Int. J. Appl. Comput. Math _####H#H##HHHHHHHEHHIH @ CroseMark
https://doi.org/10.1007/540819-018-0518-6

ORIGINAL PAPER

Dynamical Symmetries, Super-coherent States and
Noncommutative Structures: Categorical and
Geometrical Quantization Analysis

Diego Julio Cirilo-Lombardo!-2

© Springer (India) Private Ltd., part of Springer Nature 2018

Abstract The relation between fundamental spacetime structures and dynamical symmetries
are treated beyond the geometrical and topological viewpoint. To this end analyze, taking into
account the concept of categories and quasi hamiltonian structures, a recent research (Cirilo-
Lombardo and Arbuzov in Int J Geom Methods Mod Phys 15(01):1850005, 2017) where
one linear and one quadratic in curvature models were constructed and where a dynamical
breaking of the SO(4, 2) group symmetry arises. We explain there how and why coherent
states of the Klauder-Perelomov type are defined for both cases taking into account the coset
geometry and some hints on the possibility to extend they to the categorical (functorial) status
are given. The new spontaneous compactification mechanism that was defined in the subspace
invariant under the stability subgroup is commented in the context of future developments as
the main tool for the treatment of the internal symmetries, as the electroweak in the Standard
Model (SM). The physical implications of the symmetry rupture as the introduction of a
noncommutative structure in the context of non-linear realizations and direct gauging are
analyzed and briefly discussed in this new theoretical framework.
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Introduction

As we recently have been discussed [73], studies of higher-dimension theories that involve
(spontaneously) broken symmetries and noncommutativity in the quantum case are motivated
by searches for a unified theory and consequently by a consistent theory of quantum gravity.
Dimensional reduction of such theories is not unique and becomes extremely involved when
gravity is included. We believe that the guiding principles for the reduction are provided by
the observed (or desirable) physical field content and by the group theoretical structure itself.
It is possible, however, to include more fundamental structures (categories) that allow a more
natural way of describing all the properties of spacetime that interest us. In the other hand,
symplectic geometry grew out of the theoretical study of classical and quantum mechanics. At
first it was thought that it differs considerably from Riemannian geometry, which developed
from the study of curves and surfaces in three dimensional Euclidean space, and went on to
provide the language in which General Relativity is studied. This fact was understandable
given that symplectic geometry started from the study of phase spaces for mechanical systems
but, with the subsequent seminal works of Cartan that introduce the symplectic structure into
the geometry of the spacetime calculus, that thinking changed radically due the introduction
of the concept of categories and functors. In this paper we review and give some new results
our recent research introducing some new ideas and results both, from the physical and
mathematical viewpoint.

Noncommutative Structures

From the technical point of view, we have to extend physical fields into an extra (internal)
space with preserving the general noncommutative quantum structure. However from the
point of view of only group manifolds, the development of a mechanism that permit us to
display the set of physical fields in interaction with the corresponding four dimensional world
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implies that some of the original symmetries of the higher-dimension manifold have been
broken. There exist many theoretical attempts to realize the above ideas such as string and
brane theories but none of them can be treated as the final answer: formulation of such theories
contain serious problems that are still non solved. In spite of the fact that in these theories the
solution seems to include a non-commutative structure [1,2], the concrete implementation
of these symmetries in a substructure of any (super) manifold seems to be very complicated
from the technical and geometrical viewpoints. However the possible answer to this question
as for the problems of the geometrical quantization procedures which include a categorization
mechanism. A posibility is given in Section VI where we explain the generalized Rothstein
theorem presented by us before and may include naturally the desired categorization.

Gauge Theories of Gravity

However if well there exist another way to attack the unification problem that is in the context
of gauge theories of gravity [3-5], the quantum picture is still not clear. The main problem is
to conciliate the gauge theories, the breaking of symmetry and the mechanism of quantization
in a fiber bundle structure. We will not go into details of each proposed theory of gravitation
here, only the possibility of implementing a consistent geometric quantization scheme. As is
well known the first model of gauge gravitation theory was suggested by Utiyama [6] in 1956
generalizaing the original SU(2) gauge model of Yang and Mills to an arbitrary symmetry
Lie group he met the problem of treating general covariant transformations and a pseudo-
Riemannian metric which had no partner in the Yang—Mills gauge theory see also [3,4,7-11]
and references therein. Since the Poincaré group comes from the Wigner—Inonu contraction
of de Sitter groups SO(2, 3) and SO(1,4) and it is a subgroup of the conformal group,
gauge theories on fibre bundles with these structure groups were also considered [12-18] .
Because these fibre bundles fail to be natural, the lift of the group Diff(X) of diffeomorphisms
of the fiber onto the base should be defined [19,20]. However, these gauging approaches
contain the problem with a non-linear (translation) summand of an affine connection being a
soldering form, but neither a frame (vierbein) field nor a tetrad field. Thus the latter doesn’t
have the status of a gauge field [21-23]. At the same time, a gauge theory in the case
of spontaneous symmetry breaking also contains classical Higgs fields, besides the gauge
and matter ones [24-32]. Therefore, basing on the mathematical definition of a pseudo-
Riemannian metric, some authors formulated gravitation theory as a gauge theory with a
reduced Lorentz structure where a metric gravitational field is treated as a Higgs field [33—
37]. Consequently all the above attempts to implement a clean geometrical quantization
procedure fail justifying the possibility of more fundamental algebro-geometric structures at
the level of the base differentiable manifold.

Cartan Forms, Pullbacks and Quantization

The most satisfactory answer to the formulation of gravity as a gauge theory was developed
in the pure geometrical context in the works of Volkov et al. [38—41]; in the context of
supergravity by Arnowitt and Pran Nath [42]; and finally by Mansouri [43] who was able
to solve some of the problems listed before by means of a principal fiber bundle imposing a
condition of orthogonality of the generators of the fiber and base manifold. Such conditions
that break the symmetry of the original group are implemented by means of a particular choice
of the metric tensor. This approach was implemented in a supergroup structure obtaining a
gauge theory of supergravity. Note that the underlying geometry must be reductive (in the
Cartan sense) or weakly reductive in the case of supergravity. In these cases a geometrical
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quantization procedure can be incorporated because there ias a correct supergroup structure
with a Cartan weakly reductive geometry.

Cosets and Number of Fields

As always, even the problem to determine which fields transform as gauge fields and which
not, as well as which fields are physical ones and which are redundant, nonetheless remains.
Also the relation between the coset factorization (as in the case of the non-linear realization
approach [52-54]) and the specific breaking of the symmetry in the pure topological theories
of grand unification (GUT) is still unclear.

Higher Structures in Field Theory

Gerbes appear in descriptions of the classical fields on manifolds and their boundaries by
Dan Freed. There have to be links via “twisted K-theory” with Mickelsson’s work on QFT
[72] (and references therein), anomalies and gerbes. The latter involves (twisted) projective
representations (as opposed to linear representations) of the group of classical symmetries,
on a Hilbert space of quantum states. Such “anomalies” can often be expressed in terms
of Dixmier—Douady classes (in the integer-valued third cohomology group) or in terms of
gerbes, or via twisted K-theory. I think that it would be nice to understand this point better.

Coset Coherent States and Quasihamiltonian Structures

Let us remind the definition of coset coherent states
Ho={geG|U() Vo=Vo}CG. ey
Consequently the orbit is isomorphic to the coset, e.g.
O (Vp) =~ G/H,. (2
Analogously, if we remit to the operators, e.g.
[Vo) (Vol = po 3)

then the orbit
O Vp) ~G/H )

with
H={geG|U Vo=0Vo}
={geGlUg pod () =po} CG. Q)

The orbits are identified with coset spaces of G with respect to the corresponding stability
subgroups Hy and H being the vectors Vj in the second case defined within a phase. From
the quantum viewpoint |Vp) € H (the Hilbert space) and pg € F (the Fock space) are Vg
normalized fiducial vectors (an embedded unit sphere in H).

In the case of Hamiltonian and quasihamiltonian structures the typical case can be exem-
plified as follows

G((X)maps: ¥ — G

Q'@ ey
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now
g:X2—->G
and we have a connection such is invariant under
A—g'Ag+gdg

is the action with A hamiltonian? We define t : ¥ — g, then:

fum=/afm+fmm
> X

where Fy = dA + A A A and looking at the Poisson bracket between 2 actions:

{H,], th} = H[tl,tz] + / (t1,d12)
ED)
we see that the problems appear when the boundaries certainly exist: X # 0 no momentum
map. Consequently the problem can be solved from the point of view of the Atyah—Bott
theorem redefining the symplectic structure with the help of the moduli-space of the flat
connections. (in a future work [51] this problem will be explicitly exemplified).

Invariant SO(2, 4) Action and Breakdown Mechanism

The explicit construction given recently [73] of geometrical lagrangians based in a group
manifold with conformal structure is reviewed here in order to understand how it can be
connected with the general dynamics and quantization procedures.

Linear in RA8

S=/MMARM (©6)

in this case we note first, that the SO(2, 4)-valuated tensor p4p acts as multiplier in S
(without any role in dynamics, generally speaking). Having this fact in mind, let us consider
the following points.

(1) If we have two diffeomorphic (or gauge) nonequivalent SO(2, 4)-valuated connections,
namely 48 and T'AB, their difference transforms as a second rank six-tensor under the
action of SO(2, 4)

k48 = GLGHKCP, (7

«AB — TFAB _ pAB ®)
(i) If we now calculate the curvature from A8 we obtain

RAB — RAB | pycAB, 9)

where the SO(2, 4) covariant derivative is defined in the usual way

DA = dic*B 4 T4 A + T8 AkchP. (10)
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(iii)

(iv)

)

(vi)

Redefining the SO(2, 4) six vectors as VA = ¢4 and VlB = ¢® (in order to put all in
the standard notation), the 2-form 4B can be constructed as

K48 — gl o Blqy. (11)
Then we introduce all into the RAB (U scalar function) and get
RAB _ RAB 4 p (w[AwB]dU)
= RA% + (y 14Dy - gDy 1) A qu. (12)

The next step is to find the specific form of w4 p such that fi4p = pap (invariant under
tilde transformation) in order to make the splitting of the transformed action S weakly
reductive as follows.
Let us define

64 = Dy (13)

with the connection T'AB = A8 + k4B then
64 = D(pA + K‘%(pB,
——
pA
~ 2
g =0 + [vﬂ* (¢%) =" -«p)] AdU, (14)
2
where ((pB) = ((p BgoB) and (V - ¢) = Ype? etc.
In the same manner we also define
7t =Dy,
2
nt=nt+ [wg‘ W0 =" (vF) }Adu. (15)
To determine 4 p We propose to cast it in the form
HAB X D5 [GWF(/?EEABCDEF (9C AP +0C A0 + ¢ A nD) + b/cAB] (16)

with pg, a, b scalar functions in particular contractions of vectors and bivectors
SO(2, 4)-valuated with €expcprr) to be determined. The behaviour under the tilde
transformation is

- 1
MAB X LAB — EpsawFQDEEABEFds AdU, (I7)

where § = (1//A)2 ((pB)z -9

Finally we have to look at the behaviour of the transformed action
§ = fﬁAB AN ﬁAB
1
=S+/§p5aKAB/\RAB/\d.E—I—/,uABADKAB. (18)

We see that till this point, the SO(2, 4)-valuated six-vectors ¥ and ¢ are in principle
arbitrary. However, under the conditions discussed in the first Section the vectors go to
the fiducial ones modulo a phase. Consequently

£ —> A’B? (19)
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and the bivector comes to
kA8 = Yl Blgu — A (AB) € = afABe®? = ABe®?,  «,B:5,6,
where we define the 2nd rank antisymmetric tensor €*# and

Ma —up

A =Det(_u*a B

) = off = 1(unitary transformation)

Below we consider two important cases with respect to the components m and X.

A=mand B =
1. If the coefficients A = m and B = X play the role of constant parameters we have
dé — d (A*m?*) =0

and
D48 > d um) e AdU =0

making the original action § invariant, e.g.

g‘VOZ/ﬁAB/\iABZIMAB/\RAB=S

(20)

2

(22)

(23)

24

being g’vo the restriction of S under the subspace generated by Vj and consequently

breaking the symmetry from SO (2,4) — SO (1, 3).

2. The connections after the symmetry breaking (when the mentioned conditions with A

and m constants are fulfilled) become

[AB _ AB 4 AB o5 — T = . TS = iS5 [i6 — 1i6,
but TP =T — (um)dU.

(25)
(26)

3. Vectors 84 and 5 after the symmetry breaking and under the same conditions become

64 = d(pA + FAC /\(pc +K%¢B = b.o.s.,
—

0'=6"=0+Tm+0= 6" =Tkm,

B3=0=0+0=0,

A =dyt + T4 Ay + x4y = bos.,

—_———

GA
T=n=0-Tir+0= 7y =Tk,
P=n"=0

and evidently pis = i = 0.
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244 4. Consequently from the last points, curvatures become

245 RV = RE}, +m720' A6 + )\—2ni A ﬂj, (27)
Do’
——

i5 —1 i i i my i 65 —1 i_mo; 65
- RS =m~' | d6 +a)j/\6’~’+<x)n ATS | = m [D@—xn AT ] (28)

. . -1 .
247 R® = )1 [Dnl — (%) 0" A F561| ) (29)
248 R = dr° + (m)»)_l 6; A ni, (30)
250 where D is the SO(1, 3) covariant derivative.

251 5. The tensor responsible for the symmetry breaking becomes

252 Wij = —2psarime;jy (Qk A 7][ +605 A0l + nk A 17[> 31
25 use = —psbesgimdU. (32)
255 6. Consequently, with all ingredients at hand, the action will be
256 S = /MAB A RAB =/M,-j A RY +/M56 AR, (33)
S1 S2
257 where
A . . .
258 S = —2/ PsA€jki <0k At 405 A0+ 1E A nl) A (AmRH + —60' AO/ + %n’ A 17]>
m
259 =— 2/ PsA€ijkl <9k A nl A )»mRé{ + 0Kk A6l A )\mRé{ + nk A nl A )\mRé{)
A ) A . A )
260 - Z/psaei]-kl (9" AN SO NG 0K AN 0T NG+ Ay A2 /\91>
X m m m
201 - Z/psaeijkl (Qk Al A In’ A+ 05 A0 A an And + kAt A In’ /\n])
263 and
264 So = —im / psbesg A (dr56 + (m)»)il 0; A ni) .

265 7. At this point (the mathematical justification will come later) we can naturally associate
266 the tetrad field with the 6-form

267 0k ~ ekt (34)
268 consequently a metric can be induced in Mjy:

269 Nab = gjkCacys  gjk = Napeiecy.  ehel =8f,  etc., (35)
270 where 7 is the Minkowski metric. That allows us to lift up and to lower down indices,
271 and n' with the following symmetry typical of a SU (2, 2) Clifford structure

22 n* ~ fro?, (36)
i ¢4 faaw = fij = —fin (37)
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that consequently allows us to introduce into the model an electromagnetic field (that
will be proportional to f7;).
8. So we can re-write the action as

S; =— 2/ psaciju (9" Ant+05 A0 +0f A n’) A <AmRH
A A A A
+—0"' A0 + ﬂn’ A n])
m A
ij k ij A omY g
=—2 [ psa|rm (fin{} +<gij+fi fkj) R{}>+ Lo )
A m
s (Eve+ 2T ot (38)
m A
In the above expression we have taken into account the following:

(i) Terms ~nAnAnAOandn A6 A6 A0 vanish; '

(i) Terms ~ 77/\7;/\9/\0an('i'n/\n/\e/\ele'a'dto—> fk/fkj;

(iii) Term ~ €; jk19k Al A RH leads — f;; RE}’ picking the antisymmetric part of the
generalized Ricci tensor (containing porsion); -

(iv) Term ~ €;jn (6"‘ NG+ nk A nl) RH leads to — (gij + fikfkj) RH picking the sym-
metric part of the generalized Ricci tensor (containing Einstein—Hilbert plus quadratic
torsion term);

(v) Terms ~nAnAnAnand @ A6 A6 A6 lead to the volume elements o/ f and /g,
respectively, where we defined as usual g = Det (gi) and f = Det (fix) = (fjf f”‘)z.

A =m(x)and B = A (x) : Spontaneous Subspace
If the coefficients A = m (x) and B = X (x) are not constant but functions of coordinates
we have

dt — d (A*m?) = 2d (Am) (39)

and
D d (um) €*P A dU. (40)

Consequently from the following explicit computations
§=/ﬁA3AE“‘ 1)
1
=S5+ / E,osa/cAB A RAB ANdE +/MAB A DicAB

fpsaRAB Akap NdE +/MAB A DicAB

—_ N =

psaRupe® rmdU A 2d (Am) + f pape®d (hm) A dU

[
1
=S+ / EpsaRaﬁe“ﬁkad (Am) AdU + / tape®Pd (hm) A dU,
/ [1ap + psaRoprm] P d (am) A dU.
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we obtain the required condition:

~

S=8 if
Hap = —psaReghm, (42)

then we see that up takes the place of an induced metric and it is proportional to the
curvature

Rop = Apigp (43)
with A =-— (psa)»m)_] . (44)
Note that we have now a four-dimensional space-time plus the above “internal” space of a

constant curvature. This point is very important as a new compactification-like mechanism.

Remark 1 A geometrical structure defined on the coset K = G/H, with H stability
group, is defined weakly reductive if there is a vector space K satisfying the following
conditions:G = ‘H + K and [H, K] C K being G and H the Lie algebras of G and H respec-
tively.

Supergravity as a Gauge Theory and Topological QFT

In previous works [57,58] we have shown, by means of a toy model, that there exists a super-
symmetric analog of the above symmetry breaking mechanism coming from the topological
QFT. Here we recall some of the above ideas in order to see clearly the analogy between the
group structures of the simplest supersymmetric case, Osp (4), and of the classical conformal
group SO (2, 4).
The starting point is the super SL(2C) superalgebra (strictly speaking Osp(4))
[(Mag, Mcpl = €c (aMp)p +€p (aMB)c .
(Mg, Qcl=¢€c(aQB), {Qa, O} =2Mys. (45)

Here the indices A, B, C, ...stay fora, 8,y ... (d, ,8 y.. ) spinor indices: «, 8 (o'z, ﬂ) =
1,2 i, 2) in the Van der Werden spinor notation. We define the superconnection A due the
following “gauging”

APT, = a)"‘ﬂMaB + o™ Myp + a)d‘ﬁMdﬁ + 0% Qy — 0, (46)

where (wM) defines a ten-dimensional bosonic manifold! and p =multi-index, as usual.
Analogically the super-curvature is defined by ' = F”T),, with the following detailed struc-
ture

F(M)*E = doB + o A 0B + 0t AP, (47)
F(Q)* =do® + 0% A o€, (48)

From (46) it is easy to see that there are a bosonic part and a fermionic one associated with
the even and odd generators of the superalgebra. Our proposal for the “toy” action was (as
before for SO(2, 4)) as follows:

s— / FP Ay, (49)

1 Corresponding to the number of generators of SO (4, 1) or SO (3, 2) that define the group manifold

@ Springer

:é: Journal: 40819 Article No.: 0518 [ TYPESET [_JDISK [_]LE [ CP Disp.:2018/4/26 Pages: 25 Layout: Small



346

347

348

349

350
351
352

353

354

355
356

357

358

359

360
361
362
363
364

365
%9

368

369

370

371
372
373

374

375

376
377
378

379

;-,-‘: Journal: 40819 Article No.: 0518 [ TYPESET [_|DISK [_]LE [_]CP Disp.:2018/4/26 Pages: 25 Layout: Small

Int. J. Appl. Comput. Math _#HHH#HHHEHHIHHHHEERAI# Page 11 of 25 _####

where the tensor ), (that plays the role of a Osp (4) diagonal metric as in the Mansouri
proposal) is defined as

Hop = Ca /\zﬁ Hap = Sa N Ep Jha = Via etc. (50)

with g, (Z fs) anti-commuting spinors (suitable basis)? and v the parameter of the breaking
of super SL(2C) (Osp (4)) to SL(2C) symmetry of . Note that the introduction of the
parameter v means that we do not take care of the particular dynamics to break the symmetry.

In order to obtain dynamical equations of the theory, we proceed to perform variation of
the proposed action (49)

SS:/ﬁFp/\up-l-Fp/\S,up
=/dAupA(SA”+F”/\5up, 51)

where d4 is the exterior derivative with respect to the super-SL (2C) connection and § F =
d 48 A have been used. Then, as the result, the dynamics is described by

dap =0, F=0. (52)

The fist equation claims that p is covariantly constant with respect to the super SL (2C)
connection. This fact will be very important when the super SL (2C) symmetry breaks down
to SL (2C) because dajt = dapap +dapna = 0, a soldering form will appear. The second
equation gives the condition for a super Cartan connection A = 0% + w* to be flat, as it is
easy to see from the reductive components of above expressions

F(M)*8 = R*8 + 0 Ao =0,
F Q)" =do® + 0’ Ao = d,0® =0, (53)

where now d,, is the exterior derivative with respect to the SL (2C) connection and RA% =
dwB + w. A C8 is the SL (2C) curvature. Then

F=0& R +0 A0 =0 and d,0*=0 (54)

the second condition says that the SL (2C) connection is super-torsion free. The first doesn’t
say that the SL (2C) connection is flat, but it claims that it is homogeneous with a cosmo-
logical constant related to the explicit structure of the Cartan forms w?, as we will see when
the super SL (2C) action is reduced to the Volkov—Pashnev model [44,45].

Quadratic in RAB

The previous action, linear in the generalized curvature, has some drawbacks that make
necessary introduction of additional “subsidiary conditions” due to the fact that the curvatures
R'> and R® don’t play any role in the linear/first order action. Such curvatures have a very
important information about the dynamics of 6 and 7 fields. In order to simplify the equations

2 1n general this tensor has the same structure as the Cartan-Killing metric of the group under consideration.
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of motion we define

= A, (55)
m—19’ =0, (56)
A=, (57)
and as always N
RV =Ry +m™20' A6/ + 21720 An/ (58)
with the SO (1, 3) curvature Rg = do'/ + o, A w*. Consequently from the quadratic
Lagrangian density
5= / Rap A RAP (59)
we obtain the following equations of motion:
] (RAB A RAB) ~ ~ o~ y ~
— D (D6;) +2Rij A0 — 60" AT AT +0; AANA=0,  (60)
8 (Rap A RAB - A -
(677") — D (D) + 2R AT =0 AT NG +T; AAANA=0,  (6])
8 (Rap A RAB o
8 (Rap A RAB) -~ e
87[,—)—DRk[+D9kA9[+an/\7][+9k/\n[/\A:0. (63)
w".
J
Maxwell Equations and the Electromagnetic Field
As we claimed before we can identify
0" = el dx’, (64)
n' = fdx" (65)
with the symmetries
;L ,‘}-—511»3 €iv = 8uv = vp (66)
and _ '
f,if,‘v=8v7 eivf,;:fp.v:_fuu (67)
such that the geometrical (Bianchi) condition
Vip fun1 =V, "' =0 (68)
or in the language of differential forms
D (5" A ’ﬁ,-) -0 (69)
holds, thus the curvatures R® and RS are enforced to be null. And conversely if R6 and RS
are zero then D (9 A 7;) = 0 or equivalently Vi, £, = Vi f*" = 0.
@ Springer
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Pr00f From expressions (28, 29), namely: R> = [DQ’ -7 F65] and R = [— D7t +
6! A F56] we make

Ri5/\77‘i+§iARi6:D(5i /\?f,)+<?]‘iAF56)/\ﬁi+5iA<5iAl“56), (70)
RiSA’ﬁi+5i/\Ri6=D(§iA’ﬁi). 1)

In the last line we used the constraint given by Eq. (62) Consequently if R® and R are zero,
then D (6" A 7;) = 0 or equivalently Vi, f,,,] = Vi f”* = 0 and vice versa.

Corollary 2 Note that the vanishing of the R curvature (that transforms as a Lorentz
scalar) does not modify the equation of motion for T'°° and simultaneously defines the elec-
tromagnetic field as

R® =dr® + ma)~'o; An' =0, (72)
= dA—F =0. (73)
O

Equations of Motion in Components and Symmetries

Let us define

R{} = Bﬂa) — 0 a)’/ +a)ﬂka)k/ - a)kja)f)k, (74)
Tu = B,Le — 0y e —I—w e -, kek (75)
Sl’w:‘()ﬂfv—a.,fu—kwukfv _kafu' (76)
Note that S,’w is a totally antisymmetric torsion field due the symmetry of fidx" = n'.

Consequently the equations of motion in components become
w [VISIR# | 4+ Il (=m =277 427258 ) = figl Gy ™! £ 4T = 0,
[\/@ (R’”“’ m2elitedlv 4 )\—Zf[iufj]v)]
gl (=217 +27287) = lgl ) ™! £l AT =0,
Vi (\/I?IT”“’) + /gl (Rj” —m2ed 4 AfA”) =0,
(\/ES“”>+\/E< L A]>:0,

V[/}.Av] =F, = (Am)_ Fuv,
Vip Fun =0. 77)

Nonlinear Realizations Viewpoint

Note that in our case Eqgs. (64, 65) identify 6’ ~ ¢’ and ' ~ f' making the table below
completely clear. Note that I'® is identified with the g of Ivanov and Niederle [14, 15].
Algebra and transformations in the case of the work of Ivanov and Niederle are different
due different definitions of the generators of the SO(2, 4) algebra, however the meaning of
g which is associated to the connection I'®® remains obscure for us because of the second
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This work [14,15]
RiJ R;]/ +m200 A0S 427200 Al R;)/ +4gel A fI
RiS m—! [Dgi — i A I‘55} Del +2gel A g
RI6 —7 1 [y — () o AT Dff —2gfi ng
R dr® + mn~le; Ani dg+4ge; A fF
DS/ADS reduction Yes No

Cartan structure equations R’> and R'6. Note that, although the group theoretical viewpoint in
the case of the simultaneous nonlinear realization of the affine and conformal group [55,56]
to obtain Einstein gravity are more or less clear, the pure geometrical picture is still hard to
recognize due the factorization problem and the orthogonality between coset elements and
the corresponding elements of the stability subgroup.

Symplectic Structures, Poisson Manifolds and Noncommutativity
Generalization of Rothstein’s Theorems Even Supersymplectic Supermanifols

The existence of a (super) symplectic structure on a manifold is a very significant constraint
and many simple and natural constructions in symplectic geometry lead to manifolds which
cannot possess a symplectic structure (or to spaces which cannot possess a manifold struc-
ture). However these spaces often inherit a bracket of functions from the Poisson bracket on
the original symplectic manifold. It is a (semi-)classical limit of quantum theory and also is
the theory dual to Lie algebra theory and, more generally, to Lie algebroid theory.

Poisson structures are the first stage in quantization, in the specific sense that a Poisson
bracket is the first term in the power series of a deformation quantization. Poisson groups are
also important in studies of complete integrability.

From the point of view of the Poisson structure associated to the differential forms induced
by the unitary transformation from the G-valuated tangent space implies automatically, the
existence of an even non-degenerate (super)metric. The remaining question of the previous
section was if the induced structure from the tangent space (via Ambrose-Singer theorem)
was intrinsically related to a supermanifold structure (e.g. noncommutativity, hidden super-
symmetry, etc.). Some of these results were pointed out in the context of supergeometrical
analysis by Rothstein and by others authors [61-63], corroborating this fact in some sense.
Consequently we have actually several models coming mainly from string theoretical frame-
works that are potentially ruled out [66,70]. Let us review and develop our earlier work [59]
to work out this issue with more detail: from the structure of the tangent space T, (M) we
have seen

Ug (P) =383 + R, dx" Adx"
=85 + o (T} (78)

where the Poisson structure is evident (as the dual of the Lie algebra of the group manifold)
in our case leading to the identification
RE L dx! ndx’ = of (T0)f (79)
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We have in the general case, a (matrix) automorphic structure. The general translation to the
spacetime from the above structure in the tangent space takes the form

~ 1 1 A ,
&=y [ it 5 (a)k, (rkairgj - r’gjrﬁu.) + gbdR;.ija> dl/,adl/,b] dx' A dx

+ w,-inmdxmdxidl//b—i—
1 1 ) , . .
+ 5 [gab +5 (gcd (r;br;’a - ;ar;’b) + wszibi) dx' A dxf] dydy®
+ gap AL dyddy®dx’ (80)

Because covariant derivatives are defined in the usual (group theoretical) way
Dy =dy® — T, dy’dx’ 81
Dx' =dx' — I dx?dy? (82)

we can rewrite @ in a compact form as

~ 1 : ] ) .
o= 3 |:<w,-ij’ A Dx’ + Eghde?ljadI//“dl//bdx’ /\de>

1 . .
+ (gabDG“DGh + Sy R.p.dx' A dxfdQ“dGb)] (83)

At the tangent space, where that unitary transformation makes the link, the first derivatives
of the metric are zero, remaining only the curvatures, we arrive to

- 1 1 . . 1 . )

5= [(n,-_, + EebdRijudl/fadI//b> dx' Adx? + (eab + 5w R, dx' A dxf> dwudwh]

(84)
Here the Poisson structure can be checked
1 1
nij + Eehde]jadllf”dllfb = (3§ + EdenklRldjad‘/fadwb> Nki (85)
1 . . 1 . .

€ab + 5 R',.dx' ndx) = (sg + 5m,efd R,y .dx" A dx’) €ac (86)

In expressions (80-86) the curvatures, the differential forms and the other geometrical opera-
tors depend also on the field where they are defined: R, C or H. In the quaternionic H-case the
metric is quaternion valuated with the propierty w[Ti 7= Tl and the covariant derivative
can be straightforwardly defined as expressions (81,82) but with the connection and coor-
dinates also quaternion valuated. The fundamental point in a such a case going towards a
fully reliable gravitational theory is to fix the connection in order to have a true link with
the physical situation. The matrix representation of structures (85,86) are automorphic ones:
e.g. they belong to the identity and to the symplectic block generating the corresponding
trascendent (parameter depending) functions. Now, we will analize the above fundamental
structure under the light of the supersymplectic structure given by Rothstein (notation as in
Ref. [62,63])

~ 1 1 o
5= <w,-j + Eg,,dR;'j.ae“eb> dx'dx’ + gu, DO*DO" (87)
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where the usual set of Grassmann supercoordinates were introduced: x', ... x7; 0! ... 67,

the superspace metrics were defined as: w;; = (% a%) s 8ab = (%, #) and

V. (0%) = Al0" (88)

oxt
Due to the last expression, we can put @ in a compact form with the introduction of a
suitable covariant derivative: D6 = d6“ — A; bebdx’. With all the definitions at hands, the
Poisson structure of @ in the case of Rothstein’s is easily verified

1 1
wij + Egbddejaanb = [ & + EgbdwlkRidlaeaeb @kj (89)
—
=B

The important remark of Rothstein [62] is that the matrix representation of the structure B
has nilpotent entries, schematically

5 =[0 ' (I-B+B*—B..)]" V, AV, + g%

d
264 " 060 G0
where, as is obvious B" =0 forn > 1 andn € N.
Remarks from the above analysis, we can compare the Rothstein case with the general
one arriving to the following points:

(1) In the Rothstein case only a part of the full induced metric from the tangent space is
preserved (“one way” extension [62—65,67-69])

(i) The geometrical structures (particularly, the fermionic ones) are extended “by hand”
motivated, in general, to give by differentiation of the corresponding closed forms,
the standard supersymmetric spaces (e.g. Kahler, C P", etc.)[62,63]. In fact it is easily
seen from the structure of the covariant derivatives: in the Rothstein case there are
Grassmann coordinates instead of the coordinate differential 1-forms contracted with
the connection.

(iii) In the Rothstein case the matrix representation (73) coming from the Poisson structure
is nilpotent (characteristic of Grassmann manifolds) in sharp contrast with the general
representation (68-70) coming from the tangent space of the UFT that is automorphic.

Remark 3 was noted in [64,65] that the following facts arise: (i) A Grassmann algebra, as
used in supersymmetry, is equivalent, in some sense, to the spin representation of a Clifford
algebra. (ii) The questions about the nature and origin of the vector space on which this
orthogonal group acts are completely open. (iii) If it is a tangent space or the space of a
local internal symmetry, the vectors will be functions of space-time, and the Clifford algebra
will be local. (iv) In other cases we will have a global Clifford algebra. Consequently, the
geometric structure of the UFT presented here falls precisely in such a case.

Tangent Space and Even Supermanifold Structure

The very general QFT structure induced from the tangent space by means of the Ambrose—
Singer [60] theorem (78,79) verifies straigforwardly the Darboux-Kostant theorem: e.g. it has
a supermanifold structure (even in the noncommutative case). Darboux—Kostant’s theorem
[61] is the supersymmetric generalization of Darboux’s theorem and statement that:

Given a (2n|q)-dimensional supersymplectic supermanifold (M, Ay, w), it states that for

any open neighbourhood U of some point m in M there exists aset (¢1, ..., qn, pl, ..., pn;
&1,..., &) of local coordinates on VE(U) so that w on U can be written in the following
@ Springer
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form,

n q
oly EazzdpiAdqi+Z§(s“)2, (€ = £1) o1)

i=1 a=1

Proof by simple inspection we can easily see that the expression (68) has the structure (75).
That means that we have locally a supersymplectic vector superspace induced (globally) by
a supersymplectic supermanifold. O

The Geometrical Reduction and Even Symplectic Super-Metrics
Example: Volkov—Pashnev Metric

The super-metric under consideration, proposed by Volkov and Pashnev in [44,45], is the
simplest example of symplectic (super) metrics induced by the symmetry breaking from
a pure topological first order action. It can be obtained from the Osp (4) (superSL (2C))
action via the following procedure.

(1) The Inonu-Wigner contraction [46] in order to pass from SL (2C) to the super-Poincare
algebra (corresponding to the original symmetry of the model of Refs. [44,45,47-49])

then, the even part of the curvature is split into a R%! part RP and a SO (3, 1) part
RYP (Rdﬂ ) associated with the remaining six generators of the original five dimensional

SL (2C) group. This fact is easily realized by knowing that the underlying geometry is
reductive: SL (2C) ~ SO (4, 1) — SO (3, 1) + R*!. Than we rewrite the superalgebra
(45) as

[M,M]~M [M,TI]~T1 [[I,T1]~M o)
[M,S]~S [I,S]~S {S,S}~M+1I

with IT ~ Ma,é’ M ~ Myg (Mdﬁ)’ and re-scale m2T1 = P and mS = Q. In the limit
m — 0, one recovers the super Poincare algebra. Note that one does not re-scale M
since one wants to keep [M, M] ~ M Lorentz algebra, that also is a symmetry of (1).

(ii) The spontaneous breaking of the super SL (2C) down to the SL (2C) symmetry of
(e.g. v — 0in pp) of such a manner that the even part of the super SL (2C) action

F (M)*8 remains.

After these evaluations, it has been explicitly realized that the even part of the original super
SL (2C) action (now a super-Poincare invariant) can be related with the original metric (1)
as follows:

R(M)+ R (P) + 0wy — a)da)o«{ — oo, +av*wy — a*a)é‘a)d lvp . (93)

Note that there is mapping R (M) + R (P) — o"w,, |v p thatis well defined and can be real-
ized in different forms, and the map of interest here v* wy — wd‘ w, — a0% Wy — a*o® wy lvp
that associate the Cartan forms of the original super SL (2C) action (49) with the Cartan
forms of the Volkov—Pashnev supermodel: w* = (a) 12 % |vp, oY = (a*)]/ 2 % lvp.
Then, the origin of the coefficients a and a* becomes clear from the geometrical point of
view.

From the first condition in (54) and the association (93) it is not difficult to see that, as in the
case of the space-time cosmological constant A : R = %e Ae (e = space — time tetrad),
there is a cosmological term from the superspace related to the complex parameters a and a*:
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R=-— (aw"‘wa — a*w“wd) and it is easy to see from the minus sign in above expression,

why for supersymmetric (supergravity) models it is more natural to use SO (3, 2) instead of
SO (4,1).

Note that the role of the associated spinorial action in (49) is constrained by the nature of
vy in ) as follows.

(1) If they are of the same nature of the w®, this term is a total derivative and has not
influence onto the equations of motion, then the action proposed by Volkov and Pashnev
in [44,45] has the correct fermionic form.

(ii) If they are not of the same SL (2C) invariance that the w%, the symmetry of the original
model is modified. In this direction a relativistic supersymmetric model for particles was
proposed in Ref. [50] considering an N-extended Minkowsky superspace and introducing
central charges to the superalgebra. Hence the underlying rigid symmetry gets enlarged
to N-extended super-Poincare algebra. Considering for our case similar superextension
that in Ref. [50] we can introduce the following new action

72 o © Lo - - . o 7 —&i -]
S = —m/ dt\ oot +ab 0y —a*d 0, +i(0% A6, — 0% A;;0,)
7l

T2
- / drL (x,6,5) 94)
Tl

thatis the super-extended version of the superparticle model proposed in [44,45] with the
addition of a first-order fermionic part. The matrix tensor A;; introduce the symplectic

structure of such manner that now gy ~ A;j 6y is not covariantly constant under d,,,.
Note that the “Dirac-like” fermionic part is obviously under the square root because
it is a part of the full curvature, fact that was not advertised by the authors in [50]
(see also [29]) that doesn’t take into account the geometrical origin of the action. An
interesting point is to perform the same quantization as in the first part of the research
given in [47-49] in order to obtain and compare the spectrum of physical states with the
one obtained in Ref. [50]. This issue will be presented elsewhere [51].

The spontaneous symmetry breaking happens here because the parameter doesn’t have any
dynamics. But this doesn’t happen in the nonlinear realization approach where the parameters
have a particular dynamics associated with the space-time coordinates.

Discussion

Here we discuss some of the results obtained within the light of the Ref. [59] and describe
their possible generalizations from the point of view of the boson-fermion symmetries as
from the categories viewpoint

(i) The Darboux-Kostant theorem is fulfilled in our case showing that M fits the character-
istic of a general even supermanifold in addition to all those the considerations given
in [13,15,17,61-65]. However the extension to odd supersymplectic supermanifold is
still open question

(ii) The general Rothstein theorem that we review here (also see [59] for details)is complete
to describe the spacetime manifold being it with the more general symplectic even
superstructure from the algebraic and geometrical viewpoint. In next work the odd part
of the history must be explored.
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(iv) The possibility, following an old Dirac’s conjecture, to find a discrete quaternionic
structure inside the Poincare group: this fact will be give us the possibility of spacetime
discretization without break Lorentz symmetries.

(v) The introduction of groupoid theoretical methods of compactification taking as group
theoretical example in [71].
(vi) The relation with nonlinearly realized symmetries and geometric quantization.

With respect to [73] we introduced two geometrical models: one linear and another one
quadratic in curvature. Both models are based on the SO(2, 4) group consequently there
exists a possibility to extend the contruction to the grupoid domain. Dynamical breaking of
this symmetry was considered only from the group manifold viewpoin. Because in [73] in
both cases we introduced coherent states of the Klauder-Perelomov type, which as defined
by the action of a group (generally a Lie group) are invariant with respect to the stability
subgroup of the corresponding coset being related to the possible extension of the connection
which maintains the proposed action invariant the question is if some kind of categorization
of such mechanism certainly exists considering that grupiod coherent states were recently
constructed [74].

From the group theoretical viewpoint [73], the linear action, unlike the cases of West or
even McDowell and Mansouri [43], uses a symmetry breaking tensor that is dynamic and
unrelated to a particular metric. Such a tensor depends on the introduced vectors (i.e. the
coherent states) that intervene in the extension of the permissible symmetries of the original
connection. Only some components of the curvature, defined by the second structure equation
of Cartan, are involved in the action, leaving the remaining ones as a system of independent
orignorable equations in the final dynamics. The quadratic action, however, is independent of
any additional structure or geometric artifacts and all the curvatures (e.g. all the geometrical
equations for the fields) play a role in the final action (Lagrangian of the theory).

With regard to the parameters that come into play A and m (they play the role of a
cosmological constant and a mass, respectively) we saw that in the case of linear action if
they are taken dependent on the coordinates and under the conditions of the action invariance,
a new spontaneous compactification mechanism is defined in the subspace invariant under
the stability subgroup.

Following this line of research with respect to possible physical applications, we are going
to consider scenarios of the Grand Unified Theory, derivation of the symmetries of the Stan-
dard Model together with the gravitational ones. The general aim is to obtain in a precisely
established way the underlying fundamental theory. The group theoretical introduction of
a gauge structure and superconnections into the model, (e.g. the supergroup SU(2/1) as the
simplest case) can help to determine the fundamental structure of the underlying theory. The
superconnection was introduced by Quillen in mathematics; it is a supermatrix, belonging to
a given supergroup S, valued over elements belonging to a Grassmann algebra of forms. The
even part of the superconnection takes values over the gauge-potentials of the even subgroup
SU(2/1) as oneforms B.dx on the base M-manifold of the bundle, realizing the “gauging”
of the group G. The odd part of the supermatrix, representing the quotient S = G = H/S,
is valued over zero-forms in that Grassmann algebra, physically interpreted as the Higgs
multiplet, in a spontaneously broken G gauge theory. In quantum treatments which are set
to reproduce geometrically the ghost fields and BRST equations, the Grassmann algebra
is taken over the complete bundle variable. The first physical example of a superconnec-
tion preceded Quillen’s theory. This was the supergroup proposal given by the authors of
refs. [11] for an algebraically irreducible description of the electroweak interaction. Lacking
Quillen’s generalized formulation, the model appeared to suffer from spin-statistics interpre-
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tative complications for the physical fields. The structural Z grading of Lie superalgebras,
as previously used in physics (i.e. in SUGRA, etc.), corresponds to the grading inherent in
quantum statistics, i.e. to Bose-Fermi transitions, so that invariance under the supergroup
represents symmetry between bosons and fermions. In the Neeman et al. proposal, how-
ever, though the superconnection itself does fit the quantum statistics ansatz, this is realized
through the order of the forms in the geometrical space of the Grassmann algebra [62], rather
than through the quantum statistics of the particle Hilbert space. This will be important,
in particular, to solve the problem of hierarchies and fundamental constants, the masses of
physical states, and their interaction that in such a case richer mathematical structures (e.g.
functors, categories, etc.) can help certainly.
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Appendix I: Symmetry Breaking Mechanism: The SO(4, 2) Case
A. General Features

(i) Leta,b,c=1,2,3,4,5and i, j, k = 1,2, 3,4 (in the six-matrix representation) then
the Lie algebra of SO (2, 4) is

i[Jij, Jua] = mixdji + njidic — nid jx — njxJin, 95)
i[Jsi, Jjk] = nirdsj — nij Isk. (96)
i [J5,~, JSj] = —Jij, 7
i [Jeas Ibc]l = NacJob — NabJéc, (98)
i [Joas Jobl = —Jab.- 99)

(ii) Identifying the first set of commutation relations (95) as the lie algebra of the SO (1, 3)
with generators Jix = —Ji;.

(iii) The commutation relations (95) plus (96) and (97) are identified as the Lie algebra
SO (2, 3) with the additional generators Js; and n;; = (1, —1, —1, —1).

(iv) The commutation relations (95)—(99) is the Lie algebra SO (2, 4) written in terms of
the Lorentz group SO (1, 3) with the additional generators Js;, Jep, and J,p = —Jpq,
where 1,4, = (1, —1, —1, —1, 1). It follows that the embedding is given by the chain
SO(1,3) C SO2,3) C SO2,4).

From the six dimensional matrix representation we know from that parameterizing the
coset C = ggg;‘; and P = gggg; , then any element G of SO(2, 4) is written as
SO02,4) S0(2,3)
SO0Q2,4) ~ SO(1,3), 100
@D*500.3 “soa,3 <500 (100)
explicitly
G=e WG )
_ efiz“(x)J,,efisk(x)PkH (A). (101)
Consequently we have G (H) : H — G is an embedding of an element of SO(2, 3) into
SO2,4)where J, = %Jéa and H (A) : A — H is an embedding of an element of SO (1, 3)
@ Springer
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into SO (2, 3) where P, = %151( as follows

SO@3, 1) 0
G = ¢ i7" Wa e*isk(X)Pk (102)
0 I63%)
H(A)
G(H)

then any element G of SO (2, 4) is written as the product of an SO (2, 4) boost, an ADS
boost, and a Lorentz rotation.

Goldstone Fields and Symmetries

(1) Our starting point is to introduce two 6-dimensional vectors V; and V, being invariant
under SO (3, 1) in a canonical form. Explicitly

0 0 0

0 0 0

0 0 0 . 4

0 + 0 = 0 invariant under SO (3, 1) . (103)
A 0 A

0 —B —B

—— ——— ——
Vi Vs Vo

(ii)) Now we take an element of Sp (2) C Mp (2) embedded in the 6-dimensional matrix
representation operating over V as follows

000000
000000
000000
000000
0000ab
0000cd —B —B’

—_———— — —
Sp()CMp(2) Vo

=V, (104)

!/

0
0
0
0
A

>0 000

where
A’ =aA —bB,

—B'=cA—dB (105)

consequently we obtain a Klauder-Perelomov generalized coherent state with the fidu-
cial vector Vj.
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(iii) The specific task to be made by the vectors is to perform the symmetry breakdown to
SO (3, 1). Using the transformed vectors above (Sp(2) ~ Mp (2) C§) the symmetry of
G can be extended to an internal symmetry as SU(1, 1) given by G below (note that

AP = Iul? = D:
SO@3,1) 0
GV = ¢—i7*WJa p=ieh )Py v/ = (106)
A
H(A)
G(H)
SO@3, 1) 0
_ efiz”(x)Jaefiak(x)Pk Vo= GVo, (107)
a0
0 0p
H(A)
G(H)
0000 O 0
0000 O 0
0000 O 0
M= 0000 O 0 (108)

0000 Ao —up
0000 —u*a AB

and if we also ask for DetM = 1 then o = 1, e.g. the additional phase: it will bring
us the 10'" Goldstone field. The other nine are given by z¢ (x) and e (x) (a,b,c =
1,2,3,4,5and i, j,k = 1, 2,3,4) coming from the parameterization of the cosets

3 .
C= ggg‘% and P = %.(e.g. geometrically AdSs x S3).
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