I)).

On the other hand, the discrete symmetry ¢ — —¢ on the initial data implies

E3(pazy _q)) = _E3(p,Z,¢),

and therefore

E*(p,2.) =0. (109)
Taking into account that
n=do, (110)
we can write the previous condition in a coordinate invariant way as
E'm; =0. (111)
The condition A
Bm;=0 (112)

is proven in an analogous way. We can reconstruct the fields from the potentials, and

using (IT1)) and (I12) we have

) 1 ..

El = Wsljkﬂjakq!, (113)
. 1 ..

B = - ngfknjakx_ (114)

Rescaling and taking the norm we finally arrive at expressions (I3))
From the electric and magnetic field we can reconstruct the electromagnetic tensor

Fj=2Eun; — B'n'ey;;, (115)
where n is the normal to the surface M. In terms of the potentials

1
Fi = (2n0;—nedrve ). (116)
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B Maxwell equations in terms of the potentials
Here we show that the Maxwell equations
V-E =0, V-B=0 (117)

are automatically satisfied by any choice of potentials y,x. In terms of the potentials

we have (see [8]]-[12])
i I o

Ey = nV, E, =— VY, E;3 d (118)

\/833 v V833 v v 833 nk

In components we write

V-E = g"V,E,=g"0,E, —TS,E,) (119)
= g'"(01E1 —T|,E| T, B, — T} E3) + (120)
4+ g22(00Ey —THE| —T3,Ey —TE3) + (121)
+  g3(03E; —THE| —T,E, —THEs) + (122)
(123)

Due to axial symmetry we have d;E3 = 0, Fg3 =0 and g1 = g22, Which leaves us
with

~1)2 —1)2
ViE = g0y [0i(g%) g5 (0] + Th+gng™ )| - (124)
~12 —1)2
- g”aﬂlf[az(gsa/ )_333/ (T 4T3, +811833F%3)} - (125)
~1/2
— gy o +13,) (126)
Now use that
1 LNt
—I'p=Iy= 58 8111 (127)
1
_F%l = F%z = 58“811,2 (128)
=0 (129)
i L
3= —58 833, (130)
to obtain
I 3 I 30
V-E = g'loy [2833/ 31833+§g33/ a1&’33} - (131)
I 302 I 3
— gy [—2833/ 32833+§g33/ 32833} = (132)
_— (133)

And similarly for V-B = 0. This means that Maxwell constraints are automatically
satisfied when the fields are written in terms of the potentials y,, leaving no equations
for the potentials.
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