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Abstract

We develop a complete description of the class of conformal rela-
tivistic dissipative fluids of divergence form, following the formalism
described in [I] and [2]. This type of theories is fully described in terms
of evolution variables whose dynamics is governed by total divergence-
type conservation laws.

Specifically, we give a characterization of the whole family of con-
formal fluids in terms of a single master scalar function defined up to
second order corrections in dissipative effects, which we explicitly find
in general form. This allows us to identify the equilibrium states of
the theory, as well as to derive constitutive relations and a Fourier-like
law for the corresponding first-order theory heat flux. Finally, we show
that among this class of theories— and near equilibrium configurations—
there exist symmetric hyperbolic ones, implying that for them one can
define well posed initial value problems.
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1 Introduction

Throughout a broad spectra of physics, relativistic fluids play a crucial role
to describe the behavior of matter and energy. In astrophysics, they arise
as a description of compact stars and accretion disks [3, [4] 5], [6]; in particle
physics they are called for describing quark-gluon plasmas produced in high
energy collisions ([7, 8] and [9] for a nice review); and in cosmology they
play a crucial role in describing the radiation-dominated epoch in the early
universe (see the book [10] and references therein). The understanding of
its mathematical structure dates back to the early works of Lichnerowicz
[T, [12], who first proposed a relativistic theory of fluids in the late 60’s,
providing some results of existence and uniqueness of relevant solutions.

Physically, fluid dynamics can be derived as an effective description of in-
teracting quantum fields when considering fluctuations that are of sufficiently
long wavelength. This scheme requires a kinetic theory approach, providing
the corresponding precise definitions and relations among thermodynamic
variables [13], 14} (15, [16, [I7]. The resulting equations govern the behavior of
macroscopic properties of fluids in terms of a piecewise continuous density,
velocity, and pressure, as well as relationships among them.

From a mathematical point of view, fluids are generally described by
different families of evolution equations, depending on the type of phenom-
ena one is interested in [l In the non-relativistic regime, for instance, per-
fect /(incompressible viscous) fluids are described by the so called Fuler/( Navier—
Stokes) equations respectively. While a relativistic version of Euler’s equation
is readily obtained, the inclusion of dissipative effects in relativistic regime
is non trivial, and introduces several subtleties already at the formal level.
The basic reason for this is that a Galilean description of fluids —that yields
the Navier—Stokes equations, results in parabolic equations, as the diffusion
equation. Its nature accounts for perturbations propagating at infinite speeds
and thus cannot be accommodated into the causal structure imposed by rel-
ativity [19, 20, 21]. This is evident, for instance, in the early attempts of
relativistic fluids due to Eckart and Landau-Lifschitz [22], in which they con-
sidered as basic dynamical variables the four-velocity of the fluid, as well
as some thermodynamical quantities. It became clear that a substantial en-
largement of the system was needed in order to resolve the tension between
phenomenological behavior —which favors a description a la Navier-Stokes—

'Such evolution equations could be or not of “conservation laws”. While this type of
equations are useful for describing shocks during evolution, there may exist more general
causal theories of dissipative relativistic fluids (see [1§]).

2 And, more generally, the issue of finding globally regular solutions of the corresponding
evolution equations.



and causality —which requires finite propagation speeds and so hyperbolic
systems [23].

As mentioned, a relativistic generalization of the hydrodynamic equa-
tions is not straightforward. There have been several proposals for suitable
attempts, and all of them require accounting for new parameters beyond
those encountered in the Navier-Stokes setting. In many cases, those pa-
rameters are difficult to estimate from available experiments, but also are
thought to be mostly irrelevant in describing much of the phenomenology of
interest. In particular, some attempts extend the set of dynamical variables
to be the total stress-energy tensor of the fluid and the associated conserved
particle number current. One of them, proposed by Liu, Miiller and Ruggeri
[24], contemplates total divergence-type equations, which render the issues
of hyperbolicity and causality more transparent, and was extended later on
[25]. A few years later, Geroch and Lindblom [I] adopted this approach,
but relaxing previously imposed symmetries (adopted without clear physical
motivations, see [18] and [26]).

In this work we extend this approach in order to characterize and analyze
the initial value problem of the general class of relativistic conformal fluids.
The description shall be centered in the determination of a generating func-
tion, i.e., a scalar field defined on the whole spacetime, that contains all the
information of the fluid, considering dissipative effects up to second order.
This generating function will be determined by imposing conformal invari-
ance to the corresponding dynamical equations, and in particular, the second
order contribution will be crucial in order to guarantee well posedness of the
theory near equilibrium states.

1.1 Conformal fluids

As previously stated, one of the fundamental properties of relativistic fluid
theories is that they represent the low energy limit of almost any quantum
field theory. In particular, conformal field theories lead to conformal fluid
theories at low energies [27]. This sort of fluids has the particular charac-
teristic that they are conformally invariant; i.e., dynamical equations are
invariant under conformal transformations of the spacetime metric (some-
times known as Weyl transformations). Though certainly the assumption of
conformal symmetry restricts the type of fluids under consideration, it has
been pointed out that in non—conformal fluids such symmetry might emerge
in suitable regimes [28].

Moreover, beyond the intrinsic importance of understanding the behav-
ior of conformal fluids (and their message to non—conformal ones), they have
recently been linked to an a priori separate branch of physics geometry. In-

4



deed, the fluid/gravity correspondence [29] 30} 31, 32} 33] elucidated a direct
relation between a class of (perturbed) black holes in asymptotically Anti
de Sitter spacetimes in d + 1 dimensions and conformal relativistic hydro-
dynamics in d dimensions. For instance, for any solution to the conformal
fluid equations, it is possible to construct a black-brane solution in one more
dimension, allowing thus to explore a wide range of aspects of black hole
structure and their stability in terms of the corresponding fluid dual theory
—and vicerversa.

1.2 Overview, conventions and a notation list

This work is organized as follows. In section Pl we state some generalities
regarding divergence—type fluid theories, as well as particularize to the case
of conformal theories. This shall be the theoretical set up in which the work
is framed. Section [3]is devoted to review conformal invariance, as well as in-
troduce the notion of conformal weights. The next three sections contain one
of the main results of the paper: a full characterization of conformal fluids
in terms of a single scalar function including dissipative effects. In section [
we discuss conformal perfect fluids and derive the equilibrium states of the
theory, as well as sections [bl and [6] are dedicated to discuss in detail the con-
tributions to the theory at first and second order in dissipation, respectively.
In section [0 we study the initial value problem of the full theory (that is,
up to second order in dissipation), using the algebraic tools for hyperbolic-
ity provided by Friedrichs, Lax and Geroch. We state and show the main
theorem about near equilibirum symmetric hyperbolicity of the full theory,
which constitute the second main result of this work. Final comments and a
general conclusion is displayed in section &l

Throughout this work, we consider a time-oriented background spacetime
M with arbitrary dimension, d. We will adopt the signature (—, +, 4+, +,- - -)
and denote spacetime indices with Latin lowercase letters a,b,---. Latin
uppercase indices A, B, --- and Greek lowercase indices «, (3, --- will be re-
spectively reserved for the equations and dynamic fields vector spaces within
Geroch’s covariant formalism [34]. Finally, natural units G = ¢ = kg = 1
will be assumed, where GG is Newton’s universal constant, ¢ is the speed of
light in vacuum and kp the Boltzmann’s constant.

1.2.1 Definitions and notation

We present here a short list with some of the notation and definitions we shall
use throughout this work (see Table 1). Of course, the same definitions shall
be explicitly stated on each one of the sections in which they are used. Here



we collect them in a unique list of definitions in terms of a pair or variables
(€as Eap) that will be adequately introduced in section 2. Finally, indicies of
all tensor fields on M are raised and lowered using the background metric.

‘ Quantity ‘ Definition ‘
Gab background metric
d spacetime dimension
D; 44,j=0,1,2,-
K £
D chc
v £
1/}1 fabfab
1/}2 gabfbgacfc
3 V2
f £Vl
v £V v
c £°
Y Ve
al £,
/e gcvcga
rc c — ﬁgc
£° 'V £°
a’ uV u’
gab gcvcgab

Table 1: List of definitions and notation.

2 Divergence—type conformal theories

In this section we give a brief review about divergence— type fluid theories
within the framework of General Relativity. We follow closely the work by
Geroch and Lindblom [I, also referring to [18] 26, 23| 35| 36] where needed.
We focus our analysis in the conformal case, for which we introduce further
concepts and notation that simplify arriving at our main results.

One of the simplest but physically consistent theories of dissipative rela-
tivistic fluids that may have a well posed initial value formulation are those
of divergence type, in which dynamical equations can be written as total
divergence equations. The simplicity of those theories lies in the fact that



they can be constructed from a single generating function (that is, a suffi-
ciently smooth scalar field) and a dissipation—source tensor, both depending

on the corresponding fluid variables. This sort of theories facilitates the un-
derstanding on how to describe dissipative fluids in the framework of General
Relativity.

Let us consider a d-dimensional time-oriented background spacetime (M, gap)-

The starting point is the assumption that any fluid theory is made up by the
following characteristics [1]:

(i) The dynamical variables of the theory are the energy—momentum ten-
sor T% [a (2,0) symmetric tensor field], and a four-vector field N¢
representing the particle number current density of the flow;

(77) The evolution of these variables is governed by the set of first order
partial differential equations:

VN = 0 (2.1
VI = 0 (2.2
VaAabc — Ibc.

Here, the (3, 0) tensor field A%¢ defined over M is symmetric and trace—
free in the last two indices, and it is an algebraic function on the fluid
variables. The tensor /% is also symmetric and trace-free, and depends
algebraically on the fluid variables as well.

(17i) There exists a vector field S* —also a local, algebraic function of the
fluid variables—, and as a consequence of equations (1)), (Z:2]) and
23), it satisfies the following inequality:

V5" > 0. (2.4)

The first two equations (2.]) and (22) are respectively the familiar par-
ticle number and energy-momentum conservation laws for relativistic fluids.
The third equation furnishes a description of the dissipative properties of the
fluid, and provides “constitutive relations” for the theory. Notice that the
symmetries of the dissipative tensor A% implies that the number of equa-
tions equals the number of variables. Last, the inequality (2.4)) suggests that
S has the meaning of entropy density of the fluid. In fact, by integrating
both sides of inequality (24 over the volume V (X, %) limited by the space-
like hypersurfaces 3, ¥/ C M with ¥’ in the future of ¥ and applying Stokes



theorem one gets

o
IN

o—

(VaS) V=g d'z

Se dy) — / S® 3,
by

/

from which the quantity

SUD) = /E Se dx, (2.5)

is non—decreasing.

Throughout this work, we shall concentrate on conformally invariant flu-
ids, for which there is no particle number conservation. From a thermody-
namical point of view, one may think that, as in the case of a photon gas,
the chemical potential is zero, since the process of creating photons does not
cost energy (see [37] for a detailed discussion). In fact, one should take the
limit of the chemical potential tending to zero in order to connect a particle
gas to a photon gas. On the other hand, recall that in the ultra-relativistic
limit, particle rest energy density becomes irrelevant, and particles move at
an energy scale much higher that the one they have at rest (thus, getting
closer to photon dynamics). Henceforth, as custommary in this regime, we
shall discard the conservation equation (1) and consider just (2:2]) and (23]
as dynamical equations of the fluid.

A key observation within this framework is the following: condition (i)
does not hold for all N* and T, but only for those that represent a thermo-
dynamic process, that is, for those that satisfy the conservation equations.
Thus, requiring the existence of such an entropy law, together with the sym-
metry of the energy—momentum tensor, implies the existence of new variables
{&., fab}ﬁ and a generating function, x (&4, £ap) such that,

1%

ab p— _—

T = 06,06, (2.6)
0y

abc

AYe = .06, (2.7)

The existence of these variables come out as Lagrange multipliers of the
equations of motion [, 2]. Therefore, a single scalar function of the variables

3When particle conservation is included, it is normal to consider &4, to be trace—free,
for this is the freedom remaining in the energy— momentum tensor. Alternatively, one can
think that the trace scalar freedom can be taken care with a scalar variable arising in this
formalism from particle number conservation (that is, the associated Lagrange multiplier).
Here we do not require it, but nonetheless we shall see it will appear as a requirement.



X (€a, Eap) suffices to formally describe the behavior of the fluid. We shall see
that the tensor field &, is associated with (and actually encodes) departures
from a perfect fluid description. This is because when considering only perfect
fluids, the dissipative equation (Z3]) does not appear, so there is no associated
Lagrange multiplier, namely .. It is natural then to consider the generating
function y as an expansion in terms of the dissipative scalar—type variables
(i.e. scalar fields defined in terms of &,).

The most general function (up to second order in dissipative variables)
that may be constructed in this scheme can be expressed as

X(, v, ) = X (1) + X () + Z () (2.8)

where p := £°€, is the square of the norm of £¢, v := £%¢,&,, and the second
order scalars

Y= E%, by = EPGEES Yy =R (2.9)

The entropy current in this framework is determined by the generating func-
tion x as [I]

0
o = agi — 6T — &AM (2.10)
and it satisfies
VS = —E 1. (2.11)

Consequently, entropy production in this framework is governed by the di-
vergence of A% and &,,. The latter also justifies our prior statement that &,
can be regarded as an intrinsically “dissipative” variable. In what follows, we
will work order by order and construct the generating function x as a linear
combination of those order—contributions. We shall see that the requirement
of conformal invariance has a significant effect in determining the possible
different contributions. Before we present our findings, we discuss general
consequences of conformal symmetry which will be useful throughout this
work.

3 Conformal Invariance

In this section we review conformal transformations, and derive some alge-
braic properties for the dynamical variables that guarantee conformal invari-
ance of the evolution equations. After a discussion of the general structure of
some conformally invariant tensor fields we shall make use of, we introduce



the notion of conformal weights, and scaling of some quantities of interest
with the conformal factor.
Recall that under a conformal transformation

gab = Q2gab7 (31)
the connection V. changes as [3§]
Vo Xb =V, X+ C% . X¢, (3.2)

when acting over a vector field X°¢. Here,

C% = g™ (2R49e)a — Magse) » (3.3)

with |
Ne = =V, 3.4
n QV (3.4)

over the points of M in which €2 # 0. We recall as well the identity C?,. =
dn..

Conformal invariance of the fluid equations imply the existence of two
constants «, § such that they remain unaltered after a conformal transfor-
mation, i.e.,

Tab — O Tab 7 Aabc _ QB Aabc (35)

with o o R
V1% =0; VA% = Jbe, (3.6)

Thus, for the energy-momentum tensor, a conformal transformation implies

VT = V1% + C T + CP oy T™
= Q" [V T+ (a4 d +2) 2T — 2T g

for all n,. Conformal invariance implies the last two terms of the right hand
side must vanish, i.e.,

(a4 d+2) 7, T — AT, = 0. (3.7)

Contracting with n, and requiring the above equation holds for any n, we
get that both terms must cancel separately, yielding

a=—(d+2),  gaT™=0. (3.8)
Therefore, any trace-free energy momentum tensor transforming like

Tab _ Qf(d+2) Tab (39)
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under conformal transformations will have a conformal invariant conservation
law.

Let us turn now our attention to the constitutive relation tensor, A%¢. A
conformal transformation for its divergence implies,

@aﬁabc _ VGAabc + CaadAdbc + 2C(bad121|a‘c)d

— v, A% 4 gp, Abe 4 9 (2R @Gy — TidGam) Aaem
+9% (20 Gmyd — TaGam) AP

— VA% 4 dp, A%+ 9™ (ragmd + FimGad — Paam) Jaem
+gdc(ﬁa9md + ﬁmgad _ ﬁdgam)A“bm

= VA" 4 dig A% + i, A% 4 g A% — ibgag A% 4 f, A%
FigA — jeg, A

= VA" 4 (d + 2)hg A + 27, AT — 253y, Alalod

O [VoA 4 (84 d DA 2 A 230, A

As with the previous case, the second, third and fourth terms of the right
hand side must vanish, i.e., for arbitrary n,,

(B + d+ 2)g A 4 274 AV — 25304, Alelod — (3.10)

Contracting (B.10) with n,n. gives

1
5(5 +d + 4) AR hyhe — A%y = 0 (3.11)
for all 7,. Since A%c is trace free in the last two indices, each term must
vanish separately. Thus, 8 = —(d +4), and A**g,, = 0. Therefore, equation

(BI0) reduces to
fg A% — A =, (3.12)

for a totally tracefree tensor symmetric in the last two indices. Thus, A%°
must transform as

Aabc _ Q—(d+4)Aabc' (313)

As a conclusion, we may say that under a transformation like (B1I), con-
formal invariance is guaranteed if T is tracefree and A satisfies the

relation (3.12).

3.1 Conformal weights

Throughout this work, it will be important to keep track of the “conformal
weights” different quantities have. To this end we define the conformal weight

11



CW of an arbitrary quantity X as
CW(X):=n if X=Q7"X, (3.14)

where X is the conformally related quantity via the transformation (B.1]).
From our previous discussion we have that CW(T%) = d+2, and CW(AY) =
d—+4.

On the other hand, for the entropy production equation (ZII) to be
conformally invariant we must have CW(S®) = d. To see this, let v; and
72 be scalars such that Sa = (MSe and 6 = 20, where o = —Eap 1 (see
equation (Z.I1])). By similar arguments to the ones given before, we get

VaS% = Q7 (VoS + (7 + d)itg 5% . (3.15)

for all n,. Requiring the left hand side of (8.I3]) to be equal to &, we must
have 71 = 72 = —d, from which we conclude that CW(S®) = d. Now,
it is possible to use our definition of S* ([2I0) to assert that, by virtue of
the conformal weights of 7% and A%¢ computed before, CW(,) = —2 and
CW(£4) = —4. This, in turn, implies that CW(£%) = CW(£%) = 0.

Next, from the conformal weights of &% and &, we get CW(u) = —2.
Likewise, notice also that as a consequence of (2.10),

ox
0%

d=cw (55 = ewe) - e
from which CW(x) = d — 2.

These relations, in particular, will help to uniquely determine the powers
of p in the different factors that will appear order by order through our anal-
ysis. In what follows, we derive expressions for the quantities 7%, A% and
constitutive relations order by order with respect to dissipative contributions

[recall equation (Z8])].

4 Perfect fluid and equilibrium states

In this section we give a detailed description of the theories of conformal
fluids without dissipation. We will see that from these equations emerges
directly the familiar perfect fluid structure of the energy—momentum tensor,
with radiation equation of state. Next, following the guidelines of [I], we
shall give a first characterization of the equilibrium states of these theories,
as well as we compute the entropy as a function of the fundamental variables,
verifying that it is a conserved quantity in equilibrium.
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We begin with the zeroth order in the expansion (2.8). To this order we
get, from equation (2.6,
ab __ o c¢ae¢b o _ab
TO - 4Xﬂﬂ£ § + 2Xﬂg ) (41>

where the subindex ;1 denotes derivative with respect to p, and from equation

2.1,
Adbe = 0. (4.2)

Next, requiring the energy momentum tensor to be trace—free, we obtain the
following condition for x°:

2dx7, + 4pxg,, = 0, (4.3)

The physically valid solution to this equation is

XO(N) = Ta > (44)

up to an irrelevant constant x¢ which, we shall see, does not contribute to
the equations.

The solution thus obtained corresponds to a perfect fluid. To see this, let
us assume that £ is time-like and introduce the vector field

u® = & .
Ve

Next, by introducing thermodynamical variables {p, p} generally defined as

Tab u "
p = T%u,u, , = (Gar + tattr) , (4.5)
d—1
it is straightforward that the expression (4.1]) is equivalent to
Ty = (p + p)ua” + pg™, (4.6)
via the identification
pi=2X,  pi= —Auxg, — 22X (4.7)

At this point, several observations should be pointed out.

e In order to make an identification like the one made above, it is not
strictly necessary to assume that £ is time-like. Nevertheless, if the aim
is to describe a perfect fluid with 4—velocity u®, a natural requirement
is that it be.
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e As expected, the stress-energy tensor we have already derived corre-
sponds to a pure radiation perfect fluid, so the conformal invariance
gives to this order a unique perfect fluid. In fact, a direct consequence
of the trace—free equation (Z.3) yields the corresponding state equation,

namely

p
= 4,

as it can be straightforwardly checked through (4.3]).

e The positivity of the conformal density p is a consequence of the energy
conditions demanded from T%°. In fact, it is straightforward to check
that if T satisfies the dominant energy condition, and £¢ is time-like,
then p > 0.

e For each z € M, the vector £* is an eigenvector of 7%,. Thus, if
¢% is assumed to be time-like, it spans the 1-dimensional time-like
eigenspace of 7%, and u® is the so—called “Landau frame” (see, for
instance, [30]).

e Introducing the quantity
T:=— (4.9)

so that u* = T¢* and using the explicit solution (4.4) for the gen-
erating function, we see that both energy density and pressure scale
as T?. Also, it is straightforward that CW(T) = 1 (see section B.1]
above). We shall identify this quantity with the temperature of the
fluid. In this context, the notion of temperature captured in (£9) has
been extensively studied in the past, in order to characterize thermal
equilibrium states of gravitating systems. In particular, we highlight
Tolman’s work [39], wherein a expression like (4.9]) is derived for static
spacetimes.

We can also derive further useful relations at this order. The conservation
equation, projected along the fluid’s velocity, u,V,T% = 0, implies

d—1
Vou = — g u*Vylnp
= —(d—1Du'V,InT

d—1
i u'Vyln (—p) . (4.10)

14



On the other hand, the projection on the orthogonal plane with respect
to the fluid velocity yields

wWVau® = —D°InT
1
= §Db In(—p), (4.11)
where D, := (5ab + uaub) Vy is the derivative of the hypersurface orthogonal
to the integral lines of u®.

It is useful to also obtain related expressions in terms of £%. In fact, taking
the divergence of the full expression (I, namely

d 2d . )
VQT:I’ — 2qu (gab _ pgaé-b) Vau o FXM (ng +€b . %gb)

JAd |l [fd+2, :
= X\ [(—u — 2D) & — Vo — 25*’} , (4.12)
I 1
where we have defined,
D=V, ji=E"Vap, &:=¢"VE", (4.13)

from which it follows the identity
.1

€, = L. (4.14)

Now, contracting equation ({12 with &,, one obtains
0 = &V, I
— dy; {Hd— QD] ,
1

from which )

p 2D

=T (4.15)

Last, replacing the above relation in the conservation equation (£12), one
gets

0 = V1%
20 [y 1oy
e [ O 416
which implies the identity
b P 1oy
== —=-V’u. 4.17
=85V (4.17)
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4.1 Entropy density contribution

Let us compute the entropy current at this order. Following the definition
given in equation (Z.I0), we get

ox°

- o Tab
0 9E. &1,
= —dpxg8°
= L e (4.18)
—a-1 '
d p
= — Do 4.1
d—17" (4.19)

For the divergence we get

V.S¢ = 24D+ 2dE°V o
= 2dDY5, + 2dX,fu

o
— 2y <D - ﬁ) ~0, (4.20)

by virtue of relation (£I5). Thus, there is no change of entropy to this
non—dissipative order, as expected.

4.2 Equilibrium states

In this section we discuss the equilibrium states of this theory. In line with
the arguments of Geroch and Lindblom [, (18], these states must have the
same properties as those of Eckart theory; that is, a rigid flow and a constant
and stable temperature field. They refer to equilibrium states those solution
of fluid equations in which dynamics is time reversible. With simple algebraic
arguments, the authors prove that those states have the following properties:
the source tensor 1%’ evaluated on equilibrium states is zero; there is no
entropy production and the vector field £¢ is a Killing vector field.

We now give a first argument to assert that equilibrium states for con-
formal dissipative relativistic theories are those such that £ is a conformal
Killing vector field. Recall that, in general, X is a conformal Killing vector
field if there exists a scalar field a such that [3§]

V(aXp) = agap.

If this relation holds for some «, contraction with ¢ over both sides of it
implies that o = V,X“/d.

16



To see the nature of £%, let us compute the symmetrized derivative of
it, which is a symmetric tensor of rank (0,2). The unique symmetric tensor
fields that can be constructed in terms of £* and the spacetime metric are
the metric itself, and &,&,. So it is natural to propose that

Vs =t gap + 5 £°&, (4.21)

with ¢, s functions of x4 and the dimension, to be determined. Contraction of

([E2T) with g% gives

D = td + spu,
while its contraction with £%¢ yields now the relation
g =tu+ 3u2.

Recalling the identities (414]) and (ZIH]), the above two relations imply ¢ =
D/d and s = 0, so £ is a Killing vector field. Thus, equilibrium states in
these theories are those such that §,, = 0 (that trivially holds in this case)
and £% is a conformal Killing vector field.

5 First order theory

In this section we give a description of the first order contribution, which
stems from adding linear dissipative-like terms to the dynamical variables.
This is a better approximation for describing fluids when microscopic time-
scales are comparable with the macroscopic ones, since the local thermo-
dynamic equilibrium breaks down (e.g. [36]). At this order, we shall find
the four—velocity—orthogonal heat flux, deriving a Fourier—like equation, as
well as the corresponding shear viscosity to the stress-energy tensor. We
next compute the entropy current and include a discussion about the Lan-
dau frame at this order, from which we shall see that energy dissipation and,
thus, entropy production, plays a central role.

Following the orthonormal decomposition discussed in Appendix [Al it is
convenient to decompose the dissipative variable &, as,

v 2
gab = _gagb + _g aTb) + Tab » (51)
112 [ (a’b)
where we have introduced the quantities
v
re = €t — =&, (5.2)
1
hab 14
b = Tab — —. 5.3
= (53
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with the straightforward conditions
Tl =0, 1% =g, =0. (5.4)

Notice that the unique vector fields that can be constructed as algebraic
functions of the variables (£,,&,) and the metric g,,, which are (at most)
linear in &, are £% := g®¢, and (¢ := £%¢,. In particular, if £¢ is time-like,
then r* is always spatial and orthogonal to £*. We shall make use of this
decomposition below to uncover the constitutive relations at this order.

The contribution to the generating function at first order is

X, v) = xHp)v,

where x! is an arbitrary function of u, and v 1= £%¢,&, is the unique (non
trivial) scalar which is linear in £,;, and is an algebraic function of the variables
(&4, Eap) and the metric. The corresponding contributions of the stress energy
tensor and the constitutive tensor that arise from x(!)(u, ) are, respectively,

Ta}b = 4X;1¢,uy£a£b + SX}Lg(agb)cfc + QXLVgab + 2X1£ab ) (55>
aoc a C 2 a C a Cc ILL C
AP = (29776 = =€79") + 2,8 (€°¢° = 59", (5-6)

Now, let us impose the conformal invariance requierements to those expres-
sions. Trace—free condition for (5.5]) implies the following two equations,

2/1)(;“ + (d+ 4))(;3 = 0,
gabgab =

The second one was expected, since &, is trace-free by construction. The
former is satisfied if and only if

X =X+ (5.9)

with real constants yi and y..
Imposing now the corresponding requirement for (5.6]) [given by relation

B12)], one gets
2px,, + (d+2)x' =0, (5.10)

which eliminates the constant x1 in the solution (5.9)). It is crucial here to
notice that relations (5.I0) and (5.7) are compatible with each other, in the
sense that one is a first integral of the other. Therefore, equation (B.10)
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allows us to express all the coefficients for T, and A% in terms of a single
function, x!. Indeed, we get
4(d+ 2) d+2

Tlab — Xl [(d + 2)(d+ 4) Véagb . g(aéb)cgc . TVgatb + 2£ab:| )

G I
(5.11)
and

d+2
Atlzbc — Xl |:2ga(b§c) + é:agbc . ; £a§b§C:|
1 a(bec) a be d bec
= X [2h77EY + ¢ g—;&&
= X'V 207w + uthb 4 (d — Duuu)] | (5.12)
where we have introduced, one more time, the normalized time-like vector

field ¢
u = : (5.13)
Ve
in the last line of the above calculation. Notice that A%¢ is trace-free in all
entries (recall discussion around equation (B.I2])), and it can be expressed in
the form given in equation ([A.7) of Appendix A by choosing V* = % and

d+2 .,
_ng_ (5.14)

Also, by imposing (B12) to (5.0) we obtain again the first integral (5.10).
On the other hand, we can compute explicitly the divergence of A%, that

will be used later on. Indeed, we get
Yd+1
% [2v =1 u® Dy + fihte + (d — 1) fru’u]
7
+ x'—u [2D(buc) + (Vau®)hb
+ (d+1) (Vou")ulul + 2uuV,u)] . (5.15)
To find out physical quantities and constitutive fluid relations, let us now

use the decomposition (1) to re-express T and A in order to discuss
some consequences. We begin with 77 | for which we get

1idz(d—i—l) B _A(d+ 1)x!
M2 d—1 [gagb dgab]

Recalling relation (5.13]), one can easily deduce that the first order “correc-
tions” to density and pressure are,

Sab — ab

VaAclzbc —

Ty =x Ealyy + 2X Tap- (5.16)

pdd+1)v

5.17
i1 (5.17)

v
p1 = —d(d+ 1)X1;7 1= —X
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where the definitions (4.5) have been used and, as expected, there is no
change in the resulting equation of state, i.e.,

- 5.18
with
p=po+pPi, P=Dpo+pi1,

where py and pg are the zeroth order contributions found earlier. Moreover,
from the dominant energy condition for the full 7%, p > 0.

5.1 Heat flux and a Fourier-like equation

In non relativistic frameworks, one usually introduces the notion of heat flux
in the corresponding co-moving frame as a spatial vector ¢ that measures
the rate of energy flow per unit area at each point of the space. The cor-
responding heat equation is a consequence of the first and second law of
Thermodynamics, plus the well known Fourier equation [22]

7= —k VT, (5.19)

with k the thermal diffusivity and T the temperature. As discussed in the
introduction, a generalization of these ideas within a relativistic framework
is not straightforward for several reasons [40]. In particular, equation (£.19)
leads to the following parabolic equation for 7"

0T = a VT, (5.20)

where a is a positive constant and V? is the Laplace operator. While this
equation possesses a well posed initial value problem (see a discussion in
the textbook [41]), its nature provides no bound for the speed of propaga-
tion of thermal disturbancesﬂ thus making difficult its identification in the
relativistic regime.

Nonetheless, given a theory of relativistic fluids with energy—momentum
tensor T, it is possible introduce the notion of heat flux in the co-moving
frame u®, as the projection of the energy flux onto the hypersurface that is
orthogonal to u*, namely

q" = _habTbcuca

40ne can easily see that this is already the situation by solving the associated one—
dimensional initial value problem over a finite domain, with an initial profile of temperature
given by a localized heat impulse.
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which satisfies a constitutive relation of the form (see, for instance, [22])
q* ~ —h® (VT + Tay), (5.21)

where a¢ = u*Vyu¢, and h® the induced metric to the hypersurface orthogo-
nal to u®, namely
hab — gab + uaub
In accordance with expression (5.16]), we identify the heat flux as

1
q* = MTG. (5.22)
Ve

We shall now derive a constitutive relation for (5.22) like the one in (5.21])
as a direct consequence of the constitutive equation (23] stated before. To
this end, and recalling the orthonormal decomposition discussed in Appendix
[Al introduce the most general form for the tensor I, that is trace-free and

positive definite when contracting with a non-zero £%°; namely,

T 2 1
Iab - gagb - _g(arb) — —Tab, (523)
o K v

with {k,7} positive functions of p to be fixed and requiring I,, to have
conformal weight d. We get

1
_éab[ab = —+ ;eara + %gabTab

2
= 4 —rr, + , (5.24)
v K

which is a positive function if x and + are positive, since r* is space-like,
and 77, > 0 (since T, is a purely spatial tensor field). Also, we have
used that the trace of 7, can be directly obtained using decomposition (5.1]),
namely 7 = —v/pu. Taking into account the decomposition performed in

(B:23), equation (Z3) implies that
Td — _’%(M) échdbvaAclzbc
1
K 1 :
= X'(d+ 1)%””’ (5%# + Sb)

B X1(d2+ 1) Hif) (Ddu n thbéb) 7 (5.25)
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Now, notice that (5.25]) can be expressed in a more suitable form. Indeed,

the identity (4.I12) implies that

1 .
hcb - — hc Tab
( 2vbu+§b) d v v,
1 ,u(d+2)/

c ab
O (5.26)

where we have used the general solution for x°(u) obtained in the previous
section (equation (4.4)). Notice that relation (5.26) is off-shell, i.e., it is a
geometric identity that always holds, without assuming equations of motion.
With this information, equation (5.25) reads

oo Xo dHl i)y G oo (5.27)
xgd(d—2) p

The above equation has a clear physical interpretation: the departure of
these states from the equilibrium ones, carries away energy in form of “heat
flux”. In particular, equilibrium states satisfy r® = 0, but this is not the

general case.
Recalling expression (5.25]) once more, it is possible to derive an analog of
the Fourier law for first order dissipative fluids. In fact, by the identification

indicated earlier, T? = —pu !, we see that

DT = hatw, T = Y pay,
242

and equation (5.25]) implies the vector field r* satisfies,

\/l;_uhabéb> :

(d+ 1>x1w—7(

wich implies (via (5.22)) the following equation for ¢*:

¢ =—K (D“T + %h@bgb) , (5.28)
with
K :=2(d+1)*(x")?k. (5.29)

Clearly, equation (5.28)) suggests interpreting ¢* as a current energy den-
sity that is non-zero in general, and satisfies a Fourier—like transport equation
(for references, see [22) 42]). In particular, the variable transport coefficient
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K is always positive, due to the positivity condition for the function s dis-

cussed in (5.24).

Finally, a comment on the second term of the right hand side of equa-
tion (5.28)) that could help us to further characterize the equilibrium states.
Introducing the vector

a® = u"Vaus,

and following the discussion of Landau and Lifshitz (chapter XV, section 126
of [22]), we have that, in equilibrium, the projection of the energy—momentum
conservation equation onto the hypersurface that is orthogonal to u® gives,

(p +p)ac = _ch - ucuavapa
from which

(p+p)h*a. = —D. (5.30)
On the other hand, a straightforward calculation gets
heé, = —pha,,

from which the Fourier Law (5.28)) results,

T
¢ =-K <D“T - —D“p) . (5.31)
p+p
Since in equilibrium we have ¢* = 0, the above equation yields
T
DT — ——D = 0. (5.32)
p+p

in complete agreement with Landau’s argument at the end of the chapter.

5.2 Entropy density contribution

According to this formalism, the first order contribution of the entropy cur-
rent density S° is given by

Oy
St = e — 6T — oAt
where yU (1, v) = x*(u)v. Explicitly, each term is given by

oxW v

= —(d+1)x' ="+ 2",
&, ( ) Iz

v
~OTf" = —d(d+ )8+ 2Ad X
—GeAT = =2+ dy =g
1
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so the first order contribution to the entropy is
v
S = —(d(d+1)+1) lega +2(d + 1)x*r®. (5.33)

The above expression agrees with standard results, [43]. In fact, by using
our definition for heat flux presented in (5.27]), and recalling the definitions

@ 1
P & o

e Vi

as well as relations (5.17) we get

u

S = syul + qT (5.34)

where the entropy density s; up to this order is given by

_dld+1)+1p;

NS T (5.35)

Note that, as expected, s; ~ T4"!. From equation (ZII]) and expression
(5:24)) the full entropy density satisfies
2 2r%r, 1%y,
— 4+ +
vk v

which implies the system creates entropy through shear and heat flux. This
result is in agreement with the standard results (e.g.[36]).

V5% =

, (5.36)

5.3 Shear viscosity

Returning now to expression (5.I5]) and recalling equation (2.3) as well as
the decomposition (5.23), we see that

Tab = =YXV =1 [2D(atiry — (Ve hap] + (d + l)vxlihab, (5.37)
with trace
T = habTab
= —x'V=p 2Dl + (d = 1)Veu] + (d+ 1)(d — 1)%8%
= —VoR(d + DV + (d+ 1)(d - wi
= —(d+ Dt | VRV — (d - 1)% , (5.38)
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where we have used the fact that V,u® = D,u®, since u®V,u® = 0. The
traceless part of 7., is thus given by

T

Tab = Tab— ﬁhab
= —2vx'vV—=p | Diauy) — ﬁvcuc hap| - (5.39)
We recognize in the above expression that 7,, is proportional to the shear
Oap = Dupy
= Duy) — chuc hap (5.40)

d—1

of a dissipative fluid with velocity u¢; namely,

%ab — _2,.}/X1\/_—,u O_ab.

Now, let us check the resulting conformal weight orders of the different
terms involved. Notice the right hand side of equation (5.37) implies —7,/7v
has conformal weight (2 +d) — 1 — 1 = d, as desired. Recall also that, in a
gradient expansion sense, the first order of the stress energy tensor, i.e. in
terms of only first derivatives, is given by

TS = 2" 5 = — 4y (X" )2V~ 1t O, (5.41)

while in the standard treatment in the literature (see, for instance, [44. [45])
has this order defined as
TUE;) = =21 0.

Thus, defining

we arrive at the same result.

5.4 Landau frame at first order

In this section we compute the Landau frame at first order, that is, consid-
ering only terms that are up to first order in the dissipative tensor &,,. To
this order, we have:

Tab _ T:b_'_Tlab
v d*(d+1) i 4(d+1)x!
— 44 17 =2\ [ab__ab]_i(ab)
(XW+XM2 11 £°¢ 77 p §r
+2X17~_ab
= Ty® 4+ T, (5.42)
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with 24 1)
+ [
Tab:: 4° 1 v [ab__ab]

_4(d + 1)X1€(arb) F oyl

and

TBab —

To identify the Landau frame, we look for a time-like vector field U® such
that U*U, = —1 and
U = \U®, (5.43)

for some real \. We propose the ansatz
U* =&+ pre, (5.44)

with a and 3 some real functions to be determined. Contracting with the
two contributions to the stress energy tensor we get,

TAU, = « (d(d + l)X15 — QdXZ) £+ 2Bx;r" + 2nd. order terms,
]

and
Tp"Uy = —2a(d + 1)x*r* + 2nd. order terms,

and so, up to first order,

U, = « (d(d+ l)xlg —2(d — 1))@3) £+ (28X, — 2a(d + x') r
= dag" + \pre. (5.45)
The above equality yields
A o= d(d+ 1)X1% —2(d - 1)x,

= —P1— Po
= —p, (5.46)

as expected, since it is the eigenvalue of the unique time-like eigenvector of
the full 7% at this order. The remaining equation yields

d(d+1)x!
2dX", — A+ DXV] 5 o1 1)y o (5.47)
Since U* is time-like and unitary,
-1 = UU,
= o’u+ Brir,, (5.48)
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from which we get, to first order, that o = 1//—u (we discard the negative
solution for « so that U® has the same orientation as £*). The explicit value
of B can be obtained from the relation (5.47). Thus, the heat flux defined
as the component of 7%,U® that is orthogonal to U? is obviously zero, but
nevertheless, the corresponding component of S* that is orthogonal to U®
is actually non—vanishing, for which there is always a way in which thermal
energy is going away.

6 Second order theory

In this section we tackle the second order contribution, characterizing in
a complete way the class of conformal second order dissipative fluid theo-
ries. Accounting for this order is important as it will be crucial to establish
symmetric hyperbolicity of the underlying system and thus allowing for well
posedness of relevant problems. The hyperbolicity analysis will be carried
out in the next section using the second order results derived next.

To compute the second order quantities, we make use of a number of useful
expressions detailed in appendix [Bl Recall that strictly at second order we
have

3
X = X%, (6.1)
=1
thus,
3
T3 =) Ty, (6.2)
=1

where, for 1 = 1,2, 3,

a awl b
o6 "¢ o6

0 e

T2aib = 2’1/12 (QX?Mugaéb + X?ygab) + 2Xz2u (é zaf agb )

with X?M = dzl‘—j". The corresponding trace is composed of three contributions,
namely

3
gabTQGb - Z gabT;Z‘ba (64)
i=1
with
d oY, 0
T2 = 4, 2 —y2 4y? ga L 4\ 2g0b : 6.5
GabLo; w (MX@pp =+ QXZ;L) + wa 85“ _'_Xlg 85@851) ( )
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Since the three scalars 1; are independent, the trace-free condition pro-
vides now three independent equations, namely

NX%;W + D4X§u
IU/X;JH + D2X§p + 2X§ =

1
WX+ Doxt, +5x = 0, (6.8)
where,
d . .
Dj:=—-+7, j=0,1,2,---

2
To express the constitutive tensor A% we first write it as,
82X2
agaagbc

aawl 2 azwl
qug g Xz 8&16&76 . (69)

abc
AZ

By using the identities detailed in appendix [B] we arrive at,
Aabc _ 4£a 2 ébc + 2 (bec) . K be lu bc
2 = X1ip X2u § dg + Xsu f £ —
2
+ 2X§ <ga(b£c) + g(béc)a . Egbcga)
+ 4X3 |:£a (éé lu bc) —|—V( a(bé: é:a bc):| )

Now, let us assess the conditions imposed by conformal invariance. For
such analysis, we find it convenient to make use of equations (A.I0, [A.TT]
[A.12) which allow us to write the more general tensor field of rank (3,0)
symmetric in the last two indices that depends algebraically on the metric and
the variables (&,, &qp) up to quadratic terms in £,,. With this, we then impose
that the coefficients satisfy the conformal invariance condition. Specifically,
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We can express:

Agbc - A ( a be + 2ga(b€c) . (d : 2)§a€b€c)

RSN

g bc + 2§a(b€c) (Zgag(bgc) + Eagbgc) + %gaé-bé-c}

g, |: /e be + Zga(bgc) o % (gagbc+ an(bgc))
(d+

(g 2600060 4 3(0 4 D) 0
— ( ) (éa bc_'_2ga(b§c)) +B (§a5b0+2£a(b£c))

g, (Eagbc + Zga bgc)) . 2B + (d+ ]')C (Eafbfc + Zgag(bgc))

= (d+2)A+ 4B + 3(d + 1)C] %gagbgc (6.10)
Inspection of equation (6I0) implies the following relations,
B = 41, =x3

4
C = B=—-(x+m3)

A
A-C = d (qu + ,UX?,M + Xg) = 2/@(3

2B+ (1+d)B = 4uxi = 2;1)(2“
—(d+2)A+4B+3(d+1)C = 4x3,1°

and, in turn,

X5 = 4x1, (6.11)
1

g-Le, 612

1ix3, + D3x3 =0. (6.13)

The conditions so derived are compatible with equations (6.6]), (6.7) and
(68), which now become a decoupled system of ordinary second order equa-
tions for the unknowns x?; namely

luXiu,ﬂ + DQX%/J =0 ) (616>

29



which clearly show that one is proportional to the derivative of the previous,
Le., X7 Xw’ ¢t = 1,2, in agreement with what we already found from

equatlons 6.6), (6.7) and (6.8). Notice also that A% is tracefree in all
entries. Also, from the above relations we get

B=C=y%, A=-DB.

6.1 Second order contribution to stress-energy tensor

We begin by noticing that the unique solutions to equations (6.14]), (G.I5) and
([6:14]), subject to the conformal invariance requirements (€.11]) and (6.12) are

2
X2
Xi = Xi»*um :
AD,
X% = —7 (X%_X%o) ) (6.17)
9D, D,
X5 = 2 (X1 — x1)

with x?, and x? real parameters to be determined. Moreover, without loss
of generality it is possible to set x? = 0. In fact, introducing the functional

X[th1, ¢, 1b3] given by
4D 2D,D
X[wluw%’l/}fi] = '1/11 ,ul’l/} 5 + 'ul2 2

D
Lyt

V3
2D, D,
B 14

= éabgab (618)

and using the solutions (6.17), a straightforward calculation shows that the

generating function (6.1]) can be expressed as

4D 2D.D
X—X1X+ 1¢2 ,ul 2

P3

Thus, using these expressions it is possible to write the second order contri-
bution of the stress-energy tensor in the following form:

2D, X
T2ab Xo

4D 2 2
(256" — pg™) — Mj)f“X(agbw%Xab, (6.19)
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where

0X 8D
X = % u—"‘l (€% + Dovr® — pg™l,) ; (6.20)
PX 8D
Xab = ag afb — lugl [_M2€ac€bc + 4M§(a£b)cgc + ngugab . 4£2€a§b

2
+ D, (—8V§(“£b) — g% + 6%5“51’ + 200 + wg“)] (6.21)

and (2 := g,,0*°. So that nothing depends on the additive constant x?,, and
thus we can set it to zero. With these definitions, it is straightforward to
verify that

D
Xagazoa Xabga:_Xba gabXab:_8 1X7
u

which, as expected, imply that
gabTQGb =0.

Let us now inspect what information this second order contribution of
the energy-momentum tensor can give us. For that, let us express it in a
more suitable form. First, it is possible to decompose the tensor X in the
form

2
X = _Zxlagh 4 yab (6.22)
i
with Y% = Y(@®) and Y¢, = 0. In fact, we get
D 412
ye = 2O [Mcfc(“&b’ + (iDz - 262) £°€" — 6 Dyt (¢
H H

peacet, + (;MZ — Do) g® 4 2Dyl 0" + Dguyfab} . (6.23)
With a relation like ([6.22), we get

23X d(d+2)(d+ 3)
12 d—1

2
2<d + 3)X1 X(agb) + X%?ab’

. (6.24)
where, as before, we have denoted by Y% the traceless part of Y. In a
similar way to the previous orders, we get the second order contributions of
density and presure of the fluid, namely,

ab __
T2 —

|:§a€b _ %gab:| _

2X d+2)(d+3) x*X

which clearly satify the conformal equation of state p; = (d — 1)ps.
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6.2 Constitutive relations up to second order

We now present the most general constitutive equation that arises from (2.3)
at second order. This equation may be used to derive constitutive relations
like the one found in (5.28). Nevertheless, and for future usage, we shall
only write down the corresponding contribution at this order, as well as for a
complete presentation of the theory considering second order contributions.

Using the conformally invariant solutions (6.17), the second order contri-
bution to the constitutive tensor A3 in equation (6.10) reads

4Dy X3 v
Agbc _ M13X1€a |:_,u2€bc + 4D2,u (g(bgc) _ Egbc> — 2Dy D3v (é-bé-c _ :u bc)]

8Dy x? 2
1X1 |:ga(b€c) + f(bgc)a . _gbcea:|
1 d

n % |:£a (55 H bc) +I/< albge) _ g“ bc)} _ (6.26)

After a tedious but rather straightforward calculation, the covariant deriva-
tive of A% is

8D D2D3X1 4D1X1

ube c M ope .
Vodg® - M—(ff = ) + =8 (Dagt— D)
16D, Dyx? . . 2 4D x? . c
+ (D — Dy (€009 = Zg) - A
p Il
16D, D o L 8D, D> D
N 172X1 <£(b€c) + o ggbc) _ %‘”’Xl <2§ 9 g bc)
2 7
8D D 2 2£GVQ
# PO (g 4 gy, - 2T )
9 a
B 8D1X1 |:V(b€c) + fa(bvagc) + g(bvagc)a . 2V;€ gbc:|
8D1 Dy Dy ' 8D1 DX
_ SDhlsxy £y, — Hgbc 4 O1PeXA e , (6.27)
113 d 2

where £% = €9V £9, £¢ 1= £9V,£¢, and G and G are given by
G:=v(Dsfr — Du) — (1) — Divafa + E“Va,u> ;
3

1
G .= 209tV 69 + €OV 4+ Ve — < (("Vap+ 7+ Dv) g%
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In complete analogy with the way we proceeded to first order, contraction
with &. and projection onto the perpendicular space in the remainding index
leads to the identity

_ 2(d? +4d +8)Dixiv

0 A(d+1)Dix3 ., .
hdbgcvaAgbc ,u2 hdb§b+ ( ) 1X1 hdb,r,b
n 4Dy} (D?,,ll _ D) i 4D1X%7_dc£f B 4D1D§X%VDdV
f I f p?
ADIxE 8DIx? 4Dy Dyxi
+ Tchc[L + hdbravafb + ——22 pdy,
fu Il
4Dy ?
. Tmhdbgcvbec — 4D 2RV T, (6.28)

In this case, the constitutive relations should follow by proposing the most
general source tensor I up to second order in dissipative variables, which
may be constructed only as an algebraic function of the fields £%, r, 7, and
Jay- In fact, referring once again to the discussion presented in Appendix [Al
it can be easily shown that such a tensor has the following form:

1% = 1% + LEGro) 4 LeCrIe, 4 Ishb 4 Lirbre 4 I8 + Igm*7¢,. (6.29)

It is important to remark that (6:29) is already the full and more general
source tensor for the (full) constitutive equation, that reads

Va (Af + Ag™) = 1™, (6.30)

without further assumptions of form. The functions 7; (j = 0,1,---,6)
should be fixed in such a way that I° is tracefree and the entropy pro-
duction 0 = —£%],, satisfies the inequality ¢ > 0. Also, and in complete
analogy with the first order theory, there is an additional requirement for
the coefficients, which is related to the global conformal weight of the full
constitutive equation (23]). Since each one of the contribution terms appear-
ing in (€.29) must have the same conformal weight, as well as it must be
equal to the conformal weight of the left hand side terms of (2.3]), the full
constitutive equation (6.30) with 1% given by (6.29) is sensible in so far that
the functions I; have the appropriate conformal weights. This implies that
in order to obtain plausible constitutive relations, one should make sure that
each one of the terms has the same conformal weight, and thus, each I; might
have different conformal weights a priori so that, upon multiplication with
the corresponding factors, give the right (and same) conformal weight.

The issue of finding which transport coefficients emerge from this theory
is not direct a priori, since it requires a detailed analysis of each one of
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the terms that contributes to the divergence of A%¢. Unlike the first order
theory —in which it was possible to obtain the shear transport coefficient
just by comparing the shear tensor with the transverse traceless part of the
energy-momentum tensor—, a quite different strategy at second order seems
to be needed. The coefficients obtained may be compared, for instance,
with the ones already derived from the gravity side, via the fluid/gravity
correspondence (for references, see [29, [44]). Obtaining specific expressions
for these contributions is however outside the scope of the present work.

6.3 Entropy density contribution

In analogy with the zeroth and first order contributions of the theory, it is

possible to compute the second order correction of the total entropy density.
We have

) 2

Sy =X

9

Let us compute each of the terms that contribute to S$. At this point, it is
convenient to introduce the functional

Gh1, 2, 3] =11 — 452 V2 + 212221)3

— &I — & A (6.31)

V3,

and the vector field

2(d + 4)

GO = G — T

Using relations (6.1)), (6.17), (6:24) and (6.26]), we get simple expressions for

the desired contributions, namely

aXQ _ (d + 2)X% Ga é—bTQQb — (d + 2)<d + 3)

2
X1
= Ga’
aga % %

and

ube 2(d+2)x3 .
§b6A2b :_( )XlG

Finally, the second order contribution to the total entropy density is given
by

d 2 2.2
. ( + ) X1 Ga.

So =
? 7

(6.32)
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It is possible to compare the above expression with the results found by
Hiscock and Lindblom [43]. In fact, recalling the orthonormal trace—free
decomposition for £€% given in ([AL6]), and relations (6.17) one gets

a (d + 2)2X§ d2(d + 1) V2 c ~bc~ a
52 = - ,UD2 Q(d_l)p—2<d+1)r7’c+7 Toe g
A4(d+2)*2d(d+1 A(d 4 2)?y?
( + )XO ( + )yra_ ( + )XO%abrb, (633)
phs o 2(d—1) pP2

which can be written as

ue ITo® 7Tab
Sy = —(B,11* + B1q°qe + Bzwb%bc)ﬁ + a, 7’{ +a Tq", (6.34)

with the straightforward identifications

@ 1
u® = § T=—, I=p, 7°=2y

/_u ) /_u )
in which relations and definitions (5.17), (5.9) and (5.22]) were used for py, x*

and ¢® respectively. Moreover, the coefficients 5,, 81, B2 and a,, a1 emerge

by comparing ([6.33)) and (6.34)), yielding

_1\d/2 207 2
g - U0 L, 6.35)

l%ab’

and

b=

LB, o= 5 Po b (6.36)

21 d—1) "N TI1 g
These coefficients essentially model all dissipative contributions to the en-
tropy at this order (scalar, vector and tensor ones), as well as couplings
between viscosity effects and heat fluxes [36]. We find it important to stress
out that, as a consequence of the conformal invariance requirement, they are
not independent.

7 Well posedness of the full second order the-
ory

The issue of stability and causality in relativistic fluid theories is a crucial
aspect that has been the subject of intense scrutiny in the past (e.g. [1, 18,40,

A7, [15]). It is well known that the Landau-Eckart theories have an ill-posed
initial value formulation, as well as that thermal fluctuations propagate in an
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non-causal way (more specifically, the linearized modes grow linearly with the
frequency). Generally, the concepts of stability, causality and hyperbolicity
are independent (for instance, Navier—Stokes equations are stable, but non-
causal), and there may be weakly hyperbolic systems that are causal, but
not stable.

Here we study the hyperbolicity of the full theory developed along this
work; i.e., considering second order contributions of dissipative effectdd. We
start by briefly reviewing symmetric hyperbolic systems, introducing defi-
nitions and some key results we shall make use of. We follow the works
[48, 49, 34 26, [18]. After that, we show it is possible to choose the arbitrary
constant x?, in the generating function at second order, x?, to ensure the
system results hyperbolic, and we prove that the full theory up to second
order is symmetric hyperbolic near equilibrium states. This implies that the
corresponding initial value problem is locally well posed.

7.1 Hyperbolicity

As discussed in the previous sections, dissipative relativistic fluids are com-
pletely determined by giving a single scalar function y that depends smoothly
on the variables (&, &), and a dissipation-source tensor field I%° which is
an algebraic function of those variables and the spacetime metric, and stores
the net entropy production of the system. In order to see more clearly the
structure of the dynamical equations, it is useful to introduce a collective
abstract variable in the following way. Let V' be the linear space of all fields
of the form

XA = (Ve, 8%, (7.1)

where V¢ and S% are, respectively, a vector field and a symmetric and trace-
less tensor field, both defined on M. Here, capital indices stand for the whole
set of tensor indices within this collection. Within this abstract vector space
we shall study the hyperbolicity of the theory. Let us start with the following

Definition 7.1 A vector € € V is called a fluid state if ¢ = (£9,£9%),
where £ and £ are solutions to the conservation equations (2.2) and (2.3).
We shall denote by Vi the set of all fluids states.

This is a concept that has already appeared in section 4l From this, it is
possible to re-express the set of dynamical equations (2.2) and (23] as the

5Second-order theory is highly successful when confronting experimental results. Con-
sidering higher orders in dissipation would induce a greater number of parameters for
which there are no experimental estimates. Thus, our theory would be applied only when
the neglected higher order terms are small, so that the fluid is near equilibrium.
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first order system given by

K4pVa&” = Ja, (7.2)
where o
X
K yp=——F5— .

and J4 := (0, I,). At this point, let us observe that, by the symmetries of £*
and £, system ([Z.2)) has d—i—@ —1 unknowns, which already coincides with
the number of equations. Thus, both spaces have the same dimension. On the
other hand, recall that, by construction, the principal part K% 4 is symmetric
in the capital indices; i.e., K45 = K% 4p), since partial derivatives commute.

Definition 7.2 System (7-3) is symmetric hyperbolic at € if there exists
a covector t, such that t,K%5(€Y) is positive definite.

Recall that a general quadratic form hag(t) is positive definite if the
contraction hp(t)XAXP is positive for any X4 € V (that is, not only for
fluid states). The hyperbolicity condition guarantees that (T.2) has a well
posed initial value formulation [48].

7.2 Symmetric hyperbolicity of the conformal fluid the-
ories

In this section we prove a fundamental theorem about well posedness for
these type of conformal fluids, which is one of the main results of this work.
Specifically, we show that there exists a symmetrizer for the full theory, and it
turns out that it is positive definite in an open subset of fluid states around an
equilibrium one. Following Friedrichs-Lax argument regarding hyperbolicity
of first order systems [49] 48], we conclude that there exists a well posed
initial value problem for these theories around equilibrium states. We now
state the main theorem:

Theorem 7.1 Symmetric hyperbolicity of the full theory. Let (M, gup)
be a time-oriented spacetime of arbitrary dimension d, and &, be an equilib-
rium state of the theory. Then, there always exists an open set O around &,
such that system (7.3) is hyperbolic within the whole O.

Proof. Following Definition 7.2, it is enough to consider ¢, to be in the
direction of &, and evaluate the quadratic form

hap(§) = &alip
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at equilibrium states, that is, on perfect fluid solutions. The key idea is the
following: if one manages to show that hap(£) is positive definite, there will
be an open set of fluid states O around it, such that hap(t) > 0 for all ¢, € O.
Thus, we shall look for the conditions for hap(&) to be positive definite.

In fact, evaluating K%z at equilibrium states, we straightforwardly get

o 83X0 83X1
boge boged
Ko yp = 86%83£X18£ 8&335}(2& , (7.4)
DE.ODET  DEIETET

where the symbol © over K® 45 denotes evaluation at equilibrium states, after
taking the corresponding derivatives. Now, let us consider the quadratic form

;LAB(S) = fa IgaAB .

We first assert that the upper diagonal block of ;L AB 1S positive, since it is
the expression of the corresponding hyperbolizer of the perfect fluid theory,
which is a symmetric-hyperbolic theory, stable and causal. This is so because
the corresponding equation of state is that of a pure radiation fluid, which
already satisfies the requirements for the system to be symmetric hyperbolic
(see, for instance, [34]). Thus, if we find that the lower diagonal block is
positive as well, then we can make the whole matrix to be positive definite,
just by choosing x? large enough and with the appropriate sign, where x?,
is the free parameter in the solutions (6.I7). It is important to stress here
the inclusion of second order dissipative effects; otherwise the lower diagonal
block would be zero and it would be rather impossible to satisfy the sought-
after condition. Let us study, therefore, the lower diagonal blockd.
We find it useful to introduce the second order weighted scalars

U = ——, (7.5)
lel

where 1); are the three main scalars introduced in the second order theory.

These scalars do not depend on the norm of £%, namely pu, from which they

satisfy

O
gaa—ga = 0. (76)

With those scalars, the second order generating function (6.I)) can be re-
expressed as

X2 = X301 + pxats + pPxds. (7.7)

SInterestingly, a first order formulation which is well posed in a weaker sense has been
presented in [50], and contemplates an entropy current that is not unique (as it depends
on the initial data for the higher order dissipative contributions).
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Thus,
x> ~ - _
5“8—2: =21 [x 0 + (1), o + (4x3) , U

recalling property (Z.6). Now, using the relation between the second order

contributions X? found in (611), (€14), (6.I6) and (6I7), we can express
everything in terms of x? and get

> 2D1\2, [ - d - d d 7
5“82 =— Mﬁfl‘) {¢1—4<5+1) Py + 2 <§+1) <5+2) wg]. (7.8)

Notice that the lower diagonal block we need it to be positive definite is
indeed the Hessian matrix of

x>

Sa 85(1 .
Thus, symmetric hyperbolicity would follow if we could show this function
has a definite sign, so that it Hessian has definite sign as well. This convexity
condition already appeared in a very nice work by Lax and Friedrichs [49],
in which they show that general conservation laws which admit a convex
extension are symmetric hyperbolic. Here we shall prove that this is already

the case, by showing that the functional
T e 7 d - d d .
Flibr, 2, ¢3] == 1p1 — 4 §+1 Yo + 2 §+1 §+2 s

is positive definite for all values of £,,. As mentioned, choosing a large enough
value for the constant x?  (with the appropriate sign) one ensures the desired
positivity condition is satisfied. In order to see that F [1;1, @/32, @Z)g] is positive
definite, we consider the decomposition of &, given in (A.13), and express any
linear combination of the scalars ¢J; as a real linear combination of quadratic
(and therefore positive) quantities, namely that the equality

V2 2a+p

a@/;1+5?/~)2+7@/~)3:(a+5+7)?+ ’

rar® + atyy T, (7.9)

holds for all «, 8,7. In particular, by choosing the linear combination that
defines the functional F; i.e.,

a=1 B=-2d+2), ’722(;“) (gm),

equation (7.9) gets

%—4(;“)%%(%“) (§+2)@/33=
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2\ 2 2d+1
(eas®) 22080y
2) p It

which is always positive. This concludes the proof.

8 Concluding remarks

In this work we fully characterized the class of conformal dissipative relativis-
tic fluids in arbitrary dimensions, considering dissipative effects up to second
order. The dynamical variable is the energy-—momentum tensor associated
with the fluid, and no conservation of particle numer density is required.
We followed the formalism of divergence-type theories due to R. Geroch,
L. Lindblom and Pennisi [I], 2] from which it is possible to characterize a
fluid theory solely by prescribing a generating scalar function and the corre-
sponding dissipation source. Of course, one may wonder what happens if the
divergence-type nature of the dynamical equations is relaxed, and instead
of that, allow for more general equations; namely, equations which do not
represent conservations laws. Certainly this can be done, and perhaps there
would be many more available theories with intriguing properties. Never-
theless, one drawback of such enterprise is the difficulty to describe shocks
effects, i.e., solutions which starting with smooth initial data produce dis-
continuities at finite evolution time. Unfortunately we can only make sense
of this solutions when their equations represent conservations laws, that is
divergence-type theories [1§].

In the present case of conformal dissipative fluids up to second order, we
found a unique three-parameter family of scalar functions that generate the
whole class. We studied the equilibrium states of these theories, and showed
that they are in one-to-one correspondence with the conformal Killing vector
fields of the background metric.

At first order in dissipation, we recovered the standard expressions. With-
out assuming any preferred frame (e.g. the Landau or Eckart ones), we found
both heat flux (interpreted it as the failure of a fluid solution to be in equi-
librium) and shear tensor to be non-vanishing. Moreover, even if they start
vanishing at the initial time, they are in general generated during evolution.
We derived a Fourier-like equation for the heat flux, as a consequence of im-
posing the constitutive equations at the corresponding order. Additionally,
We also found the expected relation between the part of the energy momen-
tum tensor that is completely perpendicular to the four-velocity of the fluid
and the corresponding shear.
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Finally, we studied the initial value problem of these theories and the
issue of hyperbolicity. Given that the second order contribution to the the-
ory is fixed up to a constant parameter, it is by no means trivial that the
theory would end up being hyperbolic. We found however that by chosing
it large enough, the theory does turn out to be symmetric-hyperbolic near
equilibrium solutions, which directly implies that it has a locally well-posed
initial value problem.

Looking ahead, there certainly remain some aspects to develop further.
One of them is related to the understanding on how the different trans-
port coefficients at second order emerge from the corresponding constitutive
equation in these theories, without assuming any preferred frame. One other
point, which is most intriguing, arises through the fluid/gravity correspon-
dence. Since there is a one- to-one correspondence between conformal fluids
and particular geometries —which are solutions to Einstein’s field equations—
and that we have seen conformal fluids can be characterized by a single
generating scalar function, to what extent can geometries admit a scalar
characterization?
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A On symmetric traceless tensor decomposi-
tions

In this appendix we discuss some properties and decomposition of second and
third rank tensor fields with the symmetries of 7% and A% used to describe

fluid theories. In particular, we show the orthonormal decomposition of
second rank symmetric traceless tensor fields we use throughout this work.
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A.1 Second rank tensor fields

We start with second rank tensor fields. Let S% be a symmetric traceless
tensor field, and V' a vector field with V<V, # 0. Then, there always exist a
scalar function «, a vector field R* and a symmetric tensor field P satisfying

RV, =0, PV, =0, P%g =0 (A1)
such that
Vev, 2
S =a VIV — —2¢" ) + ==V R” + P*. A2
« ( 7Y ) + Vv, + (A.2)
In fact, contracting (A2)) with V,V}, we get
d—1
Sab%‘/b — T o (Vc‘/c)2’
from which 4 ey
aVb
= — . A3
a1 (A.3)
Now, contracting ([A.2)) with V}, we obtain
d—1

Sab% — T o Vc‘/c Va_i_Ra’

from which we directly get

Sch‘/d
R* = 8"V, — —— SV
b Ve,
Notice that RV, = 0 as assumed. Finally, the desired tensor P is given by
d SV, v, Vey, 2
Pab — qab _ c Vavb . ¢ ab ) V(aRb).
d—1(VeV,)? ( a ! Vv,

Indeed, it is straightforward that P®V;, = 0 and P%g, = 0 since S is
traceless by hypothesis. Decomposition ([A.2) is used along this work, by
choosing Sy, = &4 and V, = &,, namely

v 2
Eab = —58aSp + —&(aTb) + Tab- A4
112 1 (a’d) (A4)
Introducing the traceless part of 7, as
v
Tab = Tab + 7hab7 (A5)
p(d —1)
expression ([A.4]) becomes
d v L 2
= ——— (&8 — =0a e Tab- A.6
Eab d—1,2 (ffb dgb>+M§(Tb)+Tb (A.6)
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A.2 Third rank tensor fields

Let S% be any symmetric tensor field, and V¢ a vector field. After some
inspection, it is possible to assert that the most general tensor A%¢ with the
requiring properties for it to be a constitutive tensor field for a fluid theory
(i.e., satisfying condition (3.12])) must be of the form

At = yeghe 4 2590y, (A7)
if and only if S% and V® satisfy the condition
25V, + 8% g,V = 0. (A.8)

In the context of this work, since we make use of some relevant variables
(€4, €m), tensors V@ and S% are to be expressed as algebraic functions of
them, at each order. Let us inspect the possibilities that arise at each order.
Since at non-dissipative orders €% = 0, we can only construct such tensors
in terms of £% and ¢®°, namely,

_gn g, (g“b ‘”25%) (A.9)

where S, is a constant that should be fixed depending on the dissipation
order. Indeed, for perfect fluids one should take S, = 0, while for first order
theories, S, = 1 as pointed out in equation (5.14)) of section

For the next order piece, there are three possible terms which are at most
linear en the dissipative variables £%°. In fact, and recalling the dissipative
vector (¢ := £%¢, introduced before, those terms are found to be

2
Vei=¢r, o 5= 5;% (g“b s = g) , (A.10)

2 v v
a._ ca ab — G2 ab _ “_(ag¢d) Y oragd ab A1l
vi=¢to S So<€ M'f’f +M2§£+M(d—1)h)’( )

d+1
Ve .=re S .= 53 <g“b + — L% ) , (A.12)
where r* = ¢, — ﬁfa, h%y, = 0%, — ﬁfa&, is the projector onto the orthogonal
surfaces of £%; as before, and (S}, S2, S3) real constants to determine. Finally,
we found it useful to rename the traceless £*-completely orthogonal part of

gab as
2 v v
~ab . ~ab (a¢b) a¢b ab
7= 0 — S ¢ el 4 ———h (A.13)
f 1 p(d —1)
which already coincides with (A.H), as expected.
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B Useful expressions for...

In this appendix we state the main identities needed to do the calculations for
the different tensor fields to second order in dissipation. We recall that, when
taking derivatives to symmetric and traceless tensor fields, we substract the
trace of the corresponding result, obtaining by this way just the symmetric
and traceless part of the corresponding derivative field.

B.1 ... second order T

3 (c db 9*g* o b v )
= g%\¢ ; =92 0«; — ¢a _ P _a :
i O 7 O ST
aga gagbc
= a(bege) .
05, g i
0*(0 - ¢ 2
(;g ) — golegdgh 4 ghlegdga _ (§ gdgab +£a§bgcd) :gabgcd
ab
Oy b 9%,
a = Qo - a — Dy -
g aga 1/}2 ) g agaagb ’l/}l )
a31/13 o X ab 827/13 o
B.2 ... second order A%
6’17/)1 _ ab . an _ (apb) z abl . 6’17[)3 _ a¢b ab .
0y 2675 Oy 2 (5 ¢ a7 ) ’ Oy (5 &= ) ’
o,
afaagbc N ’

1 2
— 9| q¥bpo) (bec)a _ “pa be | .
0600 (g Creem gt ) ’

0 1
8€a;/}§bc = (ga(bSC) a Egagbc) A <€b§c B lu bc) '
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