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We present an analytical and numerical analysis of the particle creation in a cavity ended with two
superconducting quantum interference devices, both subjected to time-dependent magnetic fields. In the linear
and lossless regime, the problem can be modeled by a free quantum field in 1 + 1 dimensions, in the presence
of boundary conditions that involve a time-dependent linear combination of the field and its spatial and time
derivatives. We consider a situation in which the boundary conditions at both ends are periodic functions of
time, focusing on interesting features as the dependence of the rate of particle creation with the characteristics
of the spectrum of the cavity, the conditions needed for parametric resonance, and interference phenomena due
to simultaneous time dependence of the boundary conditions. We point out several concrete effects that could be

tested experimentally.
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I. INTRODUCTION

In the presence of time-dependent environments, a quantum
field initially in its vacuum state evolves into an excited
state containing real particles. Particle creation due to time-
dependent external conditions can be achieved in very different
setups, and is broadly named “dynamical Casimir effect”
(DCE) [1-4].

The initial literature on this subject was focused in the study
of particle creation in the presence of “moving mirrors,” which
impose boundary conditions at their position. The acceleration
of the mirror induces nontrivial modifications to the normal
modes of the electromagnetic field, and create photons from
an initial vacuum state. However, the experimental verification
of this effect is rather difficult, because the rate of particle pro-
duction is in general extremely small. There have been several
alternative proposals more appropriate to measure the DCE in
the broad sense mentioned above, i.e., photon production in
the presence of time-dependent environments [5-9].

Some years ago, the DCE was experimentally observed
in a superconducting waveguide ended with a superconduct-
ing quantum interference device (SQUID) [10]. The time-
dependent external conditions are produced by applying a
time-dependent magnetic flux through the SQUID. This gen-
erates a time-dependent inductance, which in turn produces
a time-dependent boundary condition for the field in the
waveguide [9]. Under certain conditions, this setup mimics that
of an electromagnetic field in a waveguide ended with a moving
mirror (see, however, [11]). The DCE has also been measured
using an array of SQUIDs, that simulates a time-dependent
refraction index; see Ref. [12]. In Ref. [13], authors found,
in the context of superconducting circuits, that appropriate
adjustments of the parameters used in the SQUID experiment
reveal remarkable predictions as unexpected nonparabolic
spectral distributions and enhancement in the created particles.

A simple variant of the proposal of Ref. [9] is to consider a
superconducting cavity of finite size, thatis, a waveguide ended
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with two SQUIDs. In the static situation, when the SQUIDs
are subjected to constant magnetic fluxes, the boundary con-
ditions on two points at a finite distance on the waveguide
produce a discrete spectrum. Therefore, when turning on
time-dependent boundary conditions, it is possible to tune the
external frequency in order to have parametric amplification,
in the same fashion as for finite size cavities with moving
mirrors. However, the boundary conditions for the field in the
superconducting cavity ended with SQUIDs are qualitatively
different from those of the electromagnetic field in the presence
of mirrors, since they may involve second time derivatives of
the field. Therefore, both the static spectrum and the rate of
particle creation have a richer structure in this case.

In a previous paper [14], we presented an analysis of this
problem, in the particular case in which only one of the
boundary conditions is time dependent. We have shown that,
after introducing appropriate boundary conditions, the field in
the cavity can be described by a system of coupled harmonic
oscillators, with time-dependent frequencies and couplings.
We obtained the spectrum of the stationary cavity in terms of
the parameters that define these boundary conditions, and com-
puted numerically the particle creation rates, with emphasis in
their dependence with the properties of the static spectrum.

In a recent work, Svensson et al. [15] initiated the experi-
mental study of a double tunable cavity, in which both ends are
subjected to time-dependent boundary conditions. It has been
shown experimentally that the double cavity shows some of the
features predicted for the case of two moving mirrors [16], par-
ticularly the fact that there could be destructive or constructive
interference depending on the relative phase of the excitations
at both ends of the cavity. Other nonideal aspects of the
experimental results are less clear and deserve further analysis.

The theoretical aspects of the particle creation by two
moving mirrors has been originally analyzed in the context
of 1 + 1 quantum fields satisfying Dirichlet boundary condi-
tions at their positions [16]. In that case, the cavity has an
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equidistant spectrum, and some features of the DCE are very
different from that of a cavity with nonequidistant spectrum,
due to the fact that all modes become coupled at resonant
frequencies. A numerical analysis for Dirichlet mirrorsin 1 + 1
and 3 4 1 dimensions has been reported in Ref. [17], where
it was shown that the interference effects are also present
for nonequidistant spectra. However, as already mentioned,
the waveguide with time-dependent boundary conditions has
qualitative differences with respect to the cavity with moving
mirrors. It is then worth analyzing in detail the specific case
of the double tunable cavity from a theoretical point of view.
This is the aim of the present work.

The paper is organized as follows. In Sec. II we describe
the model for a (linearized) superconducting cavity with time-
dependent boundary conditions, and show that the system
can be described as a set of coupled harmonic oscillators. In
Sec. III we study analytically the particle creation rate using
multiple scale analysis (MSA). We pay particular attention to
the dependence of the results with the main characteristics of
the spectrum, to the existence of constructive and destructive
interference, and to the conditions under which the system
enters a regime of parametric resonance. Section IV contains
a numerical analysis of the spectrum of the static cavity. As
we will see, with appropriate choices of the parameters of the
SQUIDs, itis possible to generate equidistant or nonequidistant
spectra. Section V is devoted to the numerical calculation of
the particle creation rates. In addition to provide support to the
analytic calculations of Sec. III, we explore regimes which are
nonreachable with the lowest order MS A (like oscillations with
large amplitudes, and the very long time behavior) and regimes
that, although in principle treatable with MSA at higher orders
(like the nonleading resonances), are rather cumbersome to
implement analytically. In Sec. VI we study the dependence
of the results with the detuning of the external frequencies, an
important aspect for the eventual experimental verification of
these effects. Section VII contains the conclusions of our work.

II. DOUBLY TUNABLE SUPERCONDUCTING CAVITY

We shall consider a superconducting tunable resonator of
length d, witha SQUID ineachend,i.e.,atx = Oandatx = d.
The idea is to have two independently controllable boundary
conditions.

For the theoretical description we extend previous results
in Refs. [14,18]. The cavity, which is assumed to have same
capacitances Cp and inductances L per unit length, for
both SQUIDs located at x = 0 and x = d, respectively, is
described by the superconducting phase field ¢(x, ¢) with the
Lagrangian,

_ h 2C0 ¢ 2 2.1
Lcav— <2€) 7/0 dx(¢ _v¢ )
i\?2Ckt .
+ [(26) =5 — Ej cos fL(t)qﬁ}

Fl 22cR .
+ |:<26> quﬁj — Ef cos fR(t)¢>5:|, ey

where L and R denote the SQUID in the left x = 0 boundary
and the one on the right at x =d. In Eq. (1) we have set
v = 1/4/LoC as the field propagation velocity, and ¢ 4 as the
value of the field at the boundaries ¢(0, ¢) and ¢(d, t). fLR(t)
is the phase across the SQUIDs controlled by external magnetic
fluxes. E f’R and C f'R denote the Josephson energies and
capacitances, respectively (we will set C = CX = C,). The
Lagrangian in Eq. (1) contains additional contributions propor-
tional to higher powers of ¢ and ¢, that will not be considered
in the rest of this paper. In what follows we will set v = 1.

As anticipated, the description of the cavity involves the
field ¢(x,7) for 0 < x <d and the additional degree of
freedom ¢ 4. The dynamical equation reads

¢—¢" =0, )

and the boundary conditions are
2

he .
E—Cqbo +2E% cos fE(t)po + EvLcaddy =0,  (3)

atx = 0and
2

he .
- ¢a +2E] cos fX(1)pa + EvLcavddy = 0, “)
c

at x =d. In these equations we have defined E¢ = (26)2/
(2Cy) and Ej cay = (h/2¢)*(1/Lod). The equations above
come from the variation of the action with respect to ¢ 4,
and can be considered as a generalized boundary condition for
the field. The presence of second time derivatives of the field
pinpoints the existence of degrees of freedom localized on the
boundary [19].

As usual, it will be useful to write the Lagrangian in terms
of eigenfunctions of the static cavity. Assuming that

FERO =R +00)0(tr —t)er g sin(Q rt+dr.r),  (5)

we can expand the field as

n=2¢]2 1)cos (k 6
plx, =" C—M;qnocos(nan), (6)

where the eigenfrequencies k, and the phases ¢, satisfy Egs. (3)
and (4) in the static case fLR = fi%:

2ERcos & 2¢;,

kpd tan (k,d + ¢,) = — =2 (kpd)?,
an (k,d + ¢,) Erom o d( )
2ELcos fL 2C;y
kpdtang, = ——L 70 4 “Z (k. 4. (7
an ¢ From + Cod( ) (7N

Following previous developments for the one-SQUID tun-
able cavity [14,18], the dynamical equation for the mode 7 is
therefore written as

R

2V,
d21\04n er0()0(tr — t)sin (fi) sin(Qrt + Pr)

x cos(knd + @n) Y G (1) cos(kind + P

m

Gn + kﬁch =

L

2V,
+ ﬁq@(z)@(tp —t)sin (ff)

X SIn(QLt + ¢L)cos @y Y qu(t)cos g, (8)

m
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where VOL’R = 2E§’R/EL,cav and we assumed that €, z < 1.
‘We have also defined
M= 1+ sin [2(knd + @) sin2¢,
2k,d 2k, d
+2x0 08 (knd + ¢n), ©)

where xo = 2C;/(Cod).

The classical description of the theory consists of a set of
coupled harmonic oscillators with time-dependent frequencies
[20,21]. The quantization of the system is straightforward.
In the Heisenberg representation, the variables g, (¢) become
quantum operators,

Gu(t) = € (t) + al e (1)), (10)

|
; o

where a,, and &j,, are the annihilation and creation operators.
The functions €"™(¢) are properly normalized solutions of
Eq. (8), satisfying initial conditions,

e/ (t =0) = Sum,
Mt =0) = —ikySum.

In the static regions ¢ < 0 and ¢ > t5 these functions are
linear combinations of e**'. We define the in basis as the
solutions of Eq. (8) that satisfy

emin(gy = e~ikats, - for t < 0. (11)

The associated annihilation operators a " define the in vacuum
|0;n). The out basis e(””‘)“‘ is 1ntroduced in a similar way,
defining the behavior for t > trp. The in and out bases are
connected by a Bogoliubov transformation,

€(1) = dyme™ ™" 4 et (12)

and the number of created particles in the mode n for t > tf is

given by [22]
= 1Bl (13)

In the present paper, we shall numerically solve the dynam-
ical Eq. (8) and evaluate the number of created particles using
Eq. (13). Before doing that, we will present an analytic study
which is appropriate for resonant external frequencies.

N, = (Oinla™ Ta"|0;,)

4k,1% =—B, Za(’)S(Q — 2k, )e™'? + ZZ

m#n j
- BmS(Qj - kn - km )eil(pj]s

dB,
4k, = = —A, Za(J)S(Q —2k,)e =Y " S Bu(8(R) + ki —

m#n j

+ And(RQ; — ky — ky)e' ],

where §(x) should be understood as a Kronecker delta &,.

In the above equations, the phase ¢; express the dephasing
between the harmonic external excitations at right and left
squids. Assuming that sin £®(0) and sin £ (0) have the same

SOAL (SR — ki + kn)e'® — 8(2; + ki

mn

III. ANALYTIC RESULTS: MULTIPLE SCALE ANALYSIS
In order to study analytically Eq. (8) we write them in the

form,

D0 qnS)sin(Qt + ;). (14)

m#n j

qn + wﬁ(t)Qn -

where j = L, R, we made the redefinitiong, — ¢, /+~/M,,and
W2(t) = k2 — Zam sin(Q,t + ¢;),

SR — i
" d2 MM,
x cos (ky,d + @)

2V

€R sin fR(O) cos (knd + §0n)7

SL = =0 ¢ sin f5(0)cos ¢, cos g,
mn d2 Man L f ( ) ¢ ¢
R 2V0R . R 2
% = < €R sin f*(0) cos”(knd + @,),
L
ak = d2M ez sin £L(0) cos?(g,). (15)

We will assume that the amplitude of the time dependence is
small, that is, o < 1. We will also set €z = €, = €.

It is known that, due to parametric resonance, a naive
perturbative solution of Eq. (14) in powers of € breaks down
after a short amount of time. In order to find a solution valid
for longer times we use the multiple scale analysis (MSA)
technique [23,24]. We introduce a second time scale T = ef,
and write

—ikyt iknt

+ B, (t)—. (16)

A,
) 5 %

qn(t» T)=

The functions A,, and B, are slowly varying, and contain the
cumulative resonant effects. To obtain differential equations
for them, we insert this ansatz into Eq. (14) and neglect second
derivatives of A, and B,. After multiplying the equation by
exp (%ik,t), and averaging over the fast oscillations we obtain

— kn)e™'?7)

krl)ei¢j - S(Q, + kn - km )eiiq}j)

an

(

sign, if g — ¢ = 0 the SQUIDs are out of phase. We refer to
this as the breathing mode. On the contrary, when ¢ — ¢ =
7, we will find the so-called shaker modes (electromagnetic
shaker in the case of a cavity with two oscillating mirrors).
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We can see that these equations are nontrivial when the
external harmonic driving frequencies are just tuned with one
eigenvalue of the static cavity Q2 g = 2k,. Moreover, other
modes will be coupled and will resonate if the conditions,

Qg = |kn £kjl, (18)

are satisfied. We will now describe some particular cases.

A. A single resonant mode

We assume that Q; = Qr = 2k, for some mode, and
that no other resonant condition is satisfied. In this case the
dynamical equations Eq. (17) reduce to

dA,

4kn? =—-B, [Ol,[l‘ +(X,§e‘7i¢k],
4k, ddli == Aoy +afe ], (19)

where we have assumed that ¢, = 0. From these equations,
it is easy to see that the number of created particles grows
exponentially with a rate I';, given by

R)2 + (oz,f)2 + 2aRalk cos gg. (20)

Fn:m (Oln

As expected from calculations of the DCE for mirrors, there is

constructive interference for ¢ = 0, and destructive for ¢z =

7. Note, however, that even in the case €gx = ¢; considered

here, the interference is partial, due to the fact that in general
R L

a,) #Fo,.

B. Two resonant modes

We now assume that the only resonant condition satisfied by
the external frequency is 2, = Qg = k,, + k,,, for a couple of
modes n and m. The dynamical equations read, in this case, as

dA,

Aoy = = —B,,(Sh, + SE,e71?%),

oy St = = (Sh, + 55,6,

4km% = —B,(Sh, + SE,e7'),

4k, d;i” = —Au(SL, + SF,e'%). 1)

Combining these equations it is easy to show that all the
functions grow exponentially with a rate,

||
4k ky

) (22)

where
Cpn = Sk + SE o719k, (23)

Therefore, the number of created particles grows exponentially
in both modes, with a rate that depends on the dephasing of
the harmonic external excitation.

Itis interesting to remark that the case Q2;, = Qg = k,, — k,,
is qualitatively different (we assume k,, > k,). We have

dA, ;
4k, = A (Sh, + SE.e9%),
4k, d;tm = —Au(Sh, + SK,e7'%), (24)

and
dB, ,
4k, —— = B, (S5, + SK . e7%%),
dt
dBm 1
4k,, = —B,(Sh, + Sk.e'?%). (25)

Note that in this case there is no mixing between the coefficients
A, and B,,. Moreover, due to the relative sign in the right-hand
side of the equations, they lead to an oscillatory behavior.

C. Two different external frequencies

We will now consider cases in which Qz # ;, but both
still satisfying some of the resonant conditions. The simplest
choice is to tune each frequency with a different mode, that
is, Qp = 2k, and Qg = 2k,,, with m # n. In this case, there
is no mode mixing, and each one resonates independently of
the other.

More interesting situations are (21, Qr) = 2k, ky — k)
and (21, Qr) = (ky + ku, kyy — k). In both cases, the dy-
namical equations reduce to a system of four coupled differen-
tial equations (note that in the previous examples the equations
are coupled in pairs).

We first consider (21, Qr) = 2k,, kyy — k). The equa-
tions read

4k,1? = —B,ale ' + A, SR &%
4kmdc% = —Buopye " — A, S8 e,
4kn% = —A,ake 4 B, SR 7%
4kmdc% — —Anake® — B,SR gix. (26)

Note that, due to the particular choice of the external frequen-
cies, the equations involve both the parameters ol and SX .
The solutions to this system of differential equations are of the
form exp[A,t] where A, (a = 1, 2, 3, 4) are the eigenvalues of
the 4 x4 matrix M defined by

An Ay

d | A, A

ol s =M | Q7
Bm BI’I'L

For the particular case ¢, = 0, these eigenvalues are of the
form,

M ::l:\/X:I: X1 + X, cos ¢p, (28)
ab\* (e (SR
X = + - k)
4k, 4k, 16k,,k,

R AN A A
P\ 4k, 4k, 4k, ke,

where

afan(sk)’

X, =—
g 32k2k2

(29)
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Whether there is an eigenvalue with positive real part or not
depends on the particular pair of frequencies considered, which
determines the full set of parameters that define X, X, and X,.
The only case in which there are no resonant effects is when
the parameters are such that X 4+ /X| + X, cos¢r < 0.

The case (2;, Qr) = (k, + k., ks — k) can be consid-
ered along similar lines. In this situation, the matrix M depends
on the coefficients S%, and SR . As it is not possible to
find analytic expressions for the eigenvalues, we omit the
details. We will present a numerical example of this case in
Sec. V C, showing that parametric amplification can occur.

IV. THE CAVITY SPECTRUM

Given the strong dependence of the particle creation rate
with the spectrum of the static cavity, as can be seen from the
analysis of the previous section, it is important to analyze the
spectra that result from the generalized boundary conditions
in the tunable superconducting cavity [Eq. (7)]. The spectrum
is determined by the solution of that system of equations, that
can be rewritten in terms of the new parameters of the cavity
Xo and bgy g as

(knd) tan (kyd + @n) + xo0(knd)* = bor
_(knd) tan ¢, + XO(knd)2 = bOLv (30)

where we have set by, g = VOL’R cos fOL’R . The three free
parameters that determine the solutions of Eq. (30) are o,
bog,L-

Before describing the numerical study of these equations, let
us discuss some general properties. Although not completely
evident from Eq. (30), the spectrum is symmetric under the
interchange by, <> bog. Indeed, one can show that if (k,, ¢,)
solves Eq. (30), then (k,,, —¢, — k,d) solves the equations with
L < R. The spectrum does not change (the phases do).

An important property that influences the rate of particle
creation is whether the spectrum is equidistant or not. It is
easy to see that for large values of both b5 and bf and not
so large values of x( and k,d, the solutions of Eq. (30) are
k,d =~ nm. This is because for bg; g > 1 both tan(k,d + ¢,)
and tan ¢, should be large numbers.

It is also easy to find situations where the spectrum is
nonequidistant. For example, if bog = bor = by we have

— kyd
k,d tan ("”2) — xolknd)?

k,d + 2¢, = nm, 31

—by,

without an equidistant solution unless by > 1.

In order to obtain numerically the eigenfrequencies of the
cavity from Eq. (30) we use a single Newton-Raphson method
with a stopping error of 1076, In the first place, we shall
study the difference between consecutive eigenfrequencies
as a function of by, for a typical experimental value [18],
say xo = 0.05 and fixed bor (bor = 500). We can see in
Fig. 1 that the bigger the value of by, the more equidistant
is the spectrum for small consecutive eigenfrequencies. The
difference between any consecutive eigenvalues of the cavity
goes to a constant value of the order of = when by, > bog.

3.0

200V —— lkaka| - Iks—ks|
""" = |kr—ke|

2.8
|ke—ke|

2.7

26 . . . . .
0 50 100 150 200 250

‘b
300 "
FIG. 1. Difference of consecutive eigenfrequencies |k, — k;| as
a function of by, for a fixed value of o = 0.05 and by = 500 for the
first 12 eigenfrequencies.

In Fig. 2 we also show the difference of consecutive
eigenfrequencies as a function of by, for a smaller value of
bOR =1.

In Fig. 3 we show the values of different consecutive
eigenfrequencies as functions of by, for a fixed value of
bor = 1, while in Fig. 4 we present the same eigenfrequencies
when bog = 500 and xo = 0.05 in both cases. In Fig. 5, we
present the values of the phases obtained by solving Eq. (30)
for the case of bpg = 1 and xo = 0.05. In Fig. 6, we show
the difference of consecutive eigenfrequencies |k — k;| as
a function of byy for a fixed value of xo = 1 and by, = 1.

In summary, the results of this section show that the spec-
trum of the doubly tunable cavity can be adjusted modifying
the external (static) magnetic fluxes on the SQUIDs.

V. PHOTON GENERATION

In this section, we shall analyze different cases of photon
generation by choosing particular values of the several pa-
rameters involved in the system’s configuration. As described

| Kji—Ki|

3.2¢

3.0 T e L e e e S e

2.8

264 [k2-k1] —---- [k6—K5|

24} [k3-k2| =~ - |k7-k8|
k4—k3| k87|

22} |k5—kd|

2.0 : - - - - b

50 100 150 200 250 300 "

FIG. 2. Difference of consecutive eigenfrequencies |k — k;| as
afunction of by, for a fixed value of xo = 0.05 and byr = 1inthe case
of a nonequidistant situation. We show the eigenfrequencies from k;
up to kyo.
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ki
25¢
ks

20F

-] S

10F

k4

I

0 ; : : ; > boy
0 20 40 60 80 100

FIG. 3. Eigenfrequencies k; as a function of by., obtained for
bor = 1 with a fixed value of xo = 0.05.

previously, the static spectrum is determined by the values of
X0, bor, and by . The mode equations depend in addition on the
static fluxes fOR and fOL. The external excitation is described
by the amplitude €, the frequencies Q2 and €2, and the phases
¢r and ¢r.

It is appropriate to emphasize here that, in order not to vary
so many parameters of the static cavity, we are only going
to vary bor and byg, which give enough freedom to produce
qualitative changes in the spectrum. The other static parameters
are set to the particular values xo = 0.05, ff = ff = 0.45n
unless explicitly indicated otherwise in the text.

A. The numerical method

In terms of the functions €{™ (which we will call €,,, from
now on), the equation of motion in Eq. (14) can be written as

Enm + 02 (Denm = Y 04 ()€ jm, (32)
J#n
or, equivalently
énm = Unmv
U = =05 (enm — Y _ 0nj (1€ jm, (33)
j#n
ki
30(
K
25} i
20} )
15F _cmmmmmmmmmmmmmmmmsosssoooooooeoes
10f
5 [ k1
0 1 1 1 1 J bOL
0 20 40 60 80 100

FIG. 4. Eigenfrequencies k; as a function of by, obtained for
bor = 500 with a fixed value of xo = 0.05.

| il
1.0

0.8

0.6

0.4F

0.2}

0.0 : 3 : : ' boL
0 20 40 60 80 100

FIG. 5. Phases ¢, as a function of by, , obtained for by = 1 and
Xxo = 0.05.

where the explicit form of o, (¢ ) can be obtained from Eqgs. (14)
and (15). For each of the set of differential coupled equations
and their initial conditions, we have used a fourth-order
Runge-Kutta-Merson numerical scheme between ¢ = 0 and a
maximum time x> 0. In all cases, the perturbation is turned
on for times 0 < ¢ < tp, with tp < fi.x, Where the system
returns to a static configuration. For times ¢ < 0 and ¢ > tF,
the cavity is a static one and we know that the unperturbed
solution can be written as in Eqgs. (11) and (12).

In order to compute the total number of particles created
in a mode n, we follow the procedure of Ref. [25]. For
t > tr the solution is of the form given in Eq. (12). We can
therefore multiply both terms of the equation by exp(—ik,?)
and take the mean value in fp <t < I« In this way, we
are able to numerically evaluate |B,,|> and, also the par-
ticle number in mode n as a function of time as N, (tr)
= Zm |,3nm(tF)|2~

The spectral modes k, are given in units of 1/d (k,d is
dimensionless) and consequently time is measured in units of
d. All figures are referred to dimensionless quantities.

| kj —ki |

3.5F

K1) SRt vnbibinbieiioi

25f o

2.0F Gl

15F [kz=kq| ==z |Ke—ks|

10k |ks—ka| -===" = |k7—ks|

o5k |Ka—ks| |ks—k7|

|Ks—Ka|

0.0 . . . . ' bor

0 20 40 60 80 100

FIG. 6. Difference |k; — k;| between consecutive eigenfrequen-
cies as a function of by for a fixed value of o = 1 and by;, = 1. The
spectrum presents major differences among the frequency even for
higher order of frequencies at all values of by, g.
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FIG. 7. Number of particles created in mode n = 1, Ny, for by =
500 and relative phase ¢ = 0 (red dashed line). With the dashed blue
line, we show there is no particle creation for the translational mode

with ¢ = . Parameters used are Q2 = 2k;, ¢ = 0.01, and xo = 0.05.
Fit (solid black line) with the dimensionless time #>.

B. Equal driving frequencies ; = 2, = Q

We begin by choosing big values for by, and bgg, for
example, by; = bor = bp = 500. In this case, the particle
creation is expected to behave quadratically with time [20].
In Fig. 7, we can see the number of particles created in mode
n = 1 for this situation when ¢ = 0 and ¢ = 7 (we have set
¢r = ¢ the total relative phase). As expected for an equidistant
spectra, the creation of particles grows quadratically with the
time of excitation for breathing modes. On the contrary, for
¢ = m, there is no photon creation (translational modes).

If we consider both values of by; and byg to be small and
alike, we will be looking at the nonequidistant region of the
nonperturbed cavity spectrum (Fig. 2), similar to the situation
described in Ref. [15].

We can hence get an insight of the photon creation inside
the cavity for a nonequidistant spectrum. In Fig. 8, we show
the number of particles created in field mode 1 (V;) for an
external perturbation Qp = Q; = 2k;. We can again note that
there is no particle creation for translational modes. In the case

N4
1012 I
1010 I
108t
10°f
10*}

100

AN Y
1 gt . PRI ENH

i it et b t
100 200 300 400 500

FIG. 8. Number of particle created in mode n = 1, Ny, for small
and equal values of by = 1, for ¢ = 0 and ¢ = 7. Parameters used
are Q = 2k, € = 0.01, xo = 0.05.

Ny
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1011 I

108,

105,

- - - - - - 't
500 1000 1500 2000 2500 3000 3500 4000

FIG. 9. Number of particles created in mode n =1, N;, for
different values of by, and big value of byg. There is particle creation at
short times, even for small values of by, . Parameters used are 2 = 2k,
€ =0.01, bpp =281, ¢ =0, and xo = 0.05.

of the breathing modes, the particle creation is exponential in
time, as expected.

In all intermediate regions of the cavity spectrum, the
behavior will be as for a nonequidistant spectrum with different
rates of particle creation as defined by the value of bj. In
Fig. 9, we show, for example, different values of the number
of particles created in field mode 1 (N)), by setting different
values of by, and leaving fixed bog = 281. Therein, it is easy
to see that the particle rate is bigger for lower values of by,
(the more nonequidistant region of the mode spectrum).

We shall now consider the number of particles created in
mode 1 (N;) for Qr = Q; when exciting by Q2 = 2k; and
compare it to the case when the external pumping frequency
is 2 = k; as shown in Fig. 10. In this case, we are setting
small values of by = 1, ¢ = 0.05, and xy = 0.05. We can note
that particle creation begins for times 7 ~ 1/€ ~ 20 when
the external pumping is 2 = 2k; while the same occurs for
times ¢ ~ 1/€% ~ 400 when Q = k. Itis interesting to remark
that the exponential growth for 2 = k; cannot be obtained
analytically using the leading order of the MSA.

Ny
1x108

800000

Q=2k4

600000

400000

200000

: ' t
100 200 300 400

FIG. 10. Number of particles created inmoden = 1, Ny, for small
and equal values of by = 1, for different external frequencies: Q2 = k;
and Q = 2k;. Parameters used are € = 0.05, x, = 0.05.
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FIG. 11. Number of particles created in field mode 1 (N;), for
external frequencies Qg = 2, = 2k; setting different values of fOR =
0.78 and f* = 0.46 and V;\ = 1.41 and V§ = 5.59, for ¢ = 0 (red
solid line) and ¢ = 7 (blue dotted line). Parameters used are ¢ = 0.01
and xo = 0.05.

Finally, we analyze the particle creation in mode fieldn = 1
by setting different initial values for ff and f{. By choosing
once more a nonequidistant region of the spectrum, we can set
Vi =141, VF =559, f£ =0.46, and f = 0.78, yielding
bor, = 1 and byg = 5. The result is shown in Fig. 11. For these
parameters, we study the case Qp = Q; = 2k; and see that
there is particle creation in both cases, for ¢ =0 and ¢ =7
with a different rate accordingly analytical estimations. Indeed,
from Eq. (20) it is easy to see that there is no total destructive
interference because, in this case, (x]R #* ozlL. On the contrary,
in the other examples we presented along the paper, we have
used ff = ff = 0.457 and considered a small value for xo.
In those cases we have of ~ o, and this is the reason why
we have obtained complete destructive interference.

101~L3N—1
1012}
10%f
10°¢

1000}

1 1 1 1 J t
100 200 300 400 500
FIG. 12. Number of particles created in field mode n = 1, Ny,
for different external frequencies. Qg = 2, = 2k; just for reference
(red dotted line) and in the blue dashed line the case Qr = 2k, and
Q; = 2k, (overlapped with Q = 2k, and Q; = 2k;). Finally, the

black dashed line corresponds to Q2 = 2k; and 2, = 2k,. Parameters
used are by = 1, € = 0.01, and x, = 0.05.

N
108 |
2kq,
2 ko
1000 e S
eI S =T 2k,
T IEETTTT 2ks
100 \
100 200 300 400 500

FIG. 13. Number of particles created in field mode n = 2, N,
for different external frequencies. Dashed blue line is Qx = 2k; and
Q; = 2k,, overlapped with Qr = 2k, and 2, = 2k,. The dashed
black line is for Qp = 2k; and 2; = 2k,; while the red solid line
corresponds to the case Qg = 2, = 2k,. Parameters used are by = 1,
€ = 0.01, and x, = 0.05.

C. Different external frequencies: 2 # 2

In this section we shall study the photon generation when the
pumping frequencies are different, say Qg # Q. InFig. 12 we
show the number of created particles in field mode n = 1, i.e.,
N, when the external frequencies are different and given by
Qg = 2k and Q = 2k;. In that figure we present the results
overlapped with Qg = 2k, and Q) = 2k;, and added Qg =
Qp = 2k; just for reference (red dotted line). In addition we
show the particle creation in mode field 1 for Qp = 2k; and
Q; = 2k, (black dashed line). We note that the field mode
is excited only when is parametrically excited at least by one
pumping frequency or one SQUID (indeed, black dashed line
in Fig. 12 shows no particle creation in mode 1 as the cavity is
excited with Qg = 2k; and 2, = 2k»).

We see similar behaviors for the particle creation of field
mode 2 (N,) in Fig. 13, when the system is excited by different

Ny
108,
100} QrzQ
104,

100}

1 ." 1 L 1 ALET J t
200 400 600 800 1000
FIG. 14. Number of particles created in field mode N, for
external frequencies are Qi = ky + k; and Q; = k, — k. In the case

of Q; = Qg =k, — ky there is no particle creation for ¢ = 0 and
¢ = m. Parameters used are ¢ = 0.01 and x, = 0.05.
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FIG. 15. Number of particles created in field mode 1 N, for by =
1, for 2 = 2k; and 2 = k;, at different dimensionless times, for the
case presented in Fig. 10. In this figure, the number of created particles
N, is plotted in units of 10® for simplicity and clarity of the label.

combinations of external frequencies. We see that in this case,
there is no photon generation in modes n = 2, 3 when Qg =
Q; = 2k; as expected.

We can also present the number of created particles when
the external frequencies satisfy that Qg = k, £k, and Q2 =
k, £ k,,, whether they are in phase or not. In Fig. 14, we
show different combinations of external excitations. There is
an exponential growth in N; when Qg =k, +k; and Q; =
k> — ki, and no appreciable photon creation when Qr = Q2 =
ko — k1, neither when ¢ = 0 nor ¢ = 7. These results were
anticipated by the analytic analysis of Sec. III.

VI. DETUNING

In this section, we shall study the relevance of detuning
in the process of particle creation. We set parameters in
the nonequidistant region of the spectrum and evaluate the
number of created particles as a function of the external driving
frequencies.

We have compared the case of an external perturbation
QLZQRZQZZIC] and QLZQRZQZI(] in Flg 10.
Therein, we have seen that they differ in the time scale for

2.46

2.48

Q. d

25 252

246 248

FIG. 16. Number of particles created in field mode 1, N, for by =
1, Q@ = 2k; att = 80. N, is plotted in units of 10° for simplicity and
clarity of the label.
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FIG. 17. Number of particles created in field mode 1, N, for by =
1, Q = ky at t = 410. N, is plotted in units of 10° for simplicity and
clarity of the label.

which the particle creation begins and in the rate of particle
creation.

In Fig. 15, we show the number of particles created for Q2 =
2k;and Q = kq, withe = 0.05andby = 1. Whenbggr = by, =
1, the first eigenfrequency is k; = 1.2611 and the second one
is ko = 3.3910. As both perturbations determine different time
scales, we compare the detuning process for the same number
of particles created (obtained at different times in each case).
This number of particles for field mode 1 is obtained for # = 80
when Q = 2k; and t = 410 when Q2 = k; (see Fig. 10). It is
easy to note that the detuning is narrower in the case of a
resonance of higher order.

In Figs. 16 and 17 we show the number of created particles
as a function of both €; and Qg. In particular we show the
detuning for the first eigenfrequency n = 1, when the external
driving is Q2 = Qg = 2k; and Qp = Qg = k.

It is worth noting that one can miss a resonance of higher
order easier than the other, as the area covered is narrower.

Finally, we show that the structure of the peak response
gets narrower as the time elapses. This is shown in Fig. 18
for Q = 2k; at different times: t = 80, t = 210, and ¢t = 410.

1 N, t=410 ——
Ny, t=110 e
N;, t=80 -+~
0.8 A
06 |
N1
0.4 - |
02 |
0 L wL
2 22 2.8 3

FIG. 18. Number of particles created in field mode 1 N, for by =
1, for Q = 2k, at different times.
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The peaks are normalized in order to be compared at different
times.

VII. CONCLUSIONS

In this paper we presented an analytical and numerical
analysis of the particle creation in a tunable cavity ended with
two SQUIDs, both subjected to external time-dependent mag-
netic fields. We considered a situation in which the boundary
conditions at both ends are periodic functions of time.

In order to get an analytical solution beyond naive pertur-
bative calculations, in Sec. III we have studied the particle
creation using MSA. We have shown that there is para-
metric resonance when the external frequencies are of the
form Q; g = 2k, and/or Q; g = k, £ k,, where k, and k,
are eigenfrequencies of the static cavity. Under parametric
resonance, the number of created particles grows exponen-
tially, with a rate that depends not only on the amplitudes
and frequencies of the external modulations, but also on the
parameters of the static cavity. Moreover, the relative phase
of the external modulation introduces interference effects in
the rate of growth, in the sense that the number of created
photons when two SQUIDs are externally pumped is not the
sum of the created particles by each individually pumped
SQUID.

From a numerical study of the spectrum of the tunable two
SQUIDs cavity, in Sec. IV we found that with appropriate
choices of the parameters of individual SQUIDs, it is possi-
ble to generate equidistant or nonequidistant spectra. These
different types of spectra result relevant to evaluation of the
particle creation rates.

Section V was devoted to the numerical calculation of the
particle creation rates. In addition to provide support to the
analytic calculations of Sec. III, we investigated regimes which
are nonreachable with the lowest order MSA. For equal driving
frequencies (2 = 1) and large values of parameter by,
we showed that the particle creation rate grows quadratically
with the final time for breathing modes and that the particle
creation is suppressed in the translational modes. On the
other hand, when setting the parameters of the static cavity

in such a way that the spectrum becomes nonequidistant,
we found exponential rates for particle creation. In this case
we also found interference effects, and described situations
in which the destructive interference is total (no exponential
growth in the translational modes) and cases where it is partial
(exponential growth with different rates both in breathing
and translational modes). The amount of interference can be
tuned by adjusting the static magnetic fluxes on the SQUIDs.
We obtained similar results when the external frequencies
are different, and found exponential growth of the number
of created particles not only for the usual case in which the
frequencies are twice an eigenfrequency of the static cavity,
but also when they are given by the sum of two modes k,,, + k,.

Finally, in Sec. VI we investigated the dependence of
the results with the tuning of the external frequencies, an
important aspect for the experimental verification of these
effects. Comparing the number of particles created in mode
n = 1, for the cases Q2 = 2k; and = k; (when both driving
frequencies are equal to each other), we have shown that for the
case 2 = kj, the tuning of the resonance is much more critical
than in the case Q = 2k;, because its peak in frequencies
is much narrower. This effect can in principle be analyzed
analytically going beyond the leading order in the MSA, but
the calculations are rather cumbersome.

There are several interesting issues related to the present
work which deserve further analysis. The present case of a
cavity ended by two SQUIDs not only introduces interference
effects in the particle creation rate, as in the case of two moving
mirrors [16,17], but possible entanglement between pairs of
photons generated from vacuum (see Ref. [26] where it is
shown that dynamical Casimir effect may generate multipartite
quantum correlations). In relation to eventual variants of
recent experiments [10,12,15], a theoretical analysis including
nonlinearities is also due.
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