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Abstract

We present weighted covariant derivatives and wave operators for
perturbations of certain algebraically special Einstein spacetimes in ar-
bitrary dimensions, under which the Teukolsky and related equations
become weighted wave equations. We show that the higher dimen-
sional generalization of the principal null directions are weighted con-
formal Killing vectors with respect to the modified covariant derivative.
We also introduce a modified Laplace-de Rham-like operator acting on
tensor-valued differential forms, and show that the wave-like equations
are, at the linear level, appropriate projections off shell of this opera-
tor acting on the curvature tensor; the projection tensors being made
out of weighted conformal Killing-Yano tensors. We give off shell op-
erator identities that map the Einstein and Maxwell equations into
weighted scalar equations, and using adjoint operators we construct
solutions of the original field equations in a compact form from solu-
tions of the wave-like equations. We study the extreme and zero boost
weight cases; extreme boost corresponding to perturbations of Kundt
spacetimes (which includes Near Horizon Geometries of extreme black
holes), and zero boost to static black holes in arbitrary dimensions. In

∗E-mail: baraneda@famaf.unc.edu.ar

1

http://arxiv.org/abs/1711.09872v1


4 dimensions our results apply to Einstein spacetimes of Petrov type
D and make use of weighted Killing spinors.
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1 Introduction

The study of higher dimensional spacetimes is a very active research area
that is well motivated from modern developments in high energy physics,
mainly from superstring and supergravity theories where spacetime is 10-
or 11-dimensional. As is the case in 4-dimensional theories of gravity, the
stability properties against perturbations of solutions of the field equations
constitute a very important aspect to study when determining their possible
physical relevance.

The ultimate question in the perturbation study of a spacetime is its non-
linear stability. Due to the huge complexity of this problem, it is useful to
first focus on linear stability. However, even at the linear level the field equa-
tions have a complicated tensorial structure that makes them very difficult to
analyze; therefore one is often interested in looking for alternative equations
that describe the perturbations (or at least some sector of them) and are
easier to deal with. The variables usually considered are some appropriate
components of the perturbed curvature, which, as a consequence of the field
equations, in some important cases happen to satisfy decoupled –spacetime
scalar– equations.

One way to get these scalar equations is by projecting the original field
equations on a frame at each tangent space of the manifold. The frame can
be conveniently chosen according to the possible algebraic symmetries of the
spacetime: several interesting solutions in dimension d ≥ 4, such as a large
class of black holes, turn out to be algebraically special, i.e., there exist pre-
ferred null directions on the spacetime. A framework especially adapted to
this situation is the Geroch-Held-Penrose (GHP) formalism, in which one
“breaks” the SO(d−1, 1) local invariance on a frame by restricting to frames
aligned with the preferred null directions, thus the gauge group gets reduced
to a “little group” which can be shown to be Go = R××SO(d−2). All tensor
fields are then classified according to two real parameters, the boost weight b
and the spin weight s, which simply label the representations of Go.

In d = 4, one of the most interesting cases of study corresponds to pertur-
bations of the class of Einstein spacetimes of Petrov type D, since it includes
as a particular case the Kerr-(A)dS solution describing a rotating black hole
in vacuum with cosmological constant. The analysis is restricted to the cases
of extreme and zero boost weight1, since these components have nice proper-
ties such as coordinate and/or tetrad gauge invariance. If the linearized field

1in d = 4 it is perhaps more traditional to refer to the spin –instead of boost– weight
of the fields, since both weights coincide in all relevant components; however, this is not
the case in d > 4 and we find it more convenient to refer to the boost weight.
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equations are imposed, extreme boost weight fields always satisfy the well-
known Teukolsky equations. Zero boost fields, on the other hand, decouple
only in certain special cases, for example for spin s = 1, or for spin s = 2
when the background Ψ2 is real, which is the case for static black holes. It
was recently shown in [4] that all of these equations can be obtained, off shell
(i.e. without assuming that the corresponding field equations are satisfied),
as projections of a certain spinorial operator applied to a spinor field φA1...A2s

of spin s = 1
2
, 1, 2. The projection is made in terms of a GHP weighted spinor

bPA1...A2s, b = 0,±s, constructed out of the type D principal null frame; and
as a result one obtains wave-like equations in terms of weighted wave op-
erators. More precisely, consider a monoparametric family of 4-dimensional
spacetimes (M , g(ε)), analytic around ε = 0, such that (M , g(0)) is an Ein-
stein spacetime of Petrov type D, and denote the first order perturbation
of a quantity T as Ṫ := d

dε
|ε=0T (ε). One can introduce a 1-form Γα taking

values in the Lie algebra go = Lie(Go) ∼= C, and together with it a covariant
derivative Dα := ∇α + pΓα and the corresponding modified wave operator
�T p := gαβDαDβ , such that the off shell operator equalities have the general
structure

bPA1...A2s(∇A′

A1
+ 2sγA

′

A1
)∇B

A′φA2...A2sB
.
= (�T 2b + Vs,b)[

bPA1...A2sφA1...A2s] (1.1)

for some (generally complex) potential Vs,b, where the 1-form γAA′ on the

left hand side is given by γα = Ψ
1/3
2 ∇αΨ

−1/3
2 . The notation “

.
=” means that

this is an equation valid to linear order (alternatively, take the linearization
operator d

dε
|ε=0 on both sides of (1.1) –note that this is only needed for the

case of spin s = 2). Note that the usual D’Alembertian is included in �T 2b,
since �T 0 = � = gαβ∇α∇β. The operator �T 2b for the 4-dimensional Teukol-
sky equations on the Kerr spacetime was found in [6]; see also [1] for the
treatment of all vacuum type D solutions. Introducing certain “potentials”2

for the spin-s fields, one can formulate the left hand side of (1.1) in terms of
self-adjoint operators, and then following Wald’s adjoint operator technique
(introduced in [33]), it is possible to take the adjoint identity and reconstruct
solutions of the field equations from solutions of the scalar equations; this
way, stability questions can be approached by the study of a scalar, wave-like
equation instead of the more complex tensor field equations. In view of the
utility of equation (1.1) to study perturbations and symmetry structures of
field equations on black hole spacetimes (see the review section 2.1), in this
work we study the possible generalization of this identity to spacetimes of
arbitrary dimensions. We describe our main results in section 2.5.

2for spin s = 1
2 , the Dirac field is its own potential; for spin s = 1 one introduces a

vector potential; and for spin s = 2 the “potential” is a metric perturbation.
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A number of difficulties arise when performing this generalization. First,
eq. (1.1) was demonstrated using 4-dimensional spinor methods. Since the
structure of the spin groups depends on the number of spacetime dimensions,
and the power of spinor methods in d = 4 is associated to the particular
isomorphism Spin(3, 1) ∼= SL(2,C), we will not be able to apply the same
techniques as in d = 4. Also, decoupling in higher dimensions is much
more restrictive than the d = 4 case. Let us focus first on extreme boost
weight. For d > 4, the validity of (the analog of) the Teukolsky equations
was studied in [14], where it was found that extreme boost components of
the perturbed curvature decouple if and only if the background spacetime is
Kundt, i.e., it admits a null geodesic congruence which is shear-free, twist-
free, and expansion-free. Therefore, we are constrained to the consideration
of this class in the study of extreme boost weight, which is more restrictive
than the type D class. (On the other hand, although a general d-dimensional
black hole solution is not Kundt, a very important example of this kind is
the Near Horizon Geometry of extreme black holes, which has attracted a
lot of attention in recent years.) A third difficulty has to do with the explicit
expression of the higher dimensional Teukolsky equations. As was originally
the case for the equations in d = 4, they have a very complicated form: in
GHP notation, for spin s = 1 the equations presented in [14] are3

[
2þ′þ + ðkðk + ρ′þ − 4τkðk + Φ− 2(2d−3)Λ

(d−1)(d−2)

]
ϕi

+ [−2τið
k + 2τkði + 2ΦS

i
k + 4ΦA

i
k]ϕk = 0, (1.2)

where ϕi is the b = 1 component of the Maxwell field; and for spin s = 2

[2þ′þ + ðkðk + ρ′þ − 6τkðk + 4Φ− 4d
(d−1)(d−2)

Λ]Ω̇ij

+ 4[τkð(i − τ(ið
k + ΦS

(i
k + 4ΦA

(i
k]Ω̇j)k + 2Φi

k
j
lΩ̇kl = 0 (1.3)

with Ω̇ij the perturbed b = 2 component of the Weyl tensor. This explicit
form certainly makes it difficult to analyze the possible existence of a general
pattern of symmetries in terms of a family of weighted wave operators as in
the 4-dimensional case (see the right hand side of (1.1)). In section 2.3 we
will show that the higher dimensional equations (1.2) and (1.3) can be put in
a wave-like form (as was originally done for the d = 4 case in [6]), in terms of
a modified wave operator DαDα that depends on the GHP type {b, s}. This

3our conventions for the cosmological constant are fixed by requiring that the Einstein
equations are Gαβ + Λgαβ = 0, which implies that Rαβ = 2Λ

(d−2)gαβ ; note in particular

that this is different from the conventions of [14].
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is achieved through the introduction of a particular go-valued 1-form (where
go = R⊕ so(d− 2) is the Lie algebra of the d-dimensional GHP group), that
defines a modified covariant derivative Dα. This modified derivative will be
shown to be related to different kinds of “weighted” Killing symmetries (see
below). Furthermore, we will show that equations (1.2) and (1.3) arise as
projections off shell of a certain “modified Laplace-de Rham operator” acting
on tensor-valued differential forms, which will be the generalization of the
spinorial operator on the left hand side of (1.1) to arbitrary dimensions.

Consider now the zero boost weight case. Fields of this type turned out
to be relevant recently for proving the nonmodal linear stability of the 4-
dimensional Schwarzschild (-de Sitter) black hole in [11, 12]. The general
case for the class of 4-dimensional Einstein type D spacetimes was analyzed
in [4], where it was shown that the decoupling and field reconstruction results
are only valid for the case of real Ψ2, static black holes being a particular
case of this situation. Therefore, for spacetimes in arbitrary dimensions, it
is natural to restrict consideration in the first place to the case of static
black holes when studying decoupling and field reconstruction mechanisms
for boost weight zero components; this is the class that we will study in this
work for b = 0. We will show that the equations also admit a d-dimensional
wave-like structure in terms of the same family of weighted wave operators as
in the Kundt class; and, moreover, we will show that these equations are also
projections off shell of the same modified Laplace-de Rham operator acting
on tensor valued differential forms.

Finally, it is interesting to analyze the relation between the modified co-
variant derivatives associated to the generalized wave operator DαDα, and
the subject of symmetries and hidden symmetries associated to different kind
of Killing objects. We will show that the WANDs (Weyl Alligned Null Direc-
tions, the generalizations of the principal null directions to higher dimensions)
of the algebraically special spacetimes considered in this work, are conformal
Killing vectors with respect to the weighted covariant derivative Dα. Further-
more, already in the 4-dimensional case it is interesting to note that, from
(1.1) one can see that the b = 0 case is naturally described in terms of the
well-known hidden symmetries of the type D: the object 0PA1...A2s turns out
to be, for s = 1 and s = 2, a Killing spinor (see [4]). In tensorial language,
this object is associated to conformal Killing-Yano tensors. It is then also in-
teresting to investigate the existence and possible role of this kind of objects
for perturbations of higher dimensional spacetimes. We will show that the
generalization of the spinor field bPA1...A2s to arbitrary dimensions is made
out of tensors that satisfy a conformal Killing-Yano equation with respect
to the weighted derivative Dα, for both extreme and zero boost weight cases.
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We will also show that the same holds in 4 dimensions for the more general
class of Einstein type D spacetimes. Thus, our results can be thought of as
a generalization of the spin reduction mechanism of Penrose [29, 28] valid in
4-dimensional Minkowski spacetime, to a “weighted spin reduction” valid for
the higher dimensional, algebraically special spacetimes studied in this work
(and also for the class of d = 4 Einstein type D spacetimes, see subsection
5.2).

Conventions and overview

We will consider d-dimensional spacetimes, with d ≥ 4 and mostly plus
metric signature (− + ...+) (except in sections 2.1 and 5, where we review
and elaborate on the 4-dimensional results of [4], which uses the signature
(+ − −−)). Greek indices α, β, γ, ... denote spacetime indices, and latin
indices i, j, k, ... denote internal indices associated to the d−2 spatial vectors
of the higher dimensional GHP formalism. The notation for spin coefficients,
Weyl tensor components, etc. is the same as in [13]. Further notation will
be introduced in section 4 when considering warped product spacetimes, and
in section 5 where we use 4-dimensional spinor methods. The GHP type
of a quantity will always be denoted {b, s}, with b the boost weight and s
the spin weight. (Note that our notation for the GHP type in this work is
different from the traditional 4-dimensional notation, where the GHP type
is indicated as {p, q} with p = b+ s and q = b− s.)

In section 2 we give some preliminary material, together with the main
ideas and results of this work: in subsection 2.1 we review the 4-dimensional
results in [4] that are relevant for this work; in 2.2 we give some basic
facts about the higher dimensional GHP formalism (which was developed
in [13]); in 2.3 we construct generalized wave operators using modified co-
variant derivatives; in 2.4 we define “modified Laplace de-Rham operators”
for tensor valued differential forms; and finally in subsection 2.5 we describe
our main results. In section 3 we apply our general ideas to perturbations
of Kundt spacetimes, and in section 4 we do the same for static black holes.
In section 5 we briefly extend some of the concepts of the previous sections
to the case of 4-dimensional Einstein spacetimes of Petrov type D, comple-
menting the results in [4]. Finally, we present our conclusions in section 6.
We have also included some appendices with several additional identities and
calculations that are needed for the proofs of the results in this work.
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2 Preliminaries and main results

2.1 Review of the 4-dimensional case

We start by giving a motivation for this work, based on previous results of
the author in the 4-dimensional case [4]. We consider it useful to make a
brief summary of the results in [4], both as a guiding principle and to stress
the particular features of this case, that might not be present in the higher
dimensional case. We change slightly the notation with respect to [4] in order
to adjust it to the present work. We recall that, in this section, we use the
metric signature (+−−−).

Consider a Petrov type D spacetime with associated principal null tetrad
{ℓα, nα, mα, m̄α} and Weyl scalar Ψ2, that satisfies the vacuum Einstein equa-
tions with cosmological constant, Gαβ + Λgαβ = 0. In what follows we use
the 4-dimensional GHP formalism adapted to the principal null tetrad. In-
troduce the complex 1-form Γα := −(ρ + ǫ)nα + ǫ′ℓα − β ′mα + (β + τ)m̄α,
the modified covariant derivative

Dα = ∇α + pΓα (2.1)

acting on type {b = p/2, s = p/2} GHP quantities, and the corresponding
modified wave operator [6, 1]

�T p := gαβDαDβ (2.2)

(note that �T 0 = �). Define the 2-forms

Uαβ := 2ℓ[αmβ], Wαβ := 2ℓ[αnβ] + 2m̄[αmβ], Vαβ := 2m̄[αnβ], (2.3)

and the tensors with Weyl symmetries

Uαβγδ := UαβUγδ, (2.4)

Wαβγδ := UαβVγδ + VαβUγδ +WαβWγδ, (2.5)

Vαβγδ := VαβVγδ. (2.6)

Define also the 1-form
γα := Ψ

1/3
2 ∇αΨ

−1/3
2 , (2.7)

which, using the background Bianchi identities, can be rewritten as γα =
−ρnα−ρ′ℓα+τ ′mα+τm̄α. Using these elements, off shell operator identities
(i.e. without assuming that the field equations are satisfied) were found in
[4] for Dirac, Maxwell and linearized gravitational fields, all of them as par-
ticular cases of the identity (1.1). These identities map the field equations

8



operators to decoupled wave-like operators acting on rescaled components of
the fields, and, using the adjoint operators method of Wald [33], one can re-
construct solutions of the original field equations from solutions of the scalar
equations. Several results known in the literature (see e.g. [26, 32, 17, 1, 11],
also [28, section 6.4]) follow as particular cases of these identities. Below we
show explicitly these operators equalities for Maxwell and linearized gravity.

Consider first the case of Maxwell fields. For an arbitrary anti-self-dual
2-form F̃αβ := Fαβ +

i
2
ǫαβ

γδFγδ, where ǫαβγδ is the volume form, we have the
operator equalities (see [4, Theorem 1.2′])

Uβγ(∇γ + 2γγ)∇αF̃αβ = −(�T+2 − 4Ψ2 +
2
3
Λ)[UαβF̃αβ] (2.8)

Ψ
−1/3
2 W βγ(∇γ + 2γγ)∇αF̃αβ = −(�+ 2Ψ2 +

2
3
Λ)[Ψ

−1/3
2 W αβF̃αβ ] (2.9)

Ψ
−2/3
2 V βγ(∇γ + 2γγ)∇αF̃αβ = −(�T−2 − 4Ψ2 +

2
3
Λ)[Ψ

−2/3
2 V αβF̃αβ ]. (2.10)

For extreme boost weight b = ±1, the wave-like equations on the right hand
side above are the Teukolsky equations. For boost weight b = 0, the corre-
sponding wave-like equation is known as the Fackerell-Ipser equation.

A similar pattern holds also for gravitational perturbations. Consider a
monoparametric family of spacetimes (M , g(ε)) such that (M , g(0)) is an
Einstein spacetime of Petrov type D, and denote the first order perturbation
of a quantity T as Ṫ := d

dε
|ε=0T (ε). Defining the anti-self-dual Weyl tensor

C̃αβγδ = Cαβγδ +
i
2
ǫαβ

ǫλCǫλγδ, one has the off shell identities (see [4, Theorem
1.3])

d
dε
|ε=0

[
Uαβγǫ(∇ǫ + 4γǫ)∇δC̃αβγδ

]
=(�T+4 − 16Ψ2 +

2
3
Λ)Ψ̇0, (2.11)

d
dε
|ε=0

[
1
6
Ψ

−2/3
2 W αβγǫ(∇ǫ + 4γǫ)∇δC̃αβγδ

]
=(�+ 8Ψ2 +

2
3
Λ)[Ψ

−2/3
2 Ψ̇2]

+ 3(�̇h +
Ṙh

6
)Ψ

1/3
2 , (2.12)

d
dε
|ε=0

[
Ψ

−4/3
2 V αβγǫ(∇ǫ + 4γǫ)∇δC̃αβγδ

]
=(�T−4 − 16Ψ2 +

2
3
Λ)[Ψ

−4/3
2 Ψ̇4],

(2.13)

where �̇h and Ṙh are, respectively, the linearized wave operator and curvature
scalar associated to the metric perturbation hαβ = ġαβ. The scalar equations
for extreme boost b = ±2 are the Teukolsky equations. On the other hand,
note that, even on shell, eq. (2.12) is not decoupled in the sense that Ψ̇2 is
not the only perturbed quantity in the equation, since we have the linearized

conformal wave operator (�̇h + Ṙh

6
) applied to the unperturbed field Ψ

1/3
2 .

In the particular case in which the background Ψ2 is real, one can get a
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decoupled equation from (2.12) by simply taking the imaginary part; this
turns out to be the case for static black holes and it was fundamental for the
proof of the nonmodal linear stability of Schwarzschild (-de Sitter) in [11, 12].

An additional complication of the gravitational system (with respect to
the Maxwell case) is the fact that gravitational perturbations are not de-
scribed in terms of the curvature tensor but in terms of the linearized metric,
and the identities (2.11)-(2.13) are for perturbations of the curvature. In [4]
this problem was solved by using the Bianchi identities and some properties
of the differential operator applied to C̃αβγδ on the left hand side of equations
(2.11)-(2.13), which allowed us to show that (see [4, Theorem 1.3′])

Uαγβǫ(∇ǫ + 4γǫ)∇γ(Ġαβ[h] + Λhαβ) =(�T+4 − 16Ψ2 +
2
3
Λ)Ψ̇0,

(2.14)

1
6
Ψ

−2/3
2 W αγβǫ(∇ǫ + 4γǫ)∇γ(Ġαβ[h] + Λhαβ) =(�+ 8Ψ2 +

2
3
Λ)[Ψ

−2/3
2 Ψ̇2]

+ 3(�̇h +
Ṙh

6
)Ψ

1/3
2 , (2.15)

Ψ
−4/3
2 V αγβǫ(∇ǫ + 4γǫ)∇γ(Ġαβ[h] + Λhαβ)] =(�T−4 − 16Ψ2 +

2
3
Λ)[Ψ

−4/3
2 Ψ̇4]

(2.16)

(cf. equations (2.11)-(2.13)). These identities are very useful because one
can take the adjoint equations in the spirit of [33], and, using the self-adjoint
properties of many of the involved operators, construct metric perturbations
in a very compact form from solutions of the scalar equations.

In the present work we obtain the generalization of equations (2.8)-(2.16)
to higher dimensions. It is important to note here a unique feature of the 4-
dimensional case, related to the use of Hodge duality in equations (2.8)-(2.13).
Both Maxwell equations, ∇αFαβ = 0 and ∇[αFβγ] = 0, can be combined

into a single complex equation ∇αF̃αβ = 0 for the anti-self-dual object F̃αβ.
Similarly, the gravitational equations are combined in the complex equation
∇δC̃αβγδ = 0. This is only possible because we have at our disposal a natural
4-form (the volume form) that maps, via Hodge duality, 2-forms into 2-forms.
Spinor techniques in four dimensions are especially powerful when working
with this kind of objects, the identities (2.8)-(2.13) were demonstrated in [4]
using these methods. However, in arbitrary dimensions this is no longer pos-
sible, since the volume form is, naturally, a d-form. This problem will lead
us in sections 2.4, 2.5 to the consideration of modified Laplace-de Rham-like
operators.

Finally, it is worth noting an important feature of the equations for boost
weight zero, (2.9) and (2.12), which is the appearance of objects associated

to hidden symmetries. In (2.9), the tensor Ỹαβ := Ψ
−1/3
2 Wαβ is a (complex)
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conformal Killing-Yano tensor, or equivalently, the tensorial analog of a va-
lence (2, 0) Killing spinor. Ỹαβ can be written as Ỹαβ = 1

2
(Yαβ + iZαβ), where

Yαβ is an ordinary Killing-Yano tensor, and its dual Zαβ is a (real) conformal

Killing-Yano tensor. Similarly, in eq. (2.12), the object Lαβγδ = Ψ
−2/3
2 Wαβγδ

is the tensorial version of a valence (4, 0) Killing spinor [4]. As we briefly
review in subsection 5.2 below, Killing spinors are associated to (conformal)
Killing vectors, Killing tensors, and Killing-Yano forms; and they are ulti-
mately responsible (see [34]) for the integrability of the geodesic equation
and the separability of the Klein-Gordon equation on the Kerr spacetime.
For this reason, the subject of hidden symmetries on black hole spacetimes
has been extensively studied in the literature; see e.g. the recent review [18]
and references therein. In the following sections we will show that, for the
higher dimensional spacetimes studied in this work, a “generalized” form of
Killing symmetries not only appears for boost weight zero but also for ex-
treme boost weight, in connection with the covariant derivative associated
to the generalization of the weighted wave operator (2.2). Furthermore, in
section 5 we will show that the same results hold in the 4-dimensional case.

2.2 GHP formalism in higher dimensions

The generalization of the GHP formalism to higher dimensions was developed
in [13]. Here we will give a description of it from the point of view of the
theory of fiber bundles and connections on them, since it is better suited for
our purposes.

Let (M , g) be a d−dimensional spacetime, with d ≥ 4. As in the standard
4-dimensional GHP formalism, we wish to adapt a framework to a pair of
null directions ℓα, nα. Therefore we consider in each tangent space a frame
{eαa} = {eα0 = ℓα, eα1 = nα, eαi = mα

i }, where i = 2, ..., d − 1, the vectors
ℓα and nα are null, and the vectors mα

i are spacelike. The dual basis is
{eaα} = {e0α = nα, e

1
α = ℓα, e

i
α = mi

α}. The metric tensor in this frame is

gαβ = 2ℓ(αnβ) + δijm
i
αm

j
β, (2.17)

the only non-trivial products being ℓαnα = 1 and mα
i mjα = δij. Internal

indices i, j, k, ... will be raised and lowered using δij and δij .
Under a choice of null directions, the SO(d − 1, 1) orthonormal frame

bundle is reduced to a Go-principal bundle B, where Go is the subgroup
of SO(d − 1, 1) that preserves the null directions. This subgroup is Go =
R× × SO(d− 2)4, where its action on the frame {eαa} is

ℓα → λℓα, nα → λ−1nα, mα
i → Xi

jmα
j (2.18)

4we denote by R× the multiplicative group of real numbers.
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with λ ∈ R× and X ∈ SO(d − 2) (both λ and X depend on the spacetime
points). The components of a tensor field T obtained by projecting it on the
frame {eαa} get transformed under (2.18); in other words, the action (2.18)
defines a representation of Go given by

Ti1...is 7→ (Π(b,s)(λ,X)T )i1...is = λbXi1
j1...Xis

jsTj1...js (2.19)

for some numbers b ∈ Z, s ∈ N0. We say that the elements transforming
under this representation are type {b, s} quantities, or equivalently they have
boost weight b and spin weight s. Note that

Π(b,s) ≡ Πb ⊗ Πs, (2.20)

where Πb is the representation of R× given by (Πb(λ)T )i1...is = λbTi1...is, and
Πs = Π⊗s

1 , with Π1 the spin 1 representation of the rotation group SO(d−2).
At each spacetime point, the quantities of a well-defined type {b, s} form a
vector space V (carrying the representation (2.19) of Go); the quantities of
all types together form a graded algebra (which implies that the product
of a quantity of type {b, s} with another quantity of type {b′, s′} is of type
{b + b′, s + s′}). A GHP scalar field of type {b, s} is thought of as a section
of the associated vector bundles E(b,s) := B ×Π(b,s)

V .

Let ωα
a
b = eaβ∇αe

β
b be the connection 1-form on the SO(d− 1, 1)-bundle

P . The behavior of the different components of ωα
a
b under the GHP subgroup

Go gives rise, on the one hand, to the so-called spin coefficients, and on the
other hand, to the connection 1-form on the reduced bundle B, which allows
to define the covariant derivative on GHP quantities. More specifically, the
parts of ωα

a
b that transform covariantly under Go are ωα

0
i =: −mβ

i Nβα and

ωα
1
i =: −mβ

i Lβα, where we have adopted the notation of [13]:

Lαβ := ∇βℓα, Nαβ := ∇βnα, M i
αβ := ∇βm

i
α. (2.21)

Note that, projecting on the frame {eαa}, we get the components Lab =
eαae

β
bLαβ , Nab = eαae

β
bNαβ and M i

ab = eαae
β
bM

i
αβ . The GHP spin coeffi-

cients are then defined through Nia := eαam
β
iNβα and Lia := eαam

β
i Lβα, and

the specific notation for each a = 0, 1, i is given in table 1 (see [13] for the
interpretation of the coefficients). We note that in the case in which ℓα is
geodesic, we have κi ≡ 0. On the other hand, it is useful to note also that
the GHP quantity ρij can be decomposed in the following way:

ρij = σij +
ρ

(d−2)
δij + ρ[ij], (2.22)

where σij = σ(ij), ρ and ρ[ij] represent the shear, expansion, and twist of the
congruence, respectively. Analogous statements hold for nα replacing the
corresponding quantities by their primed versions.

12



Component Notation boost b spin s
Lij ρij 1 2
Lii ρ = δijρij 1 0
Li0 κi 2 1
Li1 τi 0 1
Nij ρ′ij −1 2
Nii ρ′ = δijρ′ij −1 0
Ni1 κ′i −2 1
Ni0 τ ′i 0 1

Table 1: Notation for GHP spin coefficients [13].

Now, the parts of ωα
a
b that do not transform covariantly under Go define

the induced connection 1-form χ on the reduced bundle B. As usual, χ takes
values in the Lie algebra go = R ⊕ so(d − 2), thus we can decompose it as
χ = (A,B), where A ∈ T ∗M ⊗ R and B ∈ T ∗M ⊗ so(d − 2). It is not
difficult to show that these components are

Aα = ωα
1
1, Bα

i
j = ωα

i
j (2.23)

since they transform under Go as

Aα → λ∇αλ
−1 + Aα, (2.24)

Bα
i
j → X i

k∇αXj
k +X i

kBα
k
lXj

l, (2.25)

which corresponds to the transformation law for a connection 1-form 5. Ex-
plicitly:

Aα = −L1ae
a
α = −L10nα − L11ℓα − L1km

k
α, (2.26)

Bα
i
j = −M i

jae
a
α = −M i

j0nα −M i
j1ℓα −M i

jkm
k
α. (2.27)

With these elements we can now introduce the covariant derivative on the
associated bundles E(b,s). As explained (for general situations) in section 2.3
below, the induced GHP covariant derivative is

ΘαTi1...is = ∇αTi1...is + (π(b,s)(χα)T )i1...is, (2.28)

5we recall that in the theory of fiber bundles, if the components ψ of a section of an
associated vector bundle E = P ×Π V transform as ψ → Π(g)ψ for g ∈ G (which implies
that a section σ of the principal bundle P transforms as σ → σ · g−1), then the connection
1-form ω transforms as ω → gdg−1 + gωg−1 [27].
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where π(b,s) : go → gl(V ) is the representation of the Lie algebra go induced
(by differentiation) by (2.19). In view of (2.20), the structure of π(b,s) is
π(b,s) = πb ⊗ I+ I⊗ πs (with I the identity map in the corresponding space)
and its action is given by

(π(b,s)(a, x)T )i1...is = baTi1...is + xi1
kTki2...is + ...+ xis

kTi1...k (2.29)

where a ∈ R and x ∈ so(d− 2). Therefore, the explicit form of the covariant
derivative (2.28) is

ΘαTi1...is = ∇αTi1...is + bAαTi1...is +Bαi1
kTki2...is + ...+Bαis

kTi1...k. (2.30)

The generalization of the 4-dimensional thorn and eth operators þ,þ′,ð,ð′ to
higher dimensions is simply given by the directional derivatives along the
frame vectors using the GHP connection:

þ := ℓαΘα, þ′ := nαΘα, ðj := mα
j Θα. (2.31)

Their action on a GHP scalar of type {b, s} is deduced from (2.30) and (2.26),
(2.27):

þTi1...is = DTi1...is − bL10Ti1...is +Mk
i10Tki2...is + ... +Mk

is0Ti1...k (2.32)

þ′Ti1...is = D′Ti1...is − bL11Ti1...is +Mk
i11Tki2...is + ... +Mk

is1Ti1...k (2.33)

ðjTi1...is = δjTi1...is − bL1jTi1...is +Mk
i1jTki2...is + ... +Mk

isjTi1...k, (2.34)

where D = ℓα∇α, D′ = nα∇α and δj = mα
j ∇α are traditional Newman-

Penrose derivatives. These formulae coincide of course with those given in
the literature, see e.g. [13]. For explicit expressions for the commutators
between GHP weighted derivatives (which will be extensively used in our
work), we refer the reader to [13].

Finally, we recall the basics of the classification of the Weyl tensor in
higher dimensions, which is the generalization of the Petrov Classification
of 4-dimensional spacetimes and was originally developed in [9]. We will,
however, follow the conventions of [14], where algebraically special space-
times are defined slightly differently. The notation for the components of the
higher dimensional Weyl tensor is given in table 2. For the Riemann tensor
components we will use the same capital Greek letters but with a tilde (note
that the trace identities in table 2 do not hold in general for the Riemann
tensor).

A null vector field ℓα is said to be a Weyl Aligned Null Direction (WAND)
if all the boost weight b = +2 components of the Weyl tensor vanish every-
where in a frame containing ℓα, i.e. Ωij ≡ 0. This condition is independent of
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Component Notation Boost Spin Identities
C0i0j Ωij +2 2 Ωij = Ωji, Ωii = 0
C0ijk Ψijk +1 3 Ψijk = −Ψikj , Ψ[ijk] = 0
C010i Ψi +1 1 Ψi = Ψkik

Cijkl Φijkl 0 4 Φijkl = Φ[ij][kl] = Φklij, Φi[jkl] = 0
C0i1j Φij 0 2 Φ(ij) ≡ ΦS

ij = −1
2
Φikjk

C01ij 2ΦA
ij 0 2 ΦA

ij ≡ Φ[ij]

C0101 Φ 0 0 Φ = Φii

C1ijk Ψ′
ijk −1 3 Ψ′

ijk = −Ψ′
ikj , Ψ

′
[ijk] = 0

C101i Ψ′
i −1 1 Ψ′

i = Ψ′
kik

C1i1j Ω′
ij −2 2 Ω′

ij = Ω′
ji, Ω

′
ii = 0

Table 2: Weyl tensor components in higher dimensions [14].

the choice of the rest of the frame vectors. In d = 4, the WAND condition is
equivalent to the PND (Principal Null Direction) condition, but for d > 4 this
is not the case. A WAND ℓα is called a multiple-WAND if all boost weight
b = +1 components of the Weyl tensor also vanish, i.e. Ωij = Ψijk ≡ 0. In
d = 4, this condition is equivalent to ℓα being a repeated PND. We then
say that a spacetime is algebraically special if it admits a multiple-WAND. In
Table 3 we summarize the different algebraic types according to the existence
of multiple-WANDs.

This classification is called primary because it is only focused in choosing
the vector ℓα such that as many as possible of the high boost weight compo-
nents vanish. Once ℓα is fixed, one can try to choose the other null vector nα

in a way such that as many low boost weight components as possible vanish;
this defines then a secondary classification. This gives rise to the definition
of a type D spacetime in higher dimensions: a spacetime is said to be type D
if both null directions ℓα and nα are multiple-WANDs. In such a frame, we
have Ωij = Ψijk = Ω′

ij = Ψ′
ijk ≡ 0.

Several black hole solutions in higher dimensional spacetimes are of alge-
braic type D. For instance, the Schwarzschild-Tangherlini, Myers-Perry and
Kerr-(A)dS black holes, and the black string/brane metrics, all belong to this
algebraic type for all dimensions d. There are other black objects, however,
which are not type D, for example the black ring (see [30]).

2.3 Modified covariant derivatives and wave operators

In this section we define wave operators on the associated bundles E(b,s) that
generalize the standard D’Alembertian. In terms of these operators, the
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Algebraic type Definition
O Cαβγδ ≡ 0
N Ωij ≡ Ψijk ≡ Φijkl ≡ Ψ′

ijk ≡ 0
III Ωij ≡ Ψijk ≡ Φijkl ≡ 0
II Ωij ≡ Ψijk ≡ 0
I Ωij ≡ 0
G There does not exist a WAND.

Table 3: Algebraic types of the Weyl tensor in higher dimensions (primary
classification), according to [13].

higher dimensional Teukolsky and related equations will adopt a very com-
pact and elegant form, as happens in the 4-dimensional case. Furthermore,
in the next sections we will show interesting relations between the modified
covariant derivatives here introduced, and tensors associated to different kind
of Killing symmetries on the spacetime. Our approach here is very natural
from the point of view of the general theory of connections on principal fiber
bundles, and the covariant derivatives they induce on associated vector bun-
dles. In the Physics literature, this is often applied to the study of Yang-Mills
theories. We will very briefly summarize the general ideas that are needed for
this work, and then apply them to construct the generalized wave operators.

Consider a principal G-bundle P over the spacetime M . A representation
(Π, V ) of G on the vector space V gives rise to the associated vector bundle
E = P ×Π V , the sections of which are tensor fields that transform under Π.
One can define a covariant derivative on these fields by using a connection
1-form Υα on P . As is well known, the connection takes values in the Lie
algebra g = Lie(G). By differentiation, the representation Π gives origin to
a Lie algebra representation π : g → gl(V ); then it can be shown that an
explicit formula for the covariant derivative of a section Ψ : M → E is 6

DαΨ := ∂αΨ+ π(Υα)Ψ, (2.35)

see e.g. [27]. Note that the Lie algebra g will in general be of the form
g = gl(d,R)⊕go, where go is the Lie algebra of some internal symmetry group,
therefore the connection 1-form Υα can be split into the Christoffel symbols
Γ and the internal connection, Υ ≡ (Γ, χ); this allows us to write (2.35) as

6we note that there is a sign mistake in formula (2.5) in [4], which is compensated
along the text by using minus the connection form ωα and the transformation rule ω →
ω + g−1dg for the 4-dimensional (abelian) GHP group. One can check that in the present
formula (2.35), under a gauge transformation Ψ → Π(g)Ψ, Υ → gdg−1 + gΥg−1, one has
DαΨ → Π(g)DαΨ.
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DαΨ = ∇αΨ+ πo(χα)Ψ. There is a natural wave operator associated to the
covariant derivative Dα, namely gαβDαDβ , and this is the kind of operators
we will extensively use.

For the higher dimensional GHP formalism, as described in section 2.2,
the gauge group is Go = R××SO(d−2), therefore a connection 1-form takes
values in go = R⊕ so(d− 2). The natural connection is given by χ = (A,B),
defined in (2.26), (2.27), and the covariant derivative is (2.28). Therefore we
have the generalized wave operator

�(b,s) := gαβΘαΘβ (2.36)

acting on GHP tensors of type {b, s}. In particular, note that �(0,0) = �. In
terms of weighted directional derivatives, one can check that

�(b,s) = (þ + ρ)þ′ + (þ′ + ρ′)þ + (ðk − τk − τ ′k)ðk. (2.37)

This formula is general and the type {b, s} does not appear explicitly. On the
other hand, it is sometimes useful to commute the derivatives þþ′ in (2.37),
in which case the type {b, s} enters explicitly in the commutator [þ, þ′] and
the general formula depends on it.

We are now interested in modifying the connection form χ by adding to
it a go-valued 1-form ζ 7. We define

ζ := (X,Z) ∈ T ∗
M ⊗ go, (2.38)

where the (respectively) R-valued and so(d− 2)-valued 1-forms Xα and Zαi
j

are

Xα := 2ρ
(d−2)

nα − τim
i
α, (2.39)

Zαi
j := (ρi

j − ρj i)nα − τim
j
α + τ jmiα. (2.40)

With this 1-form we introduce a modified covariant derivative on the vector
bundles E(b,s),

Dα := Θα + π(b,s)(ζα) (2.41)

where π(b,s) is the representation of go = R⊕ so(d − 2) given in (2.29). The
explicit action of this derivative on a GHP tensor Ti1...is of type {b, s} is

DαTi1...is = ΘαTi1...is + bXαTi1...is + Zαi1
kTk...is + ... + Zαis

kTi1...k. (2.42)

7see [16, 21, 1] for related discussion in the 4-dimensional case.
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Of course, by projecting Dα on a frame we obtain modified directional deriva-
tives þ̃ = ℓαDα, þ̃′ = nαDα, and ð̃i = mα

i Dα. One can check that, on a type
{b, 1} quantity Ti for example,

þ̃Ti =þTi +
2ρ

(d−2)
bTi + (ρi

j − ρj i)Tj , (2.43)

þ̃′Ti =þ′Ti, (2.44)

ð̃kTi =ðkTi − bτkTi − τiTk + δikτ
jTj (2.45)

(the operator þ̃′ actually coincides with the usual one for any type {b, s}
quantity, as a consequence of the definitions (2.39), (2.40)). Naturally asso-
ciated to this derivative is the modified wave operator

�T (b,s) := gαβDαDβ. (2.46)

Again, note that �T (0,0) = �. In terms of the modified directional derivatives,
we have

�T (b,s) = (þ̃ + 2
(d−2)

ρ)þ′ + (þ′ + ρ′)þ̃ + (ð̃k − (d− 2)τk − τ ′k)ð̃k. (2.47)

This is the modified wave operator that we will use in the rest of the paper,
for the spacetimes of interest in this work.

For the Kundt class, we have ρij ≡ 0 and the modified directional deriva-

tives þ̃ and þ̃′ coincide with the usual ones. In this case it will be useful to
commute the þþ′ derivatives, in order to match the formulae known in the
literature. In particular, the modified wave operator (2.47) on an Einstein
Kundt spacetime, acting on a type {b, 1} GHP scalar Ti, is:

�T (b,1)Ti =2þ′þTi + ðkðkTi + ρ′þTi − 2(b+ 1)τkðkTi + 2[τkði − τið
k]Tk

+
[
(b2 − 1)τkτk − 2bdΛ

(d−1)(d−2)

]
Ti − (d− 4)τiτ

kTk, (2.48)

while on a symmetric type {b, 2} GHP scalar Tij = T(ij):

�T (b,2)Tij =2þ′þTij + ðkðkTij + ρ′þTij − 2(b+ 1)τkðkTij + 4[τkð(i − τ(ið
k]Tj)k

+
[
(b2 − 2)τkτk − 2bdΛ

(d−1)(d−2)

]
Tij − 2(d− 2)τkτ(iTj)k

+ 2
[
τiτjδ

kl + δijτ
kτ l

]
Tkl. (2.49)

Note that, setting b = 1 in (2.48) and b = 2 in (2.49), the derivative terms
match exactly those of equations (1.2) and (1.3) respectively; the difference
between these operators and those formulae will then constitute “potential”
terms, as in the 4-dimensional Teukolsky equations.
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2.4 Modified de Rham-like operators

Let Vp be the bundle of p-forms on M . The exterior derivative d is a map d :
Vp → Vp+1, and it has a formal adjoint d† : Vp → Vp−1. One can compose both
operations to form the Laplace-de Rham operator on p-forms, dd†+d†d. If we
now consider tensor-valued p-forms, there is a natural generalization of these
operations. Let Vq,p denote the bundle of p-forms with q tensorial indices,
so that an element of this space is for example ωα1...αqβ1...βp

= ωα1...αq[β1...βp].
The covariant exterior derivative is a map D : Vq,p → Vq,p+1 that acts as
the exterior derivative on the p-form indices and as the covariant derivative
on the rest of the indices. It has a formal adjoint D† : Vq,p → Vq,p−1 (with
respect to the inner product (2.61) given below); and explicitly we have

(Dω)α1...αqβ1...βp+1 :=(p+ 1)∇[β1ω|α1...αq|β2...βp+1], (2.50)

(D†ω)α1...αqβ2...βp
:=−∇β1ωα1...αqβ1β2...βp

. (2.51)

Note that for q = 0 these operators coincide with the usual ones acting
on ordinary p-forms. On the other hand, as a natural generalization of the
ordinary Laplace-de Rham operator, D and D† give rise to a “generalized”
Laplace-de Rham operator for tensor-valued p-forms,

DD
† + D

†
D . (2.52)

Now we modify these operators by adding a particular (type {0, 0}) 1-
form γα, given by

γα := ρ
(d−2)

nα + ρ′

(d−2)
ℓα − τim

i
α. (2.53)

Consider a positive integer number s (this will play the role of the spin of
the fields we will study). We define the following operators:

(Dsω)α1...αqβ1...βp+1 :=(p+ 1)(∇[β1
+ 2sγ[β1

)ω|α1...αq|β2...βp+1], (2.54)

(D⋆
s ω)α1...αqβ2...βp

:=− (∇β1 + 2sγβ1)ωα1...αqβ1β2...βp
. (2.55)

Observe that D⋆
s is not the adjoint of Ds; they are related by D⋆

s = D
†
−s.

On the other hand, note that D0 = D , then we have D† = D⋆. We then
introduce an operator Vq,p → Vq,p given by

DsD
⋆ + D

⋆
s D . (2.56)

Because of the resemblance of this operator with (2.52), in the following we
will call (2.56) the “spin s modified Laplace-de Rham operator”. In differential
forms notation, it can be written as

(D + 2sγ∧)D† + (D† + 2sγ#y)D , (2.57)
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where γ# is the “sharp” vector field obtained from the 1-form γ, and the
exterior and interior products act on the differential form indices.

It is instructive to see some examples. In this work we will study Maxwell
and gravitational fields. Maxwell fields have spin s = 1, and their curvature
is represented by an ordinary 2-form, thus we have s = 1, q = 0 and p = 2.
Then

− [(D1D
⋆+D

⋆
1D)F ]αβ = 2(∇[α+2γ[α)∇γF|γ|β]+3(∇γ+2γγ)∇[αFβγ]. (2.58)

On the other hand, the gravitational field has spin s = 2, and its curvature
is represented by a 2-form with 2 extra tensorial indices; then s = 2, q = 2,
and p = 2. Therefore

− [(D2D
⋆ + D

⋆
2D)C]αβγδ = 2(∇[γ + 4γ[γ)∇ǫC|αβǫ|δ] + 3(∇ǫ + 4γǫ)∇[ǫC|αβ|γδ].

(2.59)

2.5 Main results

Consider the spin s modified Laplace-de Rham operator (2.56) for spins s = 1
and s = 2 (see (2.58) and (2.59)). Let φα1...αn

be a (type {0, 0}) tensor-
valued p-form, with n = 2s and p ≤ n. Consider also the generalized,
modified wave operator (2.46), �T (b,s) = DαDα. We will define an appropriate
type {b, s} GHP tensor field bP α1...αn

i1...is
with n = 2s tensorial indices, con-

structed out of the principal null frame of an algebraically special spacetime
(as mentioned, we will only study Kundt spacetimes and static black holes),
and we will prove that the projections off shell of the modified Laplace-de
Rham operator under this tensor give, at the linear level, wave-like equa-
tions for bP α1...αn

i1...is
φα1...αn

. More precisely, consider a monoparametric family
of d-dimensional Lorentzian manifolds (M , gαβ(ε)), analytic around ε = 0,
such that (M , gαβ(0)) is an algebraically special Einstein spacetime; and de-
note the first order perturbation of a quantity T as Ṫ := d

dε
|ε=0T (ε). For

s = 1, let φα1α2 ≡ Fα1α2 (an arbitrary –type {0, 0}– 2-form), and for s = 2
let φα1α2α3α4 ≡ Cα1α2α3α4(ε) (the curvature tensor of gαβ(ε)). Our first main
result is to show that, on the spacetimes of interest in this work, we have the
off shell identity 8

− bP α1...αn

i1...is
[(DsD

⋆ + D
⋆
s D)φ]α1...αn

.
= (�T (b,s) + V(b,s))[

bP α1...αn

i1...is
φα1...αn

] (2.60)

8we note that in [6, 7] it is argued that, in 4-dimensional spacetimes and assuming
that the linearized field equations are satisfied (i.e. on shell), the Teukolsky equations
are certain components of the ordinary –not modified– Laplace-de Rham operator for
tensor-valued differential forms; however, our results here are valid independently of the
field equations (i.e. off shell), and, as our calculations reveal, it is the projection of the
modified Laplace-de Rham operator which gives the decoupled equations, both in 4 and
higher dimensions.
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where again “
.
=” means that this is an equation valid to linear order (i.e., “

.
=”

means “=” for s = 1, and for s = 2 it represents the operation of taking the
linearization operator d

dε
|ε=0 on both sides of the equation). See theorems

3.1, 3.4, 4.1, 4.4, 4.7. We emphasize that, since it is not assumed that the
φα1...αn

satisfies any field equation, this field can be dropped from both sides
of (2.60), leaving an operator identity. The potential V(b,s) is really a “matrix
potential”, in the sense that it acts as matrix multiplication on the internal
indices i1...is. We will also show that the WANDs of the spacetime turn
out to be weighted conformal Killing vectors with respect to the modified
covariant derivative Dα (lemmas 3.1 and 4.1), and that the GHP tensor
bP α1...αn

i1...is
can be associated to weighted conformal Killing-Yano tensors with

respect to Dα, for both extreme and zero boost weight cases (lemmas 3.2 and
4.2). Furthermore, in section 5 we will show that the same results hold for
4-dimensional Einstein spacetimes of Petrov type D.

Now, assuming that the Maxwell or –vacuum with cosmological constant–
Einstein equations are satisfied, in view of (2.58) and (2.59) we have [(DsD

⋆+
D⋆

s D)φ]α1...αn
= 0; i.e. the left hand side of (2.60) is zero, and we are left

with a wave-like equation for the (rescaled) type {b, s} component of φα1...αn
.

We can also use the operator identity implied in (2.60) to construct solutions
of the original (i.e. Maxwell or linearized Einstein) field equations from
solutions of the scalar wave-like equation. This is our second main result, for
which we will use the very powerful and well-known method of Wald based on
the transposition of differential operators (see [33]); this is why we prove eq.
(2.60) off shell, i.e. because we need operator identities. The inner product
we use to define the adjoint of an operator is as usual

〈Φ,Ψ〉 =
∫

M

ΦΨ (2.61)

(where it is understood a total contraction between the indices of Φ and Ψ);
then the adjoint O† of an operator O is given by 〈Φ, OΨ〉 = 〈O†Φ,Ψ〉. When
considering the adjoint operators in the right hand side of (2.60), we can see
an important advantage of our use of generalized wave operators, which is
the fact that the self-adjointness property of the wave-like equation is very
clear: it is easily shown that, if Ψ and Φ are GHP fields of type {b, s} and
{b′, s′} respectively, then

〈Φ,�T (b,s)Ψ〉 = 〈�T (b′,s′)Φ,Ψ〉, (2.62)

where we should recall that, in order for the inner product to be a real
number, we must have b′ = −b and s′ = s.

In principle the left hand side of (2.60) does not involve self-adjoint op-
erators, but it can be recasted using alternative fields and operators that
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turn out to be self-adjoint. For the Maxwell system, it is well-known that
this is achieved by considering vector potentials for the electromagnetic field,
i.e. assuming that F = dA for a 1-form A. See corollaries 3.2, 4.2 and 4.5.
For the gravitational case this is more complicated since, although it is also
well-known that the linearized Einstein operator,

Ġαβ [h] = −1
2
�hαβ − 1

2
∇α∇βh+∇γ∇(αhβ)γ − 1

2
gαβ(∇γ∇δhγδ −�h), (2.63)

is self-adjoint, it is not clear how to relate the identities (2.60) with the
Einstein equations. In the same way as we did in [4], we will solve this
problem by using the Bianchi identities for the curvature tensor, as we now
proceed to explain.

Recall that the Bianchi identity for the Riemann tensor, ∇[ǫRαβ]γδ = 0, is
a geometric identity independent of the field equations. Therefore it allows
us to relate, off shell, derivatives of the Riemann, Weyl and Ricci tensors.
Consider now the spin s = 2 modified Laplace-de Rham operator, (2.59),
applied to the Weyl tensor. The Bianchi identity implies that

3∇[ǫCαβ]γδ = − 2
(d−2)

[
2g[γ|[α∇ǫRβ]|δ] − 1

(d−1)
gγ[α∇ǫR gβ]δ

]
, (2.64)

and contracting with gδǫ,

∇δCαβγδ =
−2

(d−2)

[
−(d− 3)∇[αRβ]γ − gγ[α∇δRβ]δ +

1
(d−1)

gγ[α∇β]R
]
. (2.65)

Now we apply the operator P αβγδ
i1...is

D⋆
2 to (2.64), and P αβγδ

i1...is
D2 to (2.65). The

tensor P αβγδ
i1...is

that we will use has the symmetries P αβγδ
i1...is

= P
[αβ]γδ
i1...is

= P
αβ[γδ]
i1...is

=

P γδαβ
i1...is

. Consider first the case in which P αβγδ
i1...is

is trace-free, P αβγδ
i1...is

gβγ = 0.
Then it is easy to show that, off shell,

P αβγδ
i1...is

[(D⋆
2D + D2D

⋆)C]αβγδ = 4P αβγδ
i1...is

(∇δ + 4γδ)∇α(Gβγ + Λgβγ) (2.66)

where we have used the fact that P αβγδ
i1...is

is trace-free to replace the Ricci ten-
sor by the Einstein tensor, and the cosmological constant term can be freely
added since ∇α(Λgβγ) = 0. Linearizing this equation around an Einstein so-
lution, i.e. such that (Gβγ+Λgβγ)|ε=0 = 0, we get the operator Ġβγ [h]+Λhβγ,
which is self-adjoint as a linear functional on hαβ = ġαβ. Therefore, consider-
ing (2.66) together with (2.60) (for s = 2) and taking the adjoint equation, we
will be able to reconstruct the metric perturbation in a very compact form.
For the case in which P αβγδ

i1...is
is not trace-free, say P αδ

i1...is
:= P αβγδ

i1...is
gβγ 6= 0, we

can decompose it into its trace-free part and P αδ
i1...isg

βγ. Using the fact that

P αδ
i1...is = P

(αδ)
i1...is

, it can be shown that P αδ
i1...isg

βγ[(D⋆
2D + D2D

⋆)C]αβγδ ≡ 0;
then we can use the same argument as before. See corollaries 3.5 and 4.8.
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3 Extreme boost weight: Kundt spacetimes

A d-dimensional spacetime is said to be Kundt if it admits a null geodesic
congruence that is shear-free, expansion-free, and twist-free. From (2.22),
this implies that, if ℓα is the tangent to this congruence, it holds

ρij = 0, κi = 0. (3.1)

For later convenience, it is useful to note here the following Ricci identities:

þτi = 0, (3.2)

þρ′ij − ðjτ
′
i = −τ ′iτ ′j − Φji − 2Λ

(d−1)(d−2)
δij , (3.3)

Note that the 1-form (2.53) reduces in this case to

γα = ρ′

(d−2)
ℓα − τim

i
α. (3.4)

The Kundt class has attracted attention in recent years because the Near
Horizon Geometries (NHGs) of all known extreme black hole solutions belong
to it, see e.g. [15, 22, 10, 31]. Actually these spacetimes are a bit more
special as they are doubly-Kundt: both null directions, ℓα and nα, are shear-
free, expansion-free, and twist-free: ρij = κi = ρ′ij = κ′i = 0. Doubly-Kundt
spacetimes are algebraically special of type D or O. NHGs turn out to be
important, on the one hand, in the context of the Kerr/CFT correspondence
[19, 10], and on the other hand they are also interesting in the sense that an
instability of the NHG may imply instabilities in the full extreme black hole
[15, 22].

3.1 Weighted conformal Killing fields

In this section we give some interesting relations between the modified co-
variant derivative (2.41) that produces the generalized wave operator �T (b,s) =
DαDα, and tensors associated to different kind of Killing symmetries with re-
spect to Dα, more precisely weighted conformal Killing vectors and conformal
Killing-Yano tensors.

The results stated below can be demonstrated by direct calculation using
the explicit form (2.42) for the modified covariant derivative and the identities
(A.1)-(A.3) in appendix A.1. The first thing to note is that the WAND of a
Kundt spacetime is a weighted Killing vector with respect to Dα:

Lemma 3.1. Let ℓα be a vector field aligned to the WAND of a Kundt space-
time, and consider the modified covariant derivative (2.35). Then ℓα is a
Killing vector with respect to Dα:

D(αℓβ) = 0. (3.5)
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If the spacetime is not Kundt, it can be easily shown that ℓα will be a
conformal Killing vector with respect to Dα as long as ℓα is geodesic and the
congruence is shear-free (i.e. σij = 0 in (2.22)).

Now consider the type {1, 1} 2-form

U i
αβ := 2ℓ[αm

i
β], (3.6)

where ℓα is aligned to the WAND of the spacetime. Then we have:

Lemma 3.2. In a Kundt spacetime, the 2-form U i
αβ is a conformal Killing-

Yano tensor with respect to Dα:

D(αU
i
β)γ = gγ(αξ

i
β) − gαβξ

i
γ, (3.7)

where ξiα = 1
(d−1)

DβU i
αβ.

As mentioned at the end of section 2.1, ordinary conformal Killing-Yano
tensors are crucial in the context of the so-called hidden symmetries in Gen-
eral Relativity. The reason for this is that they give rise to conserved quanti-
ties for null geodesics, as well as to operators that commute with the ordinary
wave operator �. This is particularly important in the 4-dimensional Kerr
solution, where the well-known Carter constant and Carter operator, which
allow to integrate the geodesic equation and to separate the Klein-Gordon
equation, have their origins in the existence of a Killing-Yano tensor in the
Kerr spacetime.

In four dimensions, conformal Killing-Yano tensors are also closely related
to the process of spin reduction in a flat spacetime, introduced by Penrose
in [29] (see also [28, section 6.4]), which allow to reduce the massless higher
spin field equations to the spin zero wave equation ∂α∂αφ = 0 (we will very
briefly review this 4-dimensional mechanism in section 5.2).

In the context of electromagnetic and gravitational perturbations of Kundt
spacetimes, in the following sections we will find wave-like equations for
Uαβ
i Fαβ and Uαβ

i Uγδ
j Ċαβγδ (where Fαβ is a Maxwell field and Ċαβγδ a lin-

earized Weyl tensor) in terms of the modified wave operator DαDα. These
results, together with the fact that U i

αβ is a conformal Killing-Yano tensor
with respect to Dα, imply that, as anticipated in the introduction, our results
can be thought of as a “weighted spin reduction” generalized to the higher
dimensional spacetimes studied in this work.

3.2 Maxwell fields

We will now prove the identity (2.60) for spin s = 1 and boost weight b = 1 on
a Kundt spacetime. The tensor bP α1...αn

i1...is
is in this case given by 1P i

αβ ≡ U i
αβ ,

where the type {1, 1} 2-form U i
αβ is defined in (3.6).
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Theorem 3.1. Let Fαβ be an arbitrary (type {0, 0}) 2-form on a d-dimensional
Einstein-Kundt spacetime, and consider the spin s = 1 modified Laplace-de
Rham operator (2.56). Then we have the equality

− Uαβ
i [(D1D

⋆ + D
⋆
1D)F ]αβ = [�T (1,1) + V ]i

j[Uαβ
j Fαβ], (3.8)

where the generalized wave operator �T (1,1) is defined in (2.46), and the po-
tential on the right hand side is given by

Vi
j = 2ΦS

i
j + 4ΦA

i
j + (d− 4)τiτ

j +
(
Φ− 2Λ

(d−2)

)
δi

j, (3.9)

Proof. Start with the term Uαβ
i (D⋆

1DF )αβ . From the definition of Uαβ
i , we

have

−2Uβγ
i (∇γ + 2γγ)∇αFαβ =2þ[mβ

i ∇αFαβ ]− 2(ði − 2τi − τ ′i)[ℓ
β∇αFαβ]

≡T 1
i [ϕ] + T 2

i [Fij ] + T 3
i [F ] + T 4

i [ϕ
′], (3.10)

where we have used (A.9) to define

T 1
i [ϕ] =2þ(þ′ + ρ′)ϕi − 2þ(ρ′i

kϕk) + 2(ði − 2τi − τ ′i)(ð
k − τ ′k)ϕk

T 2
i [Fij ] =2þ(ðk − τk − τ ′k)Fki,

T 3
i [F ] =2þ(τi − τ ′i)F + 2(ði − 2τi − τ ′i)þF,

T 4
i [ϕ

′] =2þþϕ′
i.

For the second term, Uαβ
i (D1D

⋆F )αβ, we have

3Uαβ
i (∇γ + 2γγ)∇[γFαβ]

= 6þ[ℓαmβ
i n

γ∇[γFαβ]] + 6(ðk − 2τk − τ ′k)[ℓαmβ
im

γ
k∇[γFαβ]]

≡ T 5
i [ϕ] + T 6

i [Fij ] + T 7
i [F ] + T 8

i [ϕ
′], (3.11)

where

T 5
i [ϕ] =2þþ′ϕi + 2þ(ρ′kiϕk) + 2(ðk − 2τk − τ ′k)[2(ð[k − τ ′[k)ϕi]]

T 6
i [Fij] =2þ(τ ′k − τk)Fki − 2(ðk − 2τk − τ ′k)þFki,

T 7
i [F ] =− 2þ(ði − τi − τ ′i)F,

T 8
i [ϕ

′] =− 2þþϕ′
i.

We see that T 8
i [ϕ

′] = −T 4
i [ϕ

′], thus these terms cancel each other. Using the
background Ricci identity (3.2), together with the background commutator
identity for [þ, ði], it is easy to see that T 7

i [F ] + T 3
i [F ] = 0, and similarly
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T 6
i [Fij] + T 2

i [Fij] = 0. The only term left is then T 1
i [ϕ] + T 5

i [ϕ]. To evaluate
this term, we need the following commutator identities:

[ði, ð
k]ϕk =2þ(ρ′[ik]ϕ

k)− 2(þρ′[ik])ϕ
k + 2ΦA

i
k + 2ΦS

i
k − 2(d−3)Λ

(d−1)(d−2)
ϕi,

[þ, þ′]ϕi =(−τk + τ ′k)ðkϕi +
(
−τkτ ′k + Φ− 4Λ

(d−1)(d−2)

)
ϕi

+ (τ ′iτ
k − τiτ

′k + 2ΦA
i
k)ϕk

Inserting these expressions in T 1
i [ϕ]+T

5
i [ϕ], and using the antisymmetrization

of the background Ricci identity (3.3) together with its trace, we get

T 1
i [ϕ] + T 5

i [ϕ] =2
[
2þ′þ + ðkðk + ρ′þ − 4τkðk +

(
Φ− 2(2d−1)Λ

(d−1)(d−2)

)]
ϕi

+ 2[−2τið
k + 2τkði + 2ΦS

i
k + 4ΦA

i
k]ϕk. (3.12)

Recalling now the expression (2.48) for the generalized wave operator with
b = 1, the definition (3.9) of the potential Vi

j, and using the fact that ϕi =
1
2
Uαβ
i Fαβ, the result (3.8) follows.

Corollary 3.2. Let Aα be an arbitrary, type {0, 0} 1-form Aα on a d-
dimensional Einstein Kundt spacetime. Then we have the following equality:

SE [Aα] = OT [Aα], (3.13)

where the linear differential operators are defined by

S(Jβ) :=− Uβγ
i (∇γ + 2γγ)Jβ, (3.14)

E(Aα) :=�Aβ −∇α∇βAα, (3.15)

O(φi) :=[�T (1,1) + V ]i
jφj, (3.16)

T (Aα) :=2Uαβ
i ∇αAβ . (3.17)

Proof. Define the 2-form Fαβ = 2∇[αAβ]. Then D∗
1DF = 0, and the identity

(3.13) follows from (3.8).

Corollary 3.3. Let ψi be a type {−1, 1} GHP scalar field which is a solution
of the d-dimensional adjoint Teukolsky equation for spin s = 1,

�T (−1,1)ψi + ψjV
j
i = 0, (3.18)

on an Einstein-Kundt spacetime. Then Fαβ(ψ) = 2∇[α[A(ψ)]β] is a solution
of Maxwell equations, where

Aα(ψ) := (∇β − 2γβ)(U i
αβψi). (3.19)

Proof. Taking the adjoint equation to (3.13), E †S†(ψ) = T †O†(ψ) , using the
fact that E = E †, and the adjointness property (2.62), the result follows after
defining [A(ψ)]α := [S†(ψ)]α.
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3.3 Gravitational perturbations

Using the 2-form U i
αβ introduced in (3.6), we define the type {2, 2} tensor

Uαβγδ
ij := Uαβ

i Uγδ
j + Uαβ

j Uγδ
i . (3.20)

The tensor bP α1...αn

i1...is
of the main identity (2.60) is in this case 2P αβγδ

ij ≡
Uαβγδ

ij .
For this particular case, we find that off shell it is more convenient to work

with the Riemann instead of the Weyl tensor for describing the perturbations.
Note that the boost weight +2 component of the Riemann tensor is

Ω̃ij =
1
8
Uαβγδ

ijRαβγδ. (3.21)

The relationship with the corresponding Weyl component is

Ω̃ij = Ωij +
1

(d−2)
ωδij, (3.22)

where ω = Rαβℓ
αℓβ (we adopt the notation in [13] for the Ricci tensor com-

ponents on the GHP frame). We have:

Theorem 3.4. Consider gravitational perturbations of a d-dimensional Ein-
stein Kundt spacetime. Consider also the spin s = 2 modified Laplace-de
Rham operator (2.56). Then we have the following off shell equality:

− 1
8

d
dε
|ε=0

[
Uαβγδ

ij [(D2D
⋆ + D

⋆
2D)R]αβγδ

]
= �T (2,2)

˙̃
Ωij + Vij

kl ˙̃Ωkl (3.23)

where the generalized wave operator �T (2,2) is defined in (2.46), and the po-
tential Vij

kl on the right hand side is

Vij
kl :=2[2Φ− τmτm − 4Λ

(d−1)(d−2)
]δi

(kδj
l) + 4[ΦS

(i
(k + 4ΦA

(i
(k + (d−2)

2
τ(iτ

(k]δ
l)
j)

+
[
−2Φ(k

ij
l) − 2δijτ

kτ l + (−ΦS
ij +

2Λ
(d−1)(d−2)

δij − 2τiτj)δ
kl
]
. (3.24)

We will give a proof of this theorem in appendix B.1. If the linearized Ein-
stein equations Ġαβ+Λhαβ = 0 are satisfied, then the left hand side of (3.23)

is zero, and the linearized components
˙̃
Ωij and Ω̇ij coincide. Using the ex-

pressions for the generalized wave operator �T (2,2) and the potential Vij
kl given

above, the equation
�T (2,2)Ω̇ij + Vij

klΩ̇kl = 0 (3.25)

in terms of GHP derivatives is explicitly

[2þ′þ + ðkðk + ρ′þ − 6τkðk + 4Φ− 4(d+2)
(d−1)(d−2)

Λ]Ω̇ij

+ 4[τkð(i − τ(ið
k + ΦS

(i
k + 4ΦA

(i
k]Ω̇j)k + 2Φi

k
j
lΩ̇kl = 0. (3.26)

The decoupled equation that theorem (3.4) gives on shell is then equivalent
to the equation found in [14].
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Corollary 3.5. Consider gravitational perturbations of a d-dimensional Ein-
stein Kundt spacetime, and let hαβ = ġαβ. Define the following variant of
the tensor (3.20):

Ŭαβγδ
ij = Uαβγδ

ij − 2
(d−2)

δijℓ
αgβγℓδ. (3.27)

Then we have the off shell operator identity

SE [hαβ ] = OT [hαβ ], (3.28)

where the linear differential operators are defined by

S[Tαβ ] := −1
2
Ŭαβγǫ

ij(∇ǫ + 4γǫ)∇αTβγ, (3.29)

E [hαβ ] := Ġαβ [h] + Λhαβ, (3.30)

O[φij ] := �T (2,2)φij + Vij
klφkl, (3.31)

T [hαβ ] :=
1
8

d
dε
|ε=0(U

αβγδ
ijRαβγδ). (3.32)

Proof. The proof of this result is analogous to that in section 2.5 (see dis-
cussion around equation (2.66)), but replacing the Weyl tensor with the
Riemann tensor. Recalling the contracted form of the Bianchi identity, we
have ∇δRαβγδ = −2∇[αRβ]γ . We can write the Ricci tensor in terms of the
Einstein tensor in the form Rαβ = Gαβ +

1
(2−d)

gαβG (with G = gγδGγδ), then

the left hand side of the identity (3.23) takes the form

Uαβγǫ
ij(∇ǫ + 4γǫ)∇δRαβγδ = −2Uαβγǫ

ij(∇ǫ + 4γǫ)∇α[Gβγ +
1

(2−d)
gβγG]

= −2
[
Uαβγǫ

ij − 2
(2−d)

δijℓ
αℓǫgβγ

]
(∇ǫ + 4γǫ)∇αGβγ

= −2Ŭαβγǫ
ij(∇ǫ + 4γǫ)∇α(Gβγ + Λgβγ),

where in the second line we used the identity Uαβγǫ
ijgβγ = −2δijℓ

αℓǫ, while

in the third line we used the definition of the tensor Ŭαβγδ
ij , and the fact

that ∇α(Λgβγ) = 0 to add the cosmological constant term. Now, linearizing,
using (3.23) and the background Einstein equations (Gβγ + Λgβγ)|ε=0 = 0,
we get the result (3.28).

Note that, from the proof above, we see that the second term in the
definition (3.27) of Ŭαβγδ

ij is needed in order to get the Einstein tensor from
the identity (3.23).

As a corollary of the previous results, we can now construct, in a very
compact form, solutions of the linearized Einstein equation from solutions of
the d-dimensional Teukolsky equation:

28



Corollary 3.6. Let ψij be a type {−2, 2} GHP scalar field which is a solution
of the d-dimensional adjoint Teukolsky equation for spin s = 2,

�T (−2,2)ψij + ψklV
kl
ij = 0, (3.33)

on an Einstein Kundt spacetime. Then the tensor field

hαβ [ψ] = ∇γ [(∇δ − 4γδ)Ŭγ(αβ)δ
ijψij ] (3.34)

is a solution of the linearized Einstein equations, Ġαβ[h] + Λhαβ = 0.

Proof. Take the adjoint of the identity (3.28), use the fact that the linearized
Einstein operator is self-adjoint, E † = E , and recall the adjointness property
(2.62). Defining hαβ[ψ] = [S†(ψ)]αβ , the result follows.

We note that there are other reconstruction formulae known in the liter-
ature, see [20, 22].

4 Zero boost weight: static black holes

We consider d = (2+n)-dimensional spacetimes with a locally warped prod-
uct structure M̃ ×r2 K for some n-dimensional complete manifold K , that
is

gαβ(z)dz
αdzβ = g̃ab(x)dx

adxb + r2(x)ĝMN(y)dy
MdyN . (4.1)

Lowercase latin indices a, b, c, ... and tilded quantities refer to the orbit space
M̃ , while indices M,N, P... and hatted quantities refer to K . The orbit
space has covariant derivative ∇̃a, and volume form ǫ̃ab. The covariant deriva-
tive on K is ∇̂M , and the wave operator �̂ = ĝMN∇̂M∇̂N . The Christoffel
symbols are

Γd
ab = Γ̃d

ab, Γd
aM = 0, Γd

MN = −rrdĝMN , (4.2)

ΓM
ab = 0, ΓM

aN = ra
r
δMN , ΓP

MN = Γ̂P
MN , (4.3)

where ra := ∇ar. For the orbit space M̃ , we assume the form g̃ab(x)dx
adxb =

−f(r)dt2 + 1
f(r)

dr2, where the function f is given by f(r) = κ − 2M
rn−1 − λr2

for some constants κ, M and λ. The full spacetime is then Einstein

Rαβ = 2Λ
n
gαβ, Λ = n(n+1)

2
λ, (4.4)

provided that the n-dimensional manifold K is itself an Einstein space,
R̂MN = κ(n− 1)ĝMN . Furthermore, according to [8], in order for the space-
time to be (locally) asymptotically (anti-) de Sitter, the horizon must be

29



a constant curvature space (and not just an Einstein space). The horizon
topology is determined by the sign of κ; we can have elliptic (κ = +1), flat
(κ = 0) or hyperbolic horizons (κ = −1). For the Riemann curvature tensor,
we have the following nontrivial components:

Rabcd = k̃(g̃acg̃bd − g̃adg̃bc) (4.5)

RaMcN = −rracĝMN , (4.6)

RMNPQ = r2(κ− rara)(ĝMP ĝNQ − ĝMQĝNP ), (4.7)

where k̃ = −1
2
∂2rf and rab = ∇arb. The Weyl tensor can be obtained from

the above expressions taking into account that the full spacetime is Einstein.
Perturbations of the spacetime (4.1) have been studied in the literature using
a 2 + n decomposition of the perturbations, see e.g. [25, 23, 24].

We now define the frame {ℓα, nα, mα
i } in order to implement the GHP

formalism. We choose the null vectors ℓα and nα to be

ℓα∂α =
1√
2f

(∂t + f∂r), nα∂α =
1√
2f

(−∂t + f∂r), (4.8)

The spatial vectors mα
i are defined such that

ĝMN =
1

r2
δijm

i
Mm

j
N . (4.9)

The GHP spin coefficients associated to this frame are

ρij =
ρ
n
δij , ρ′ij =

ρ′

n
δij , τi = τ ′i = κi = κ′i = 0, (4.10)

where ρ = nℓara/r =
n
r
(f
2
)1/2 and ρ′ = nnara/r =

n
r
(f
2
)1/2. The 1-form (2.53)

then reduces to
γα = ρ′

n
ℓα + ρ

n
nα. (4.11)

For the Weyl tensor components, we find

Ωij = Ω′
ij = Ψijk = Ψ′

ijk = 0, (4.12)

therefore the spacetime is of algebraic type D; the only nontrivial components
are

Φ = −n(n− 1)M

rn+1
, (4.13)

Φij =
Φ

n
δij, (4.14)

Φijkl = − 2Φ

n(n− 1)
(δikδjl − δilδjk). (4.15)
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(Note that for n = 2, i.e. in four dimensions, we have Φ = 2Ψ2.) The Bianchi
identities reduce to

þΦ = − (n+1)
n

Φρ, ðkΦ = 0. (4.16)

This implies that the 1-form (4.11) can be rewritten as γα = Φ−q∇αΦ
q,

where q = −1/(n + 1) (note that this reduces to (2.7) in the 4-dimensional
case). For the calculations that follow, it is useful to note here the following
background identities:

þΦmq =m ρ
n
Φmq, m ∈ R, (4.17)

þ′ρ =− ρρ′

n
− Φ− 2Λ

n+1
. (4.18)

In the following sections we will study equations for boost weight zero
quantities. Note that in this case, in view of (4.10), the modified wave
operator (2.46) reduces to

�T (0,s) = �(0,s). (4.19)

4.1 Weighted conformal Killing fields

Similarly as was done in section 3.1 for the case of Kundt spacetimes, in this
section we want to show, for the case of the spacetime (4.1), the relation
between the modified covariant derivative Dα that produces the generalized
wave operator �T (b,s) = DαDα, and tensor fields that satisfy a conformal
Killing equation with respect to Dα.

The first result is that the WANDs of the spacetime (4.1) turn out to be
conformal Killing vectors with respect to Dα, analogously as in the Kundt
case:

Lemma 4.1. Let ℓα and nα be vector fields aligned to the WANDs of the
spacetime (4.1), and consider the modified covariant derivative (2.35). Then
k0α := ℓα and k1α := Φ2qnα, with q = −1/(n + 1), are conformal Killing
vectors with respect to Dα,

D(αk
I
β) = λIgαβ, I = 0, 1 (4.20)

where λ0 = ρ
n

and λ1 = ρ′

n
Φ2q.

Now we turn to weighted conformal Killing-Yano tensors.

Lemma 4.2. Consider the following type {0, 0} and type {0, 2} 2-forms on
the spacetime (4.1):

Zαβ :=2Φqℓ[αnβ], (4.21)

Yαβ
ij :=2Φqmi

[αm
j
β], (4.22)

where q = −1/(n+ 1). Then:
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1. Zαβ is an ordinary conformal Killing-Yano tensor,

∇(γZα)β = gαγξβ − gβ(γξα) (4.23)

where the divergence ξα := 1
n+1

∇βZβα is a Killing vector. (Of course,
∇α can be replaced by Dα in (4.23), since Zαβ is type {0, 0}.)

2. Yαβ
ij is a Killing-Yano tensor with respect to Dα:

D(αYβ)γ
ij = 0. (4.24)

The same remark at the end of section 3.1 applies here. Namely, in
the following sections we will find wave-like equations for ZαβFαβ , Y

αβ
ijFαβ

and ZαβY γδ
ijĊαβγδ in terms of the modified wave operator DαDα; and, once

more, the fact that Zαβ and Yαβ
ij are conformal Killing-Yano tensors with

respect to Dα implies that our results can be thought of as a weighted spin
reduction generalized to the higher dimensional spacetimes studied in the
present work.

4.2 Maxwell fields

In this section we prove the spin s = 1 and boost weight zero case of the
identity (2.60), for the case of the higher dimensional static black holes given
by (4.1).

Consider the weighted conformal Killing-Yano tensors (4.21) and (4.22).
The possible non-trivial contractions with a 2-form Fαβ are

ZαβFαβ = 2ΦqF, (4.25)

Y αβ
ijFαβ = 2ΦqFij (4.26)

(see table 4 in appendix A.2 for the definition of the Maxwell scalars). (4.25)
and (4.26) are the two (rescaled) boost weight zero components of a Maxwell
field.

We will now prove (2.60) for spin s = 1, boost weight b = 0, and spin
weight s = 0, in which case the tensor bP α1...αn

i1...is
is 0Pαβ ≡ Zαβ. We have

Theorem 4.1. Let Fαβ be an arbitrary 2-form on the (n + 2)-dimensional
spacetime (4.1), and consider the spin s = 1 modified Laplace-de Rham op-
erator (2.56) and the conformal Killing-Yano tensor (4.21). Then we have
the equality

− Zαβ[(D1D
⋆ + D

⋆
1D)F ]αβ = (�(0,0) + V +)[ZαβFαβ] (4.27)

where �(0,0) = � and the potential on the right hand side is given by

V + = −2(n−1)
n

[
Φ+ 2Λ

n+1

]
. (4.28)
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Note that for n = 2 (i.e. d = 4), the potential (4.28) reduces to

V + = −2Ψ2 − 2
3
Λ, for d = 4 (4.29)

which is in agreement with the 4-dimensional result (see eq. (2.9)).

Proof of theorem 4.1. Consider first the term Zαβ[D1D
⋆F ]αβ. It is not diffi-

cult to show that

−2Zβγ(∇γ + 2γγ)∇αFαβ =− 2(þ′ + ρ′

n
)[Φqℓβ∇αFαβ] + 2(þ + ρ

n
)[Φqnβ∇αFαβ]

=T 1[F ] + T 2[ϕ, ϕ′], (4.30)

where in the second line we have used (A.9) and introduced

T 1[F ] ≡2(þ′ + ρ′

n
)[Φq(þ + ρ)F ] + 2(þ + ρ

n
)[Φq(þ′ + ρ′)F ] (4.31)

T 2[ϕ, ϕ′] ≡2(þ′ + ρ′

n
)[Φqðkϕk]− 2(þ + ρ

n
)[Φqðkϕ′

k]. (4.32)

The other term, Zαβ[D⋆
1DF ]αβ , is easily shown to be

3Zαβ(∇γ + 2γγ)∇[γFαβ] =6ði[Φqℓαnβmγ
i ∇[γFαβ]]

≡T 3[F ] + T 4[ϕ, ϕ′], (4.33)

where

T 3[F ] =2ðkðk(Φ
qF ), (4.34)

T 4[ϕ, ϕ′] =2ðk[Φq(þ + ρ
n
)ϕ′

k]− 2ðk[Φq(þ′ + ρ′

n
)ϕk]. (4.35)

Using the background Bianchi identity (4.17) with m = 1, together with
the background commutator identities for [þ, ði], one immediately sees that
T 4[ϕ, ϕ′] = −T 2[ϕ, ϕ′], therefore these terms cancel each other. On the other
hand, using again (4.17), and the background Ricci identity (4.18), we see
that

T 1[F ] = 2(þ′ + ρ′)þ[ΦqF ] + 2(þ + ρ)þ′[ΦqF ]− 4(n−1)
n

(
Φ+ 2Λ

n+1

)
ΦqF. (4.36)

We then recognize that T 1[F ]+T 3[F ] = 2(�+V +)[ΦqF ], where V + is defined
in (4.28). Noting that ΦqF = 1

2
ZαβFαβ, the results (4.27) follows.

Corollary 4.2. Let Aα be an arbitrary 1-form on the (n + 2)-dimensional
spacetime (4.1). We have the operator equality

SE [Aα] = OT [Aα], (4.37)
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where the linear differential operators are defined by

S(Jβ) :=Zβγ(∇γ + 2γγ)Jβ, (4.38)

E(Aα) :=�Aβ −∇α∇βAα, (4.39)

O(φ) :=(�(0,0) + V +)φ, (4.40)

T (Aα) :=2Zαβ∇αAβ. (4.41)

Proof. Define the 2-form Fαβ = 2∇[αAβ]. Then D⋆
1DF = 0, and the identity

(4.37) follows from (4.27).

Corollary 4.3. Let ψ be a type {0, 0} GHP scalar field which is a solution
of the wave-like equation

(�(0,0) + V +)ψ = 0 (4.42)

on the spacetime (4.1). Then Fαβ(ψ) = 2∇[α[A(ψ)]β] is a solution of Maxwell
equations, where

[A(ψ)]α = (∇β − 2γβ)(Zαβψ). (4.43)

Consider now the identity (2.60) for spin s = 1, boost weight b = 0, and
spin weight s = 2. The tensor bP α1...αn

i1...is
is in this case 0P ij

αβ ≡ Yαβ
ij . We have:

Theorem 4.4. Let Fαβ be an arbitrary 2-form on the (n + 2)-dimensional
spacetime (4.1), and consider the spin s = 1 modified Laplace-de Rham oper-
ator (2.56) and the weighted Killing-Yano tensor (4.22). Then we have the
equality

− Y αβ
ij [(D1D

⋆ + D
⋆
1D)F ]αβ = (�(0,2) + V −)[Y αβ

ijFαβ ] (4.44)

where �(0,2) is defined in (2.36) and the potential on the right hand side is
given by

V − = 2(n−3)
n(n−1)

Φ− 4(n−1)
n(n+1)

Λ− 6(n−2)
n2 ρρ′. (4.45)

Similarly as in the previous case, note that for n = 2 (d = 4), �(0,2) equals
� and the potential (4.45) reduces to

V − = −2Ψ2 − 2
3
Λ, for d = 4 (4.46)

which reproduces the 4-dimensional result.

Proof of theorem 4.4. The proof goes along very similar lines as the one of
theorem 4.1, and it can be done following the same ideas (although the
calculations are a bit more tedious).
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Corollary 4.5. Let Aα be an arbitrary 1-form on the (n + 2)-dimensional
spacetime (4.1). We have the operator equality

SE [Aα] = OT [Aα], (4.47)

where the linear differential operators are defined by

S(Jβ) :=Y βγ
ij(∇γ + 2γγ)Jβ, (4.48)

E(Aα) :=�Aβ −∇α∇βAα, (4.49)

O(φ) :=(�(0,2) + V −)φij, (4.50)

T (Aα) :=2Y αβ
ij∇αAβ . (4.51)

Corollary 4.6. Let ψij be a type {0, 2} GHP scalar field which is a solution
of the wave-like equation

(�(0,2) + V −)ψij = 0 (4.52)

on the spacetime (4.1). Then Fαβ(ψ) = 2∇[α[A(ψ)]β] is a solution of Maxwell
equations, where

[A(ψ)]α = (∇β − 2γβ)(Yαβ
ijψij). (4.53)

4.3 Gravitational perturbations

An arbitrary symmetric tensor field hαβ = h(αβ) on the spacetime (4.1) can
be decomposed as

hαβdz
αdzβ = habdx

adxb + 2haMdx
adyM + hMNdy

MdyN . (4.54)

In the n+2 decomposition, each piece on the right hand side above is further
decomposed into scalar, vector and tensor parts with respect to K (see [24]):

hab = hs

ab, (4.55)

haM = ∇̂Mh
s

a + hv

aM , (4.56)

hMN = ht

MN + 2∇̂(Mh
v

N) + L̂MN (h
s

⊥) + ĝMNh
s

‖, (4.57)

where L̂MN = ∇̂M∇̂N − 1
n
ĝMN�̂. The tensor part of hαβ is ht

MN , its vector
part is {hv

aM , h
v

M}, and its scalar part is {hs

ab, h
s

a, h
s

⊥, h
s

‖}.
Consider the weighted conformal Killing-Yano tensors (4.22) and (4.21).

The possible contractions with the curvature tensor are

ZαβZγδCαβγδ =4Φ2q+1, (4.58)

ZαβY γδ
ijCαβγδ =8Φ2qΦA

ij , (4.59)

Y αβ
ijY

γδ
klCαβγδ =4Φ2qΦijkl. (4.60)
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We see that the only gauge invariant quantity is (4.59) (since in the back-
ground spacetime (4.1) we have ΦA

ij = 0), therefore we will focus on this
variable. Using the frame {ℓα, nα, mα

i } defined above, it is not difficult to
show that an off shell expression for Φ̇A

ij is

Φ̇A
ij =

1
2
ṘabMNℓ

anbmM
i m

N
j . (4.61)

(In deriving this equation, one uses background identities to see that it is
possible to replace the Weyl tensor by the Riemann tensor, and that all
terms containing perturbed frame vectors vanish.) In terms of an arbitrary
metric perturbation, it is tedious but straightforward to show that

ṘabMN = −2r2∂[M |∂[a

[
1

r2
hb]|N ]

]
. (4.62)

From this structure one easily sees that Φ̇A
ij is non-trivial only for vector

perturbations (see also [20]). This is in analogy to the 4-dimensional case,
since ΦA

ij is the higher dimensional analog of ImΨ2 and vector perturbations
correspond to the so-called odd sector in d = 4.

We define the type {0, 2} tensor

W αβγδ
ij := Y αβ

ijZ
γδ + ZαβY γδ

ij . (4.63)

This tensor has the symmetries W αβγδ
ij = W [αβ]γδ

ij = W αβ[γδ]
ij = W γδαβ

ij,
as well as being trace-free. The spin s = 2, boost weight b = 0 and spin weight
s = 2 version of the identity (2.60), for perturbations of the spacetime (4.1),
is the following:

Theorem 4.7. Consider gravitational perturbations of the (n+2)-dimensional
spacetime (4.1). Consider also the spin s = 2 modified Laplace-de Rham op-
erator (2.56). Then we have the off shell equality

− 1
16

d
dε
|ε=0

{
W αβγδ

ij[(D
⋆
2D + D2D

⋆)C]αβγδ
}
= (�(0,2) + V )[Φ2qΦ̇A

ij ] (4.64)

where the potential on the right hand side is

V = −2(n+2)
n

Φ− 4
n(n+1)

Λ + 2(n−2)
n2 ρρ′ (4.65)

and the generalized wave operator �(0,2) (or equivalently �T (0,2), in view of
(4.19)) was defined in (2.36).

We give a proof of this result in appendix B.2. Note that in the four di-
mensional case (n = 2), the generalized wave operator �(0,2) reduces to the
standard D’Alembertian �, and Φ = 2Ψ2, so the potential is

V = −8Ψ2 − 2
3
Λ for d = 4 (4.66)
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which gives the correct 4-dimensional limit (see eq. (2.12)). We also note
that, assuming that the linearized Einstein equations are satisfied (which
implies that the left hand side of (4.64) is zero), a similar equation for Φ̇A

ij

was found in [20].

Corollary 4.8. Consider gravitational perturbations of the (n+2)-dimensional
spacetime (4.1), and let hαβ = ġαβ. Then we have the off shell operator iden-
tity

SE [hαβ ] = OT [hαβ ], (4.67)

where the linear differential operators are defined by

S[Tαβ ] :=W αβγδ
ij(∇δ + 4γδ)∇αTβγ , (4.68)

E [hαβ] := Ġαβ [h] + Λhαβ, (4.69)

O[φij ] := −4(�(0,2) + V )φij, (4.70)

T [hαβ ] :=
1
8

d
dε
|ε=0(W

αβγδ
ijCαβγδ). (4.71)

Proof. Since the tensor W αβγδ
ij is trace-free, the result follows from equation

(4.64) and our general identity (2.66).

Corollary 4.9. Let ψij be a type {0, 2} GHP scalar field which is a solution
of the wave-like equation

(�(0,2) + V )ψij = 0 (4.72)

on the spacetime (4.1). Then the tensor field

hαβ [ψ] = ∇γ [(∇δ − 4γδ)Wγ(αβ)δ
ijψij ] (4.73)

is a solution of the linearized Einstein equations, Ġαβ[h] + Λhαβ = 0.

It is worth studying the n + 2 decomposition of (4.73). A lengthy and
tedious calculation using the explicit form of Wαβγδij , and the Christoffel
symbols (4.2), (4.3) of the background, gives

hab[ψ] = 0, (4.74)

haM [ψ] = 2ǫ̃a
b∇̃b∇̂N [Φ

2qmi
Mm

jNψij ], (4.75)

hMN [ψ] = 0. (4.76)

Consider for example the case in which ψij comes from a metric perturbation

h̊αβ , ψ̊ij := Φ2qΦ̇A
ij [̊h]. As we have seen, Φ̇A

ij is non-trivial only if h̊αβ is a
vector-type perturbation. In the Ishibashi and Kodama approach [23, 24, 25],
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a vector-type metric perturbation is written as h̊v

aM = ha(x)V̂M(y), where V̂M
are divergence-free vector harmonics on the Einstein space K :

(�̂+ k2v)V̂M = 0, ∇̂M V̂M = 0, (4.77)

with the eigenvalues k2v being non-negative. Using (4.61) and (4.62), it is not
difficult to show then that

Φ̇A
ij [̊h] = −1

2
FmM

i m
N
j ∇̂[M V̂N ], (4.78)

where
F := r2ǫ̃ab∇̃a(r

−2hb). (4.79)

Defining ψ̊ := −1
2
cΦ2qF = −1

2
c2r2F , with c = [−Mn(n − 1)]−2/(n+1), and

using (4.78) and R̂MN = (n− 1)κĝMN , we arrive at

haM [ψ̊] = mvǫ̃a
b∇̃bψ̊ V̂M , (4.80)

where mv := k2v − (n− 1)κ. Therefore we conclude that, as long as mv 6= 0,
metric perturbations generated in the form (4.73) by Φ̇A

ij are of vector-type.

5 Remarks on the 4-dimensional case

In this section we apply our results to the particular case of 4-dimensional
Einstein spacetimes of Petrov type D. As is well-known, the type D class
includes all the stationary, asymptotically flat vacuum black hole solutions,
as well as their cosmological counterparts. In what follows we will use 2-
spinor notation, together with the definitions of modified derivatives, wave
operators, tensors, etc. that were given in section 2.1. The metric signature
for this section is (+−−−).

5.1 Off shell identities

We would like to point out that the spin s modified de Rham operator (2.56)
introduced in section 2.4, is the same (using the appropriate 1-form (2.7))
that appears implicitly in the 4-dimensional case in the formulae in section
2.1, for the more general class of Einstein type D spacetimes. This can be
directly seen from our general identities (2.8)-(2.13) for the Maxwell and
gravitational systems. Consider for instance the gravitational case. If Pαβγδ

is any of the anti-self-dual tensors (2.4)-(2.6), using (for example) spinor
techniques it is straightforward to show that 3P αβγδ(∇ǫ + 4γǫ)∇[ǫCαβ]γδ =
2P αβγǫ(∇ǫ +4γǫ)∇δCαβγδ. Using the anti-self-dual property of Pαβγδ, that is
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1
2
ǫαβ

ǫλPǫλγδ = −iPαβγδ, it is also easy to see that we can replace the anti-self-

dual Weyl tensor in (2.11)-(2.13), C̃αβγδ, by the ordinary Weyl tensor, Cαβγδ.
Therefore

P αβγǫ(∇ǫ + 4γǫ)∇δC̃αβγδ = −1
4
P αβγδ[(D2D

⋆ + D
⋆
2D)C]αβγδ, (5.1)

and from (2.11)-(2.13) we conclude that, just as we have shown for the higher
dimensional spacetimes studied in the present work, in the 4-dimensional case
the projections of the spin s = 2 modified de Rham operator

[(D2D
⋆ + D

⋆
2D)C]αβγδ (5.2)

give, off shell, the wave-like scalar equations for the gravitational system.
Similarly, it is not difficult to show that

P βγ(∇γ + 2γγ)∇αF̃αβ = 1
4
P αβ[(D1D

⋆ + D
⋆
1D)F ]αβ, (5.3)

(where Pαβ is any of the 2-forms (2.3)) and then from formulae (2.8)-(2.10)
we deduce that the projections of the spin s = 1 modified de Rham operator

[(D1D
⋆ + D

⋆
1D)F ]αβ (5.4)

give, off shell, the decoupled equations for the Maxwell system in d = 4.
It is worth noting also that, in the 4-dimensional case, operators of the

kind of (2.54), (2.55) are currently being considered using SL(2,C)-spinor
techniques (see [2, 3]).

5.2 Weighted Killing spinors

Now we will give some relations between the covariant derivative in the gen-
eralized, 4-dimensional wave operator (2.2), and weighted Killing symmetries.
These relations will justify the name of weighted spin reduction that we have
been using.

A valence (m,n) Killing spinor is a totally symmetric spinor field L
A′

1...A
′

n

A1...Am
=

L
(A′

1...A
′

n)

(A1...Am) satisfying the twistor equation

∇(B′

(B L
A′

1....A
′

n)

A1...Am) = 0. (5.5)

Valence (1, 0) Killing spinors are known as twistors [28]. For higher valence,
the corresponding Killing spinors are related to different kind of Killing sym-
metries on the spacetime; for example, for valence (1, 1) they turn out to be
conformal Killing vectors (more generally, for valence (n, n) they are rank
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n conformal Killing tensors), and for valence (2, 0) they are associated to
conformal Killing-Yano 2-forms.

In addition to the close relation that Killing spinors have with differ-
ent kind of Killing symmetries, these objects are also useful for reducing the
higher spin field equations to the massless wave equation in Minkowski space-
time, a mechanism introduced by Penrose in [29] (see also [28, section 6.4]).
This “spin reduction process” implies that, if φA1...An

satisfies the massless
free field equation ∂A

′

1A1φA1...An
= 0, and LA1...An

is a valence (n, 0) Killing
spinor, then �(LA1...AnφA1...An

) = 0 on a flat spacetime.
Using the spinor version DA′A of the modified covariant derivative given

in (2.1), we can define valence (m,n) “weighted Killing spinors” with respect
to DA′A, as totally symmetric solutions of

D
(B′

(B L
A′

1....A
′

n)

A1...Am) = 0. (5.6)

Lemma 5.1. Consider a 4-dimensional Einstein spacetime of Petrov type D.
Let oA and ιA be spinor fields aligned to the principal null directions. Then
oA and Ψ

−1/3
2 ιA are valence (1, 0) weighted Killing spinors:

DB′(BoA) = 0, (5.7)

DB′(B[Ψ
−1/3
2 ιA)] = 0. (5.8)

It is easy to check that the product of weighted Killing spinors of valence
(r, 0) and (r′, 0) is again a weighted Killing spinor, of valence (r+ r′, 0). For
example, denoting oA1...An

= oA1 ...oAn
, ιA1...Am

= ιA1 ...ιAm
, we have

DB′(BoA1...An) = 0 (5.9)

DB′(B[Ψ
−m/3
2 ιA1...Am)] = 0, (5.10)

DB′(B[Ψ
−m/3
2 ιA1...Am

oAm+1...Am+n)] = 0. (5.11)

In particular, setting m = 1, n = 1, the spinor KAB := Ψ
−1/3
2 o(AιB) is of type

{0, 0}, then DA′A reduces to ∇A′A and we have

∇B′(BKAC) = 0, (5.12)

thus we recover the well-known ordinary Killing spinor of type D solutions,
in this case as a particular example of the more general weighted Killing
spinors.

Now consider the 4-dimensional identities (2.8)-(2.13). The discussion
that follows is more transparent if we think of these identities in their spino-
rial formulation, which can be found in the introduction in [4]. If the lin-
earized field equations are imposed (i.e. left hand side equal to zero), we
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get the generalized wave equations for rescaled components of the fields, in
terms of the modified wave operator �T p = DαDα, and it is evident that these
rescaled components are given by LA1...AnφA1...An

, where LA1...An is one of the
weighted Killing spinors (5.9)-(5.11) (and φA1...An

is the Dirac, Maxwell, or
Weyl curvature spinor). Therefore, the conclusion is that the identities (2.8)-
(2.13) (together with the identities (1.10) and (1.11) in [4], which are valid for
Dirac fields) can be thought of as a generalization of the spin reduction pro-
cess of Penrose in Minkowski to a weighted spin reduction for 4-dimensional
curved Einstein spacetimes of Petrov type D. The tensorial formulation of
these results (see below) gives then a justification for the name of “higher
dimensional weighted spin reduction” that we have been using throughout
this work.

For the tensor version of these weighted Killing spinors, we have the
following:

Lemma 5.2. Let ℓα and nα be vector fields aligned to the principal null direc-
tions of a 4-dimensional Einstein spacetime of Petrov type D. Then k0α = ℓα

and k1α = |Ψ2|−2/3nα are conformal Killing vectors with respect to Dα:

D(αk
I
β) = λIgαβ, I = 0, 1, (5.13)

where λ0 = − (ρ+ρ̄)
2

and λ1 = − (ρ+ρ̄)
2

|Ψ2|−2/3.

This implies that oAōA′ and |Ψ2|−2/3ιAῑA′ are valence (1, 1) weighted Killing

spinors. On the other hand, note that oAoB, Ψ
−1/3
2 o(AιB) and Ψ

−2/3
2 ιAιB are

valence (2, 0) weighted Killing spinors. Then:

Lemma 5.3. The complex 2-forms Z0
αβ := Uαβ, Z

1
αβ := Ψ

−1/3
2 Wαβ and

Z2
αβ := Ψ

−2/3
2 Vαβ are weighted conformal Killing-Yano tensors with respect

to Dα:

D(αZ
I
β)γ = gγ(αξ

I
β) − gαβξ

I
γ, I = 0, 1, 2, (5.14)

where ξIα = 1
3
DβZI

αβ.

6 Conclusions

A generalization to higher dimensions of the results in [4] for linear operators
on algebraically special backgrounds is given. One of the main obstructions
to obtain this generalization is the extensive use in [4] of spinorial methods
which, although powerful in four dimensions, are not particularly well suited
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to our purposes when working in higher dimensions. Instead, we have made
extensive use of the generalized GHP formalism and interpreted some of its
operators in terms of newly introduced covariant derivatives on GHP related
fiber bundles. As was shown in [13], decoupling in d > 4 is much more
restrictive than in d = 4, and, although our methods are quite general, they
give decoupled equations in special backgrounds to which we restricted, such
as the Kundt class and static black holes.

In [4], for the class of 4-dimensional Einstein spacetimes of Petrov type D,
a general pattern is given of operator identities between spinor/tensor field
equations and scalar weighted (Teukolsky-like) equations, which is summa-
rized in our formula (1.1) in the present work. The left hand side of (1.1)
involves the projection on a principal null frame of a spinor operator applied
to a spin-s field, while the right hand side uses a family of weighted wave
operators introduced in [1, 6]. In the present work we generalize each side
of (1.1) in a somewhat different way, and the required connection is given in
the main identity (2.60).

For the generalization of the right hand side of (1.1), we modified the
d-dimensional GHP covariant derivative by the addition of a particular go-
valued 1-form, where go = R⊕so(d−2) is the Lie algebra of the GHP group,
and we showed that the higher dimensional Teukolsky and related equations
adopt a wave-like form in terms of the weighted wave operator associated to
the modified connection, as it was shown to happen in the 4-dimensional case
in [6]. The adjointness property of the higher dimensional Teukolsky system
becomes transparent in these terms, as can be seen from equation (2.62).

For the generalization of the left hand side of (1.1), it is crucial to un-
derstand the tensorial structure of the operators involved, in a manner inde-
pendent of the spacetime dimension. This is non-trivial since 4-dimensional
spinor methods make extensive use of Hodge duality to work with (anti)-self-
dual objects, something that is not available in arbitrary dimensions. To this
end, we introduced modified covariant exterior derivative and codifferential
operators for tensor-valued differential forms, adding a particular (ordinary)
1-form γ. Composing these operators with the standard ones, we constructed
a generalized “modified Laplace-de Rham operator”,

DsD
⋆ + D

⋆
s D = (D + 2sγ∧)D† + (D† + 2sγ#y)D ,

and we showed that, for the algebraically special spacetimes considered in this
work, appropriate projections of this operator lead to the higher dimensional
scalar, weighted wave equations, without assuming that the linearized field
equations are satisfied. The result is then formula (2.60), which is the higher
dimensional generalization of (1.1).
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Since our results hold off shell, we find operator identities that enable us
to apply the adjoint operator method introduced by Wald in [33] to produce
solutions of higher spin linear field equations from solutions of wave-like scalar
equations. Wald’s technique requires, however, that some of the involved
operators be self-adjoint, whereas the identities we first found do not satisfy
this requirement. For the spin 1 Maxwell case we solved this problem by
introducing a vector potential, in terms of which the Maxwell operator is
self-adjoint (see corollaries 3.2, 4.2 and 4.5). For linearized gravity we used
the Bianchi identities to recast our results in terms of the linearized Einstein
operator, which is also self-adjoint (see corollaries 3.5 and 4.8). This allowed
to apply Wald’s method to generate solutions of the Maxwell and linearized
gravitational field equations, in a very compact form, from solutions of scalar,
weighted wave equations. It is worth noting that all the equations involve the
same modified Laplace-de Rham operator, therefore all of the reconstruction
formulae, (3.19), (3.34), (4.43), (4.53), (4.73), follow a general symmetry
pattern. Further applications of our off shell identities are the construction
of symmetry operators for the Maxwell and linearized Einstein equations, as
well as for the scalar weighted wave equations.

We have also given relations between the modified covariant derivatives
Dα that produce the higher dimensional weighted wave operators �T (b,s), and
tensor fields associated to different kind of Killing symmetries with respect
to Dα. More specifically, we showed that the (appropriately rescaled) null
vector fields aligned to the WANDs of the algebraically special spacetimes
considered in this work, turn out to be conformal Killing vectors with respect
to Dα. We have also shown that the “projection” tensors in the main identity
(2.60) are made out of conformal Killing-Yano tensors with respect to Dα.

Finally, we applied the results of this work to the case of 4-dimensional
Einstein spacetimes of Petrov type D, complementing the results in [4]. More
precisely, we showed that the tensorial structure of the spinorial operator in
the right hand side of (1.1) corresponds to a modified Laplace-de Rham op-
erator acting on tensor-valued differential forms, as happens for the higher
dimensional case. We also showed that the “projection” spinor in (1.1) (that
is bPA1...A2s) turns out to be a weighted Killing spinor with respect to the
(4-dimensional) modified connection Dα, which is made out of “weighted
twistors” (see lemma 5.1). This allows to interpret our results as a general-
ization of Penrose’s spin reduction in a 4-dimensional flat spacetime (intro-
duced in [29]), to a weighted spin reduction valid for 4-dimensional curved,
Einstein spacetimes of Petrov type D, as well as for the higher dimensional
algebraically special spacetimes considered in this work. Further applications
of these weighted Killing objects and the underlying connection are currently
under investigation [5].
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A Additional identities

A.1 Vielbein derivatives

The weighted directional derivatives of the vielbein vectors are

þℓα = κimα
i , þnα = τ ′imα

i , þmα
i = −τ ′iℓα − κin

α, (A.1)

þ′ℓα = τ imα
i , þ′nα = κ′imα

i , þ′mα
i = −κ′iℓα − τin

α, (A.2)

ðiℓ
α = ρkim

α
k , ðin

α = ρ′kim
α
k , ðim

α
j = −ρ′jiℓα − ρjin

α; (A.3)

and their divergence is

Θαℓ
α = ρ, (A.4)

Θαn
α = ρ′, (A.5)

Θαm
α
i = −τi − τ ′i . (A.6)

A.2 Maxwell fields

An arbitrary 2-form Fαβ can be expanded in the frame {eaα} as

Fαβ = 2Fn[αℓβ] + 2ϕin[αm
i
β] + 2ϕ′

iℓ[αm
i
β] + Fijm

i
[αm

j
β], (A.7)

where we have defined the components in table 4.

Component boost b spin s

ϕi := F0i = Fαβℓ
αmβ

i 1 1
F := F01 = Fαβℓ

αnβ 0 0

Fij := Fαβm
α
i m

β
j 0 2

ϕ′
i := F1i = Fαβn

αmβ
i −1 1

Table 4: Definition of GHP Maxwell scalars.
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Maxwell equations are

∇αFαβ = 0, ∇[γFαβ] = 0. (A.8)

Projecting the expression ∇αFαβ in the frame {eαa}, we get:

∇αFαβ =[−(þ + ρ)F − (ði − τ ′i)ϕi − κiϕ
′
i + ρijFij]nβ

+ [(þ′ + ρ′)F − (ði − τ i)ϕ′
i − κ′iϕi + ρ′ijFij ]ℓβ

+ [(þ′ + ρ′)ϕi + (þ + ρ)ϕ′
i − ρ′i

jϕj − ρi
jϕ′

j

+ (ðj − τ j − τ ′j)Fji + (τi − τ ′i)F ]m
i
β. (A.9)

Therefore, the first equation in (A.8) is equivalent to setting to zero all the
terms between square brackets above independently. As for ∇[αFβγ], we have
the expansion

∇[αFβγ] = Ain[αℓβm
i
γ]+Bijℓ[αm

i
βm

j
γ]+Cijn[αm

i
βm

j
γ]+Dijkm

i
[αm

j
βm

k
γ], (A.10)

where the coefficients Ai, Bij = B[ij], Cij = C[ij] and Dijk = D[ijk] are given
by

Ai = 2[(ði − τi − τ ′i)F − þ′ϕi − ρ′j iϕj + þϕ′
i + ρj iϕ

′
j + (τ j − τ ′j)Fji] (A.11)

Bij = −2ð[iϕj] + þFij + 2τ ′[iϕj] − 2Fk[iρ
k
j] + 2κ[iϕ

′
j] + 2ρ[ij]F (A.12)

Cij = −2ð[iϕ
′
j] + þ′Fij + 2τ[iϕ

′
j] − 2Fk[iρ

′k
j] + 2κ′[iϕj] − 2ρ′[ij]F (A.13)

Dijk = ð[kFij] − 2ϕ[iρ
′
jk] − 2ϕ′

[iρjk]. (A.14)

The second Maxwell equation in (A.8) is again equivalent to setting to zero
all the previous components independently.

A.3 Bianchi identity components

In the proofs of theorems 3.4 and 4.7, we will need some frame components
of ∇[ǫRαβ]γδ, ∇[ǫCαβ]γδ, and their contracted forms. Of course, ∇[ǫRαβ]γδ is
identically zero independently of any field equations, but we will not need
this fact in the proofs. Below we give the identities needed, that are valid
for an arbitrary spacetime.

For the proof of theorem 3.4, we need the following components:

3ℓαmβ
(iℓ

γmδ
j)n

ǫ∇[ǫRαβ]γδ =þ′Ω̃ij + ρ′k(iΩ̃j)k − þΦ̃S
ij − ρk(iΦ̃j)k − ρ(ij)Φ̃

− 2ρk(iΦ̃
A
j)k − (ð(i − 2τ(i − τ ′(i)Ψ̃j) + 2τkΨ̃(ij)k

− τ ′kΨ̃(ij)k + κ(iΨ̃
′
j) − κkΨ̃′

(ij)k, (A.15)
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3ℓαmβ
(iℓ

γmδ
j)m

ǫ
k∇[ǫRαβ]γδ =(ðk − τ ′k)Ω̃ij − (ð(i − τ ′(i)Ω̃j)k + þΨ̃(ij)k

+ 2ρlkΨ̃(ij)l − ρl(iΨ̃|k|j)l − ρl(iΨ̃j)kl

+ 2Ψ̃(iρj)k − Ψ̃kρ(ij) − ρk(iΨ̃j) + κ(iΦ̃j)k

− κkΦ̃
S
ij − κlΦ̃k(ij)

l + 2κ(iΦ̃
A
j)k. (A.16)

We also need the following contracted components:

ℓαmβ
j ℓ

γ∇δRαβγδ =þΨ̃j + ρj
kΨ̃k + ρΨ̃j + (ðk − τ ′k)Ω̃jk

− ρlkΨ̃klj − ρlkΨ̃jlk + 2κkΦ̃A
jk + κjΦ̃ + κkΦ̃jk (A.17)

ℓαmβ
(im

γ
j)∇δRαβγδ =− (þ + ρ′)Ω̃ij − (þ + ρ)Φ̃S

ij + (ðk − τ ′k)Ψ̃(ij)k

+ ρ′(i
kΩ̃j)k + ρ(i

kΦ̃j)k + 2ρ(i
kΦ̃A

j)k − ρklΦ̃k(ij)l

− 2τkΨ̃(ij)k + τ ′(iΨ̃j) − 2τ(iΨ̃j) − κkΨ̃′
(ij)k + κ(iΨ̃

′
j)

(A.18)

Theorem 4.7 uses the Weyl tensor instead; we will need the following
components of ∇[ǫCαβ]γδ:

3mα
i m

β
j l

γnδnǫ∇[ǫCαβ]γδ = 2þ′ΦA
ij + 2κ′[iΨj] − 2τ[iΨ

′
j] + τkΨ′

kij − κ′kΨkij

+ 2ð[iΨ
′
j] − 4ρ′k [iΦ

A
j]k + 2ρ′[ji]Φ− 2ρk [iΩ

′
j]k − 2Φk[iρ

′k
j], (A.19)

3mα
i m

β
j l

γnδℓǫ∇[ǫCαβ]γδ = −(3mα
i m

β
j l

γnδnǫ∇[ǫCαβ]γδ)
′, (A.20)

3ℓαnβmγ
im

δ
jm

ǫ
k∇[ǫCαβ]γδ =2ðkΦ

A
ij + ρlkΨ

′
lij − ρ′lkΨlij − 2Ψ[iρ

′
j]k + 2Ψ′

[iρj]k

+ þΨ′
kij − þ′Ψkij − 2(τk + τ ′k)Φ

A
ij + (τ ′l − τ l)Φklij

+ 2Φk[iτj] − 2τ ′[jΦi]k + Ωk[iκ
′
j] − Ω′

k[iκj], (A.21)

3mα
i m

β
j l

γnδmǫ
k∇[ǫCαβ]γδ =6ð[kΦ

A
ij] + 6Ψ[jρ

′
ik] − 6Ψ′

[jρik]

+ 6ρl[kΨ
′
|l|ij] − 6ρ′l [kΨ|l|ij], (A.22)

3ℓαnβℓγmδ
[jm

ǫ
i]∇[ǫCαβ]γδ = −1

2
3mα

i m
β
j l

γnδℓǫ∇[ǫCαβ]γδ, (A.23)

3ℓαnβnγmδ
[jm

ǫ
i]∇[ǫCαβ]γδ = −(3ℓαnβℓγmδ

[jm
ǫ
i]∇[ǫCαβ]γδ)

′, (A.24)

and the contracted components:

mα
i m

β
j ℓ

γ∇δCαβγδ =2þΦA
ij + ðkΨkij + 2ρ′[i

kΩj]k + 2Φk[jρi]
k − ρklΦijkl

+ 2ρΦA
ij + 2τ ′[iΨj] − 2κ[iΨ

′
j] + κkΨ′

kij − τ ′kΨkij (A.25)
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mα
i m

β
j n

γ∇δCαβγδ = (mα
i m

β
j ℓ

γ∇δCαβγδ)
′ (A.26)

ℓαnβmγ
i∇δCαβγδ =2(ðk − τ ′k − τk)ΦA

ik + (þ + ρ)Ψ′
i − (þ′ + ρ′)Ψi

+ τ ′kΦki − τkΦik + (τ ′i − τi)Φ + ρklΨ′
kil − ρ′klΨkil

+ ρ′i
kΨk − ρi

kΨ′
k − κkΩ′

ki + κ′kΩki (A.27)

mα
[in

βmγ
j]∇δCαβγδ = −(þ′ + ρ′)ΦA

ij − ðkΨ′
[ij]k + 2ρ′[i

kΦA
j]k − Φk[iρ

′
j]
k

− ρ′klΦ[i
k
j]
l + Ω′

k[iρj]
k − κ′[iΨj] −Ψ′

[iτj] − κ′kΨ[ij]k + τkΨ′
[ij]k (A.28)

ℓαmβ
[im

γ
j]∇δCαβγδ = −(mα

[in
βmγ

j]∇δCαβγδ)
′. (A.29)

B Details of the proofs

In this appendix we give the proofs of theorems 3.4 and 4.7 concerning grav-
itational perturbations.

B.1 Proof of theorem 3.4

Calculation of Uαβγδ
ij(DsD

⋆R)αβγδ

Taking into account that in the background spacetime we have ρij |ε=0 = 0,
κi|ε=0 = 0 and (∇δRαβγδ)|ε=0 = 0, one can show that

1
8

d
dε
|ε=0

[
2Uαβγǫ

ij(∇ǫ + 4γǫ)∇δRαβγδ

]
= (ð(i − 4τ(i − τ ′(i)Ṡ

1
j) − þṠ2

ij (B.1)

where

S1
j =ℓαmβ

j ℓ
γ∇δRαβγδ, (B.2)

S2
ij =ℓ

αmβ
(im

γ
j)∇δRαβγδ. (B.3)

These components are given in (A.17) and (A.18). Linearizing around a
Kundt spacetime, we get

Ṡ1
j =þ

˙̃
Ψj + (ðk − τ ′k)

˙̃
Ωjk + 2Φ̃A

j
kκ̇k + Φ̃κ̇j (B.4)

Ṡ2
ij =− (þ′ + ρ′)

˙̃
Ωij − þ̇Φ̃S

ij − þ
˙̃
ΦS

ij − ρ̇Φ̃S
ij + (ðk − 2τk − τ ′k)

˙̃
Ψ(ij)k

+ ρ′(i
k ˙̃Ωj)k + Φ̃(j

kρ̇i)k + 2Φ̃A
(j
kρ̇i)k − ρ̇klΦ̃

k
(ij)

l + (τ ′(i − 2τ(i)
˙̃
Ψj)

− κ̇kΨ̃
′
(ij)

k + κ̇(iΨ̃
′
j). (B.5)
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Replacing these expressions in (B.1):

d
dε
|ε=0

[
2Uαβγǫ

ij(∇ǫ + 4γǫ)∇δRαβγδ

]

≡ T 1
ij [

˙̃
Ω] + T 2

ij[
˙̃
Ψi] + T 3

ij[
˙̃
Ψijk] + T 4

ij[
˙̃
ΦS] + T 5

ij [κ̇] + T 6
ij [ρ̇, κ̇], (B.6)

where we have defined

T 1
ij [

˙̃
Ω] =8[þþ′ ˙̃Ωij + ρ′þ

˙̃
Ωij + (þρ′)

˙̃
Ωij − þ(ρ′(i

k ˙̃Ωj)k)]

+ 8(ð(i − 4τ(i − τ ′(i)(ð
k − τ ′k)

˙̃
Ωj)k, (B.7)

T 2
ij [

˙̃
Ψi] =8(ð(i − 4τ(i − τ ′(i)þ

˙̃
Ψj) − 8þ[(τ ′(i − 2τ(i)

˙̃
Ψj)], (B.8)

T 3
ij [

˙̃
Ψijk] =− 8þ[(ðk − 2τk − τ ′k)

˙̃
Ψ(ij)k], (B.9)

T 4
ij [

˙̃
ΦS] =8þ

[
þ̇Φ̃S

ij + þ
˙̃
ΦS

ij

]
, (B.10)

T 5
ij [κ̇] =8þ

[
κ̇kΨ̃

′
(ij)

k − κ̇(iΨ̃
′
j)

]
, (B.11)

T 6
ij [ρ̇, κ̇] =8(ð(i − 4τ(i − τ ′(i)(2Φ̃

A
j)
kκ̇+ Φ̃j)

kκ̇k + Φ̃κ̇j))

− 8þ
[
−Φ̃S

ij ρ̇+ Φ̃(j
kρ̇i)k + 2Φ̃A

(i
kρ̇j)k − ρ̇klΦ̃

k
(ij)

l
]
. (B.12)

Calculation of Uαβγδ
ij(D

⋆
s DR)αβγδ

In the same way as before, it is not difficult to show that

1
8

d
dε
|ε=0

[
3Uαβγδ

ij(∇ǫ + 4γǫ)∇[ǫRαβ]γδ

]
= þṠ3

ij + (ðk − 4τk − τ ′k)Ṡ1
ijk (B.13)

where

S3
ij =3ℓαmβ

(iℓ
γmδ

j)n
ǫ∇[ǫRαβ]γδ, (B.14)

S4
ijk =3ℓαmβ

(iℓ
γmδ

j)m
ǫ
k∇[ǫRαβ]γδ. (B.15)

The GHP expression of these components is given in (A.15), (A.16). The
linearization gives

Ṡ3
ij =þ′ ˙̃Ωij + ρ′k(i

˙̃
Ωj)k − þ̇Φ̃S

ij − þ
˙̃
ΦS

ij − ρ̇k(iΦ̃j)k − ρ̇(ij)Φ̃− 2ρ̇k(iΦ̃
A
j)k

− (ð(i − 2τ(i − τ ′(i)
˙̃
Ψj) + 2τk

˙̃
Ψ(ij)k − τ ′k

˙̃
Ψ(ij)k + κ̇(iΨ̃

′
j) − κ̇kΨ̃′

(ij)k,

(B.16)

Ṡ4
ijk =(ðk − τ ′k)

˙̃
Ωij − (ð(i − τ ′(i)

˙̃
Ωj)k + þ

˙̃
Ψ(ij)k + κ̇(iΦ̃j)k − κ̇kΦ̃

S
ij

− κ̇lΦ̃k(ij)
l + 2κ̇(iΦ̃

A
j)k. (B.17)
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Therefore, we get

d
dε
|ε=0

[
3Uαβγδ

ij(∇ǫ + 4γǫ)∇[ǫRαβ]γδ

]

≡ T 7
ij [

˙̃
Ω] + T 8

ij[
˙̃
Ψi] + T 9

ij [
˙̃
Ψijk] + T 10

ij [
˙̃
ΦS] + T 11

ij [κ̇] + T 12
ij [ρ̇, κ̇], (B.18)

where

T 7
ij[

˙̃
Ω] =8[þþ′ ˙̃Ωij + þ(ρ′k(i

˙̃
Ωj)k)] + 8(ðk − 4τk − τ ′k)(ðk − τ ′k)

˙̃
Ωij

− 8(ðk − 4τk − τ ′k)(ð(i − τ ′(i)
˙̃
Ωj)k (B.19)

T 8
ij [

˙̃
Ψi] =− 8þ[(ð(i − 2τ(i − τ ′(i)

˙̃
Ψj)], (B.20)

T 9
ij [

˙̃
Ψijk] =8þ[(2τk − τ ′k)

˙̃
Ψ(ij)k] + 8(ðk − 4τk − τ ′k)þ

˙̃
Ψ(ij)k, (B.21)

T 10
ij [

˙̃
ΦS] =− 8þ

[
þ̇Φ̃S

ij + þ
˙̃
ΦS

ij

]
, (B.22)

T 11
ij [κ̇] =8þ

[
−κ̇kΨ̃′

(ij)
k + κ̇(iΨ̃

′
j)

]
, (B.23)

T 12
ij [ρ̇, κ̇] =8(ðk − 4τk − τ ′k)

[
κ̇(iΦ̃j)k + 2κ̇(iΦ̃

A
j)k − κ̇kΦ̃

S
ij − κ̇lΦ̃k(ij)

l
]

− 8þ
[
ρ̇k(iΦ̃j)

k + 2ρ̇k(iΦ̃
A
j)
k + ρ̇(ij)Φ̃

]
. (B.24)

Final step

Now with all the expressions for T r
ij , r = 1, ..., 12, we can put together (B.18)

and (B.6). Using the background identity (3.2) and the commutation relation
for [þ, ði], one obtains at once

T 2
ij + T 8

ij = 0, (B.25)

T 3
ij + T 9

ij = 0, (B.26)

T 4
ij + T 10

ij = 0, (B.27)

T 5
ij + T 11

ij = 0. (B.28)

For the term T 1
ij + T 7

ij , we have to use the following background identities:

þρ′ − ðkτ ′k =− τ ′kτ ′k − Φ− 2Λ
d−1

, (B.29)

−2ð[iτ
′
k] =− 2ΦA

ik − þρ′ki + þρ′ik, (B.30)

[ð(i, ð
k]
˙̃
Ωj)k =ρ

′
(i
kþ

˙̃
Ωj)k − ρ′k(iþ

˙̃
Ωj)k + 4ΦA

(i
k ˙̃Ωj)k − Φk

ij
l ˙̃Ωkl

+ 2ΦS
(i
k ˙̃Ωj)k − 2Λ

(d−1)

[
˙̃
Ωij −

˙̃
Ω

(d−2)
δij

]
(B.31)
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where
˙̃
Ω = δij

˙̃
Ωij (observe that this is different from zero since it is the

Riemann –not Weyl– component). Using also the identity for the commutator
[þ, þ′], we get

1
8
(T 1

ij + T 7
ij) =2þ′þ

˙̃
Ωij + ðkðk

˙̃
Ωij + ρ′þ

˙̃
Ωij − 6τkðk

˙̃
Ωij − 4τ(ið

k ˙̃Ωj)k + 4τkð(i
˙̃
Ωj)k

+ 2
[
ΦS

(i
k + 5ΦA

(i
k
] ˙̃
Ωj)k +

[
3Φ− 4(d+2)Λ

(d−1)(d−2)

]
˙̃
Ωij

+
[
−Φk

ij
l + 2Λ

(d−1)(d−2)
δijδ

kl
]
˙̃
Ωkl. (B.32)

The only terms remaining are those with perturbed spin coefficients, which
can be conveniently rearranged as

1
8
(T 6

ij + T 12
ij ) =2(ð(i − 4τ(i − τ ′(i)[Φ̃

A
j)
kκ̇k]− 2þ[ρ̇k(iΦ̃

A
j)
k]

+ (ð(i − 4τ(i − τ ′(i)[Φ̃κj)]− þ[ρ̇(ij)Φ̃]

+ (ð(i − 4τ(i − τ ′(i)[Φ̃j)
kκ̇k]− þ[ρ̇k(iΦ̃j)

k]

+ (ðk − 4τk − τ ′k)[κ̇(iΦ̃j)k]− þ[Φ̃(i
kρ̇j)k]

− (ðk − 4τk − τ ′k)[κ̇kΦ̃
S
ij ] + þ[ρ̇Φ̃S

ij ]

− (ðk − 4τk − τ ′k)[κ̇lΦ̃k(ij)
l] + þ[ρ̇klΦ̃

k
ij
l]

+ 2(ðk − 4τk − τ ′k)[κ̇(jΦ̃
A
i)k]− 2þ[Φ̃A

i
kρ̇j)k].

Each line in this equation can be dealt with using the perturbed Ricci identity

ðiκ̇j − þρ̇ji = κ̇jτ
′
i + τj κ̇i +

˙̃
Ωji. (B.33)

After a tedious calculation, the perturbed coefficient ρ̇ij cancels everywhere
and we get

1
8
(T 6

ij+T
12
ij ) = 2Φ̃(i

k ˙̃Ωj)k+4Φ̃A
(i
k ˙̃Ωj)k−Φ̃k

ij
l ˙̃Ωkl+Φ̃

˙̃
Ωij−Φ̃S

ij
˙̃
Ω+ κ̇kαij

k+ κ̇(iβj),

where αij
k and βj are defined by

αij
k :=ð(iΦ̃j)

k − 3τ(iΦ̃j)
k + 3τ lΦ̃l(ij)

k − ðkΦ̃S
ij + 3τkΦ̃S

ij + 2ð(iΦ̃
A
j)
k

− 6τ(iΦ̃
A
j)
k − ðlΦ̃l(ij)

k,

βj :=ðkΦ̃jk + ðjΦ̃ + 2ðkΦ̃A
jk − 3τjΦ̃− 3τkΦ̃jk − 6τkΦ̃A

jk.

To deal with these terms, we use the following background Bianchi identities:

0 =ðjΦ̃ik − ðkΦ̃ij + Φ̃ijτk − Φ̃ikτj − 2Φ̃A
jkτi + Φ̃kjilτ

l, (B.34)

0 =ðkΦ̃ijlm + ðmΦ̃ijkl + ðlΦ̃ijmk. (B.35)
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One can then show that αij
k ≡ 0, and βk = −δijαijk ≡ 0. Finally, replacing

the background Riemann components with the Weyl components, the result
is

− 1
8

d
dε
|ε=0

{
Uαβγδ

ij [(DsD
⋆ + D

⋆
2D)R]αβγδ

}

=2þ′þ
˙̃
Ωij + ðkðk

˙̃
Ωij + ρ′þ

˙̃
Ωij − 6τkðk

˙̃
Ωij − 4τ(ið

k ˙̃Ωj)k + 4τkð(i
˙̃
Ωj)k

+ 4
[
ΦS

(i
k + 4ΦA

(i
k
] ˙̃
Ωj)k + 4

[
Φ− (d+2)Λ

(d−1)(d−2)

]
˙̃
Ωij

+
[
−2Φk

ij
l +

(
−ΦS

ij +
2Λ

(d−1)(d−2)
δij

)
δkl

]
˙̃
Ωkl. (B.36)

B.2 Proof of theorem 4.7

Calculation of W αβγδ
ij(DsD

⋆C)αβγδ

Consider first the linearization of the term W αβγδ
ij(DsD

⋆C)αβγδ. Using the
fact that (D⋆C)αβγ |ε=0 = 0, we can evaluate the operator W αβγδ

ijDs on the
background. One can then show that

d
dε
|ε=0

[
2W αβγǫ

ij(∇ǫ + 4γǫ)∇δCαβγδ

]
=

4(þ′ + 2ρ′

n
)[Φ2qṠ1

ij]− 4(þ + 2ρ
n
)[Φ2qṠ2

ij] + 8ð[j[Φ
2qṠ3

i]]− 8ρ
n
Φ2qṠ4

ij − 8ρ′

n
Φ2qṠ5

ij,

(B.37)

where we have defined

S1
ij =m

α
i m

β
j ℓ

γ∇δCαβγδ (B.38)

S2
ij =m

α
i m

β
j n

γ∇δCαβγδ (B.39)

S3
i =ℓαnβmγ

i∇δCαβγδ (B.40)

S4
ij =m

α
[jn

βmγ
i]∇δCαβγδ (B.41)

S5
ij =ℓ

αmβ
[jm

γ
i]∇δCαβγδ. (B.42)

These components are explicitly given in (A.25)-(A.29). For their lineariza-
tion, we find:

Ṡ1
ij =2(þ + (1 + 1

n
)ρ)Φ̇A

ij + ðkΨ̇kij +
2(n+1)
n(n−1)

Φρ̇[ij], (B.43)

Ṡ2
ij =(Ṡ1

ij)
′, (B.44)

Ṡ3
ij =2ðkΦ̇A

ik + (þ + ρ)Ψ̇′
i − (þ′ + ρ′)Ψ̇i +

(n+1)
n

Φ(τ̇ ′i − τ̇i), (B.45)

Ṡ4
ij =

1
2
Ṡ2
ij , (B.46)

Ṡ5
ij =− 1

2
Ṡ1
ij (B.47)
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(where we have used that Ψ[ij]k = −1
2
Ψkij). Replacing in (B.37), we get:

d
dε
|ε=0

[
2W αβγǫ

ij(∇ǫ + 4γǫ)∇δCαβγδ

]
≡

T 1
ij [Φ̇

A] + T 2
ij [Ψ̇i, Ψ̇

′
i] + T 3

ij[Ψ̇ijk, Ψ̇
′
ijk] + T 4

ij [ρ̇, ρ̇
′, τ̇ , τ̇ ′], (B.48)

where

T 1
ij[Φ̇

A] =16ð[jð
k[Φ2qΦ̇A

i]k] + 8(þ + ρ
n
)[Φ2q(þ′ + (1 + 1

n
)ρ′)Φ̇A

ij ]

+ 8(þ′ + ρ′

n
)[Φ2q(þ + (1 + 1

n
)ρ)Φ̇A

ij ] (B.49)

T 2
ij [Ψ̇i, Ψ̇

′
i] =8Φ2q

[
−ð[i(þ + ρ)Ψ̇′

j] + ð[i(þ
′ + ρ′)Ψ̇j]

]
, (B.50)

T 3
ij[Ψ̇ijk, Ψ̇

′
ijk] =4Φ2q

[
−(þ + 3ρ

n
)ðkΨ̇′

kij + (þ′ + 3ρ′

n
)ðkΨ̇kij

]
, (B.51)

T 4
ij [ρ̇, ρ̇

′, τ̇ , τ̇ ′] =8(n+1)
n

Φ2q+1
[
−ð[iτ̇

′
j] + ð[iτ̇j] − 1

n

(
n−2
n−1

)
(ρ′ρ̇[ij] − ρρ̇′[ij])

+ 1
(n−1)

(−þρ̇′[ij] + þ′ρ̇[ij])
]
. (B.52)

Calculation of W αβγδ
ij(D

⋆
s DC)αβγδ

Consider now the term W αβγδ
ij(D

⋆
s DC)αβγδ. We have

d
dε
|ε=0

[
3W αβγδ

ij(∇ǫ + 4γǫ)∇[ǫCαβ]γδ

]
=

4(þ + (1 + 1
n
)ρ)][Φ2qṠ6

ij] + 4(þ′ + (1 + 1
n
)ρ′)[Φ2qṠ7

ij] + 4ðk[Φ2qṠ8
ijk]

+ 4ðk[Φ2qṠ9
ijk] +

8ρ′

n
Φ2qṠ10

ij + 8ρ
n
Φ2qṠ11

ij − 4ρ′

n
Φ2qṠ12

ij − 4ρ
n
Φ2qṠ13

ij , (B.53)

where the Sr factors, r = 6, ..., 13, are defined by:

S6
ij =3mα

i m
β
j l

γnδnǫ∇[ǫCαβ]γδ, (B.54)

S7
ij =3mα

i m
β
j l

γnδℓǫ∇[ǫCαβ]γδ, (B.55)

S8
ijk =3ℓαnβmγ

im
δ
jm

ǫ
k∇[ǫCαβ]γδ, (B.56)

S9
ijk =3mα

i m
β
j l

γnδmǫ
k∇[ǫCαβ]γδ, (B.57)

S10
ij =3ℓαnβℓγmδ

[jm
ǫ
i]∇[ǫCαβ]γδ, (B.58)

S11
ij =3ℓαnβnγmδ

[jm
ǫ
i]∇[ǫCαβ]γδ, (B.59)

S12
ij =3mα

i m
β
j l

γgδǫ∇[ǫCαβ]γδ, (B.60)

S13
ij =3mα

i m
β
j n

δgγǫ∇[ǫCαβ]γδ. (B.61)
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To evaluate the linearization of these terms, we need the GHP form of some
components of 3∇[ǫCαβ]γδ; these are given in (A.19)-(A.26). We find:

Ṡ6
ij =2(þ′ + 3ρ′

n
)Φ̇A

ij + 2ð[iΨ̇
′
j] − 2(n+1)

n
Φρ̇′[ij], (B.62)

Ṡ7
ij =2(þ + 3ρ

n
)Φ̇A

ij − 2ð[iΨ̇j] +
2(n+1)

n
Φρ̇[ij], (B.63)

Ṡ8
ijk =2ðkΦ̇

A
ij + (þ + ρ

n
)Ψ̇′

kij − (þ′ + ρ′

n
)Ψ̇kij − 2

n
δk[i(ρΨ̇

′
j] − ρ′Ψ̇j])

− 2
n

(
n+1
n−1

)
Φδk[i(τ̇

′
j] − τ̇j]), (B.64)

Ṡ9
ijk =6ð[kΦ̇

A
ij], (B.65)

Ṡ10
ij =− (þ + 3ρ

n
)Φ̇A

ij + ð[iΨ̇j] − (n+1)
n

Φρ̇[ij], (B.66)

Ṡ11
ij =− (þ′ + 3ρ′

n
)Φ̇A

ij − ð[iΨ̇
′
j] +

(n+1)
n

Φρ̇′[ij], (B.67)

Ṡ12
ij =2(þ + (1 + 1

n
)ρ)Φ̇A

ij + ðkΨ̇kij +
2
n

(
n+1
n−1

)
Φρ̇[ij], (B.68)

Ṡ13
ij =− 2(þ′ + (1 + 1

n
)ρ′)Φ̇A

ij + ðkΨ̇′
kij +

2
n

(
n+1
n−1

)
Φρ̇′[ij]. (B.69)

Replacing these expressions in (B.53), we get

d
dε
|ε=0

[
3W αβγδ

ij(∇ǫ + 4γǫ)∇[ǫCαβ]γδ

]
≡

T 5
ij [Φ̇

A] + T 6
ij [Ψ̇i, Ψ̇

′
i] + T 7

ij[Ψ̇ijk, Ψ̇
′
ijk] + T 8

ij [ρ̇, ρ̇
′, τ̇ , τ̇ ′], (B.70)

where T 5
ij[Φ̇

A] is simply the result of putting together all terms containing

explicitly Φ̇A
ij , and analogously for T 6

ij , T
7
ij, T

8
ij . The evaluation of these terms

is tedious but straightforward, we only need the background identities (4.17),
(4.18), and the background commutator identity for [þ, ði]. The result is:

T 5
ij[Φ̇

A] =8(þ + ρ)þ′[Φ2qΦ̇A
ij ] + 8(þ′ + ρ′)þ[Φ2qΦ̇A

ij ] + 16ðkðk[Φ
2qΦ̇A

ij ]

− 16ðkð[j[Φ
2qΨ̇A

i]k]− 16
n
(Φ + 2Λ

n+1
)Φ2qΦ̇A

ij , (B.71)

T 6
ij [Ψ̇i, Ψ̇

′
i] =8Φ2q

[
ð[i(þ + ρ)Ψ̇′

j] − ð[i(þ
′ + ρ′)Ψ̇j]

]
, (B.72)

T 7
ij[Ψ̇ijk, Ψ̇

′
ijk] =4Φ2q

[
(þ + 3ρ

n
)ðkΨ̇′

kij − (þ′ + 3ρ′

n
)ðkΨ̇kij

]
, (B.73)

T 8
ij [ρ̇, ρ̇

′, τ̇ , τ̇ ′] =8(n+1)
n

Φ2q+1
[
−þρ̇′[ij] + þ′ρ̇[ij] − 1

n

(
n−2
n−1

)
(ρρ̇′[ij] − ρ′ρ̇[ij])

− 1
(n−1)

(ð[iτ̇
′
j] − ð[iτ̇j])

]
. (B.74)

Final step

With all the expressions for T r
ij , r = 1, ..., 8, we add now (B.70) to (B.48).

For the evaluation of the terms with perturbed spin coefficients, we need the
following perturbed Ricci identity

þ′ρ̇[ij] + ð[iτ̇j] = −ρ′

n
ρ̇[ij] − ρ

n
ρ̇′[ij] − Φ̇A

ij , (B.75)
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together with its primed version. We obtain:

T 2
ij + T 6

ij = 0, (B.76)

T 3
ij + T 7

ij = 0, (B.77)

T 4
ij + T 8

ij = −16
(
n+1
n−1

)
Φ2q+1Φ̇A

ij . (B.78)

Therefore we are only left with terms containing Φ̇A
ij . For the terms with

þ derivatives in T 1
ij , we can commute the Φ2q factor to the left using (4.17)

with m = 2; thus

T 1
ij =8(þ + ρ)þ′[Φ2qΦ̇A

ij ] + 8(þ′ + ρ′)þ[Φ2qΦ̇A
ij ] + 16ð[jð

k[Φ2qΦ̇A
i]k]

− 16(n−1)
n

(
Φ+ 2Λ

n+1

)
Φ2qΦ̇A

ij . (B.79)

We also need the commutator of ð derivatives; this is

[ð[j, ð
k]Φ2qΦ̇A

i]k = −2(n−2)
n

(
ρρ′

n
+ Λ

n+1
− Φ

n−1

)
Φ2qΦ̇A

ij . (B.80)

Then we finally get

− d
dε
|ε=0{W αβγδ

ij[(D
⋆
2D + D2D

⋆)C]αβγδ} = 16(�(0,2) + V )[Φ2qΦ̇A
ij ], (B.81)

where we used the expression (2.37) for the generalized wave operator �(b,s),
and the potential was defined in (4.65).
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