
Entanglement generation through particle detection in systems of identical fermions

P. A. Bouvrie1, A. Valdés-Hernández2, A. P. Majtey3,4, C. Zander5, and A. R. Plastino4,6

1Centro Brasileiro de Pesquisas F́ısicas, Rua Dr. Xavier Sigaud 150, Rio de Janeiro, RJ 22290-180, Brazil
2Instituto de F́ısica, Universidad Nacional Autónoma de México,
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We investigate the generation of entanglement in systems of identical fermions through a process
involving particle detection, focusing on the implications that this kind of processes have for the
concept of entanglement between fermionic particles. As a paradigmatic example we discuss in
detail a scheme based on a splitting-plus-detection operation. The aim of this scheme is to gen-
erate states with a definite number of particles at two separated locations, that can effectively be
described as entangled states of two distinguishable qubits, starting from an initial pure state of two
indistinguishable fermions exhibiting correlations due purely to antisymmetrization. It is argued
that the proposed extraction of a useful entanglement-based resource, given by two distinguishable
qubits entangled in the standard sense, does not contravene the notion of entanglement in identical-
fermion systems as describing correlations beyond those purely due to their indistinguishability. In
point of fact, it is shown that this concept of entanglement, here referred to as fermonic entangle-
ment, actually helps to clarify some essential aspects of the entanglement generation process. In
particular, we prove that the amount of entanglement exhibited by the above mentioned pair of
distinguishable qubits, obtained after post selection of a state having a definite number of particles
in two separated locations, equals the amount of fermionic entanglement created by this detection
process. The aforementioned scheme is generalized for the case of N -identical fermion systems of ar-
bitrary dimension. It transpires from our present discussion that a proper analysis of entanglement
generation during the splitting-plus-detection operation is not only consistent with the concept of
fermonic entanglement, but actually reinforces this concept.
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I. INTRODUCTION

The most distinctive feature of quantum systems composed of N identical fermions is that their elementary
(antisymmetric) pure state is a single Slater determinant, hence it formally looks entangled (in contrast, for example,
with a separable pure state of distinguishable qubits). The ensuing correlations, which we will refer to as ‘Slater
correlations’, can manifest themselves in one or more degrees of freedom. In the present contribution we investigate
some aspects of entanglement generation schemes in fermion systems, emphasizing the light they shed on the nature
of entanglement between identical fermions and, in particular, on the status of the above mentioned minimal fermion
correlations. A concept of entanglement in fermion systems that has attracted considerable attention, and has been
applied to the study of diverse quantum systems, is based on the idea that entanglement between identical fermions
is associated with the quantum correlations exhibited on top of the Slater correlations [1–17]. This conception of
entanglement in fermion systems is relevant, for instance, in atomic physics [18, 19], in quantum chemistry [20], and
in the study of quantum dots [21, 22]. It has also been recently applied to the analysis of the dynamics of interacting
fermions performing quantum walks [23]. From this perspective, a single Slater determinant should be considered as
a non-entangled state, thus leading to the notion of fermionic entanglement (f-entanglement, for short) to account
for the extra correlations beyond those due to the indistinguishability of the parties, and to the antisymmetric
property of fermionic states. In the present work we are going to focus mainly on fermionic entanglement. However,
it is worth stressing that this is not the only useful concept of entanglement for the study of fermion systems [17, 24–28].
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Various proposals have been made where quantum states that can be effectively described as entangled states
between two distinguishable subsystems at spatially separated locations, are generated starting from minimally
(Slater) correlated fermion systems. Here we analyze a scheme that generates entanglement in the above sense,
starting from Slater correlations, by means of a splitting-plus-detection operation. Specifically, we consider a
system of two electrons located in a double-well potential. An initial single Slater determinant is subjected to a
tunneling (or splitting) operation followed by a projective measurement. The spin degrees of freedom of the projected
indistinguishable-fermion state are then effectively described by an entangled state of two distinguishable-qubits.
We show that such entanglement can be generated only because f-entanglement is also created in the detection
process, where a state with a definite number of Â´particles in each spatially separated location is post-selected.
The measurement process and the interaction of the fermionic system with the measuring apparatus is analyzed with
the aid of a simple though clarifying model, and a generalization of the splitting process to include systems of N
fermions is developed.

Even though most of our present considerations are based on a particular process, the concomitant analysis
contributes to elucidate general features of f-entanglement. In particular, it highlights the fact that the amount
of entanglement contained in a pure two-fermions state effectively describable as a state of two distinguishable
quantum subsystems (that is, with one particle localized at each spatially separated location) is equal to the amount
of f-entanglement exhibited by the fermion state. In contrast with previous discussions on entanglement generation
with identical particles [27], our analysis clearly identifies the detection process as the origin of the generated
f-entanglement, and goes in line with the statement that the Slater correlations do not provide on their own a
resource for implementing quantum information processing tasks [1, 2, 5, 8]. This is consistent with the possibility of
assigning complete sets of properties to the subsystems of the composite system [1, 5].

This work is structured as follows. In Sec. II we present a brief review of the definition of f-entanglement in
N identical fermion systems. In Sec. III we propose and analyze a scheme of entanglement extraction for systems
composed by two identical fermions. We do this by considering a systems of two electrons located in a double-well
potential and performing a splitting-plus-detection process acting on an initial non-entangled (in the fermionic sense)
state. In Sec. IV we introduced an idealized toy model in order to analize the role of the detection operation. The
process for generating entanglement is generalized to systems of N identical fermions in a double-well potential in
Sec. V. Finally, some conclusions are drawn in Sec. VI.

II. FERMIONIC ENTANGLEMENT

The concept of entanglement for pure states of bipartite quantum systems constituted by to distinguishable sub-
systems a and b is well known and offers no controversy. Let |φ〉 ∈ Ha ⊗Hb such such a state, where Ha, and Hb are
the Hilbert spaces associated with the subsystems, and Ha ⊗Hb is the Hilbert space of the composite system. The
state is non entangled (separable) if it can be written as the product of states |ψa〉 ∈ Ha and |ψb〉Hb,

|φ〉 = |ψa〉 ⊗ |ψb〉. (1)

A state that can not be written in the above way is entangled. The amount of entanglement E of the state |φ〉 can be
measured by the von Neuman entropy S of either of the marginal density matrices ρA,B = TrB,A[|φ〉〈φ〉|] associated
with the subsystems,

E [|φ〉〈φ〉|] = S[ρA,B ]. (2)

The above concept of entanglement for pure states of distinguishable subsystems can be extended to composite systems
constituted by more that two subsystems. If we have a pure state φ ∈ Ha1 ⊗ · · · ⊗ HaN of a composite system with
N distinguishable subsystems, we say that φ is fully separable 8and consequently, has no entanglement at all), if it
can be written as

|φ〉 = |ψa1〉 ⊗ · · · ⊗ |ψaN 〉, (3)

with |ψai〉 ∈ Hai . We shall refer to the above reviewed concept of entanglement corresponding to pure states of
systems with distinguishable subsystems, as the standard concept of entanglement. We shall say that states of
systems with distinguishable subsystems that do not comply with (3) are entangled in the standard (that is, referred
to distinguishable subsystems) sense.
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The concept of entanglement for systems constituted byN identical fermions is more complex than the corresponding
concept for systems with distinguishable subsystems. Indeed, various concepts and measures of entanglement for
fermions have been advanced, that are useful for analyzing different aspects of entanglement in fermionic systems.
Here we are going to deal mainly with the concept of fermionic entanglement, that we shall explain next. Let us
consider a system of N identical fermions with a d dimensional single-particle Hilbert space Hf , with d ≥ N . The

space H⊗Nf of completely anti-symmetric fermion states has then dimension d!
N !(d−N)! . Let {|α1〉 , |α2〉 , . . . , |αN 〉} be

a set of N orthonormal states in Hf . The antisymmetric combination in H⊗Nf∣∣ψsl
〉

=
1√
N !

∑
{i1,...,iN}
∈Sp(1,...,N)

εi1...iN |αi1〉 |αi2〉 · · · |αiN 〉 , (4)

defines what is called a Slater determinant. Here εi1...iN stands for the N -dimensional Levi-Civita tensor, and
Sp(1, . . . , N) are the N ! permutations of the set {1, 2, . . . , N}. An N -identical-fermion state is regarded as separable
if and only if its density matrix is of the form [1]

ρsep =
∑
k

pk
∣∣ψslk 〉 〈ψslk ∣∣ , (5)

with
∑
k pk = 1. A state that cannot be decomposed as (5) is regarded as entangled in the fermionic sense, that is,

endowed with f-entanglement. In the present work we shall mainly focus on the interplay between f-entanglement,
on the one hand, and entanglement in the standard sense between subsystems that are (effectively) distinguishable,
on the other hand.

Let now {|1〉 , |2〉 , . . . , |d〉} stand for an orthonormal basis of the single-particle Hilbert space. It is clear that,
out of this d single particle states it is possible to construct d!

N !(d−N)! , mutually orthogonal, Slater determinants,

that constitutes a basis (Slater basis) of H⊗Nf . This basis, consisting of states with no f -entanglement, plays a

role similar to that played by the the computational basis when dealing with systems of distinguishable qbits (or qdits).

Another concept of entanglement that is relevant for systems of identical fermions is mode entanglement. Mode
entanglement is, formally, given by the same relations as those defining entanglement for distinguishable subsystems,
when the fermion systems is expressed in the Fock (mode occupation) representation. When one has a system of
fermions in a pure state shared by two parties A and B, the amount of mode entanglement EM is given by evaluating
(2) for the bipartite state expressed in the mode representation. An intriguing aspect of mode entanglement is that
one can have an entangled state even for a system consisting of just one particle. Indeed, consider a particle in an equal
quantum superposition of being at two different spatial locations A and B. It’s state, written in the mode-occupation
representation using standard, self-explanatory notation, is,

1√
2

(|0, 1〉+ |1, 0〉) , (6)

which certainly looks entangled.

Finally, another relevant concept of entanglement for identical fermions (actually, for identical particles in general)
is the one proposed in [26]. This is an operational definition pf entanglement for a system of N identical particles in
a pure state |ΨAB〉 shared by two parties A and B. It leads to a quantitative measure of entanglement given by,

Ep[|ΨAB〉] =
∑
n

PnEM

[
Ψ

(n)
AB

]
, (7)

where Ψ
(n)
AB is the projection of the state ΨAB into the subspace corresponding to having a definite number n of particles

for A (and N − n for B). Pn is the probability of getting the result n when measuring the number of particles in
A. The measure (7) is more precise than mode entanglement in assessing the available amount of entanglement,
conceived as a real resource to implement quantum information tasks such as teleportation. We shall come back to
this issue in the next Section.

III. ENTANGLEMENT EXTRACTION IN TWO-FERMION SYSTEMS

We start by considering a system of two electrons located in a double-well potential (e.g., a pair of electrons in
coupled quantum dots [29]). The qubits are realized by the spin degree of freedom of the electrons, with states |↓〉
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and |↑〉. Let |A〉 and |B〉 denote the spatial part of the state, corresponding to spatially localized wave functions in
the left (A) and right (B) well, with 〈A|B〉 = 0. Then, an orthonormal basis of the (four-dimensional) single-particle
state space is {|A〉 |↓〉 , |A〉 |↑〉 , |B〉 |↓〉 , |B〉 |↑〉}. Initially the two electrons are in the left well, hence

|ψinit〉 =
1√
2

(|A〉 |↓〉 ⊗ |A〉 |↑〉 − |A〉 |↑〉 ⊗ |A〉 |↓〉). (8)

Next, the potential barrier is reduced during a time interval τ , leading to a non-vanishing tunneling amplitude
√
p,

with p = p(τ) ∈ [0, 1] [31, 32]. Then, the potential barrier is raised again. The complete process is thus equivalent to
a splitting transformation Usplit = Uf ⊗ Uf , where the unitary operator Uf acting on Hf is such that

Uf |A〉 |σ〉 =
√

1− p|A〉 |σ〉+
√
p|B〉 |σ〉 , (9)

where σ is either ↑ or ↓. The final state reads

|ψfinal〉 =
1√
2

[(1− p)(|A〉 |↓〉 ⊗ |A〉 |↑〉 − |A〉 |↑〉 ⊗ |A〉 |↓〉) +
√
p(1− p)(|A〉 |↓〉 ⊗ |B〉 |↑〉 − |B〉 |↑〉 ⊗ |A〉 |↓〉

+ |B〉 |↓〉 ⊗ |A〉 |↑〉 − |A〉 |↑〉 ⊗ |B〉 |↓〉) + p(|B〉 |↓〉 ⊗ |B〉 |↑〉 − |B〉 |↑〉 ⊗ |B〉 |↓〉)]. (10)

It is straightforward to verify that |ψfinal〉 is a single Slater determinant,

|ψfinal〉 =
1√
2

(|ξ↓〉 ⊗ |ξ↑〉 − |ξ↑〉 ⊗ |ξ↓〉), (11)

where |ξσ〉 = Uf |A〉 |σ〉. This confirms that no f-entanglement between the particles was created by the splitting
operation, and is consistent with the fact that the splitting transformation on the two-fermion system is a unitary
operation that is local in Hf ⊗Hf (yet clearly is a spatially-nonlocal operation.) [2].

The terms proportional to (1−p) and p in Eq. (10) correspond to a situation in which both fermions are in the same

well, and have no f-entanglement. Yet the term proportional to
√
p(1− p) exhibits a finite amount of f-entanglement.

By projecting (10) onto the state with one particle in each well, we obtain (after normalization)

|ψproj〉 =
1

2
(|A〉 |↓〉 ⊗ |B〉 |↑〉 − |B〉 |↑〉 ⊗ |A〉 |↓〉+ |B〉 |↓〉 ⊗ |A〉 |↑〉 − |A〉 |↑〉 ⊗ |B〉 |↓〉). (12)

This state cannot be written as a single Slater determinant in any basis, hence it is entangled in the fermionic sense. If
now we let an agent (e.g. Alice) in A, and an agent (e.g. Bob) in B to have access to the particle in their corresponding
well, then Alice and Bob each have a single qubit. These qubits are clearly distinguishable, since each one pertains
to a distinguishable physical agent. Therefore, once we ascribe the basis HA = {|A〉 |↓〉 , |A〉 |↑〉} to Alice, and the
basis HB = {|B〉 |↓〉 , |B〉 |↑〉} to Bob, the two-indistinguishable-fermion state (12) becomes effectively equivalent to
the two-distinguishable-qubit state,

|ψ〉 =
1√
2

(|↓〉A ⊗ |↑〉B − |↑〉A ⊗ |↓〉B), (13)

where the indices denote, respectively, Alice’s and Bob’s qubits. Since these two qubits are both localized and
individually accessible —unlike the particles in (8)—, |ψ〉 can be used as a resource for non-trivial quantum
information tasks. The state (13) is entangled in the standard sense of entanglement between distinguishable
subsystems. Indeed, it is a maximally entangled Bell state [2].

Now, the fact that the state (13) is entangled in the standard sense of entanglement between distinguisable parties,
is not unrelated to the fact that the state (12) is entangled in the fermionic sense. In point of fact, as we shall shortly
discuss in more detail, the entanglement between the two effectively distinguishable qubits in (13) is inextricably
linked to the f-entanglement contained in (12). This last state arose as a result of a detection process. Thus, it
follows from these considerations that it is possible to generate entangled states of two effectively distinguishable
qubits starting from two identical fermions described by a single Slater determinant, in a way that is fully consistent
with the definition of fermionic entanglement explained above. In fact, we can resort to the (fermionic) concurrence
introduced in [2], to quantify the f-entanglement between the fermions in Eq. (12). The result is that |ψproj〉 is
a maximally f-entangled state. The maximal f-entanglement of |ψproj〉 corresponds to the maximal entanglement
between the two distinguishable qubits described by |ψ〉. Indeed, the amount of f -entanglement exhibited by|ψproj〉
is numerically equal to the amount of entanglement of the two-qubits state|ψ〉. It is important to note that even
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though the state obtained after the splitting (and before detection) has (mode) entanglement with respect to the A|B
partition, it is not yet a state with a definite number of particles in each of the two spatial locations and, it is not
yet suitable for the implementation of standard protocols like teleportation. In order to obtain a state with a definite
number of particles in each location, one needs also to perform the detection process which, after post selection of a
state with one particle in each location, gives rise to a state endowed with f-entanglement.

The above considerations are related to the operational definition, and concomitant quantitative measure Ep,
advanced by Wiseman and Vaccaro (WV) in [26], for the amount of entanglement between two parties that share a
pure state of a system consisting of N indistinguishable particles. An essential ingredient behind the WV proposal
is that the mode entanglement between two separated parties is not always fully usable to perform tasks like
teleportation. The reason for this limitation is that, if the two parties don’t have a definite number of particles, they
can not arbitrarily manipulate or measure their local systems without violating the particle number superselection
rule (SSR). That is, they are not able to perform the required operations without, at some stage, creating quantum
superpositions of states with different numbers of particles, which are forbidden by the particle number SSR. These
ideas were later generalized to take into account more general SSR [30]. In the case of the state (10), obtained after
the splitting operation, the WV measure (referred to as “accessible entanglement” in the general setting discussed in
[30]) is Ep[|ψfinal〉] = 2p(1 − p) We see that the value of Ep[|ψfinal〉] is precisely equal to the probability of getting
1 when measuring the number of particles in one of the two locations A,B and, thus, post selecting the state (12)
having one particle in each location.

In the general case of two identical fermions with a (2n)-dimensional single-particle Hilbert space, a particle-
detection process resulting in one particle located at A and the other one located at B, leads (irrespective of which
was original state before the detection process) to a state of the form

|ψ〉 =

n∑
i,j=1

ci,j√
2

(|A〉|i〉 ⊗ |B〉|j〉 − |B〉|j〉 ⊗ |A〉|i〉), (14)

where the labels i, j correspond to the states of the internal degrees of freedom of the fermions, {|i〉, i = 1, . . . , n}
denotes an orthonormal basis for the associated n-dimensional Hilbert space (for instance, for s-spin fermions we have
n = 2s+ 1), and ci,j are complex coefficients with

∑
i,j |ci,j |2 = 1. When agents located at A or B operate only upon

the internal degree of freedom, the two-fermion state is effectively described by the state

|ψ〉eff =

n∑
i,j=1

ci,j |i〉A ⊗ |j〉B (15)

of a bipartite system consisting of two distinguishable subsystems, each one with an n-dimensional Hilbert space.
If we now consider the Schmidt decomposition of (15),

|ψ〉eff =

n∑
i=1

√
λi|αi〉A ⊗ |βi〉B , (16)

it is verified after some algebra that the fermionic Schmidt-like decomposition of the state (14) is given by

|ψ〉 =

n∑
i=1

√
λi
2

(|A〉|αi〉 ⊗ |B〉|βi〉−|B〉|βi〉 ⊗ |A〉|αi〉). (17)

It follows from these Schmidt decompositions that the quantitative amount of entanglement (in the sense of entangle-
ment between distinguishable parties) of the effective state (15) coincides with the fermionic amount of entanglement
exhibited by the full two-fermion state (14). Using the linear entropy S = 1 − Trρ2

f of the single-particle reduced

density matrix ρf to quantify the amount of entanglement, we get S = 1 −
∑
i λ

2
i both for the full fermionic state

(14) and for the effective state (15), a quantity that vanishes if the state (14) is given by a single Slater determinant.
Therefore, when a particle-detection process results in a pure state of two fermions localized at different places (with
spatially non-overlapping wavefunctions), it is impossible to entanglement between the effectively distinguishable par-
ties, without at the same time generating f-entanglement. Indeed, the amount of entanglement obtained between the
distinguishable subsystems is precisely the same as the amount of fermionic entanglement generated.

Comparison of (8) and (13) suggests that the net effect of the splitting-plus-detection process is that of transforming
the Slater correlations between the individually unaccessible fermions into entanglement correlations between two
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independently accessible, distinguisable, qubits. We must stress, however, that this interpretation has to be taken
with a grain of salt, because the original state (8) does not have f-entanglement, whereas the two-fermion state (12)
resulting from the detection operation is f-entangled. It is plain that the finite amount of f-entanglement exhibited
by (12) was created during the detection process: it was not originally contained in the state (8).

It is worthwhile to mention that although for operational purposes one is ultimately interested in the state (13), it
is possible to experimentally certify that the full two-fermion state created after the detection process is actually (12).
In order to do so, once the projective measurement is performed on the state (10) —thus obtaining a state of the
form (12)—, we repeat the splitting transformation using Eq. (9) and Uf |B〉 |σ〉 =

√
1− p|B〉 |σ〉−√p|A〉 |σ〉 [31, 32].

Then, the probability of finding both fermions in the same mode is found to be PAA = PBB = 2p(1 − p), whereas
the probability of finding a particle in each mode is PAB = 1− 4p(1− p). If, in contrast, the splitting transformation
were performed on a state of the form (13) the resulting probabilities would be PAA = PBB = p(1 − p), and
PAB = 1− 2p(1− p). Therefore, by experimental determination of the counting statistics of particles in both modes
it can be certified that the state created is (12).

B.S.

B.S. P.M.
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FIG. 1: Outline of the splitting-plus-detection process.

FIG. 2: Entanglement evolution for the state |2, 0〉 under Amplitud Damping decoherence channel.
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IV. INTERACTION OF THE FERMIONIC SYSTEM WITH THE MEASURING APPARATUS

A fundamental feature of systems of identical parties is that the allowed transformations over the system preserve
the exchange-symmetry of the state. An immediate consequence is that when a measurement is performed on a
two-fermion system, the interaction between the fermions and the measurement apparatus (or detector) affects each
particle in the same way. Thus the Hamiltonian Hint describing the interaction of the two fermions with the apparatus
M has the form [33]

Hint = HfM ⊗ If + If ⊗HfM . (18)

Here If denotes the identity operator acting on the single-particle Hilbert spaceHf , and HfM describes the interaction
between one fermion and the detector, and acts on the Hilbert space Hf ⊗ HM , where HM is the Hilbert space
associated with the detector.

In the problem at hand the aim of the measurement is to determine how many fermions are, let us say, in the well
A. We can consider an idealized toy model that captures the essence of the situation. We start by analyzing the
interaction between a single fermion and the measuring apparatus. Let us assume that HM has an orthonormal basis
{|n〉}, with n = 0,±1,±2, . . .. When the fermion is in the well A, and its interaction with the detector is turned on
during a time interval τ , the resulting evolution, governed by the unitary operator Uint = exp (−iHintτ/~), leaves
the state of the particle unchanged and changes the state of the detector according to the unitary transformation
|n〉 → |n+ 1〉. The fermion-detector interaction is local: if the particle is in the well B it does not interact with the
detector. Therefore, the interaction changes the state of the detector according to the location of the particle, leaving
the state of the particle unaffected (this situation resembles the CNOT gate). If |ψA〉 = |ψ〉|A〉 is a single-fermion
state with the particle localized in the well A, HfM acts according to

HfM |ψA〉|n〉 = |ψA〉

(∑
k

cn,k|k〉

)
, (19)

where the coefficients {cn,k} form an appropriate Hermitian matrix. For a single-fermion state |ψB〉 = |ψ〉|B〉 corre-
sponding to a fermion localized in the well B, we have HfM |ψB〉 |n〉 = ε0 |ψB〉 |n〉. We choose the zero of energy such
that ε0 = 0. Then, we have

HfM = |A〉 〈A|

∑
k,n

cn,k |k〉 〈n|

 . (20)

We now turn to the case in which the detector interacts with a two-fermion system, so that the interaction Hamilto-
nian is of the form (18). The initial state of the detector is |0〉; the interaction is then turned on during a time interval τ .
If both fermions are localized at the well B (as, for example, in the state |Φ0〉 = 1√

2
(|B〉 |↓〉⊗|B〉 |↑〉−|B〉 |↑〉⊗|B〉 |↓〉),

one has Uint |Φ0〉 |0〉 = |Φ0〉 |0〉. If there is only one fermion in the well A (as happens, for example, in the state
|Φ1〉 = 1√

2
(|A〉 |↓〉 ⊗ |B〉 |↑〉 − |B〉 |↑〉 ⊗ |A〉 |↓〉), it can be verified that Hint satisfies Hint|Φ1〉|n〉 = |Φ1〉 (

∑
k cn,k|k〉).

Therefore, the associated time evolution operator Uint yields a transformation similar to the one obtained when having
only one particle interacting with the detector, and Uint|Φ1〉|0〉 = |Φ1〉|1〉. If instead the two fermions are in the well A
(as, for example, in the state |Φ2〉 = 1√

2
(|A〉 |↓〉⊗ |A〉 |↑〉− |A〉 |↑〉⊗ |A〉 |↓〉), we have Hint|Φ2〉|n〉 = |Φ2〉 (

∑
k 2cn,k|k〉).

In this case, the time evolution operator corresponding to Hint and a time interval τ has the same effect upon the
detector as the evolution operator corresponding to HfM and a time interval 2τ . This effect is therefore the same as
that of applying twice the transformation |n〉 → |n+ 1〉, yielding |n〉 → |n+ 2〉. In summary, the resulting transfor-
mation is Uint|Φ2〉|0〉 = |Φ2〉|2〉. In all cases the number of particles localized in the well A can be read in the final
state of the detector.

Consider now a two-fermion state that does not have a definite number of particles in the well A. An example
of such state is |ψfinal〉, given by Eq. (10). According to the above, the interaction between the fermions and the
measurement apparatus leads to Uint|ψfinal〉|0〉 = |Ψ〉, with

|Ψ〉 =
(1− p)√

2
(|A〉 |↓〉 ⊗ |A〉 |↑〉 − |A〉 |↑〉 ⊗ |A〉 |↓〉) |2〉+

√
p(1− p)√

2

[
|A〉 |↓〉 ⊗ |B〉 |↑〉 − |B〉 |↑〉 ⊗ |A〉 |↓〉

+ |B〉 |↓〉 ⊗ |A〉 |↑〉 − |A〉 |↑〉 ⊗ |B〉 |↓〉
]
|1〉+

p√
2

(|B〉 |↓〉 ⊗ |B〉 |↑〉 − |B〉 |↑〉 ⊗ |B〉 |↓〉) |0〉 . (21)

Equation (21) represents the state of the tripartite system after the interaction with the measurement apparatus,
and before the result of the measurement is actually read. Clearly, and as a result of the interaction, the detector
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becomes entangled with the fermionic system. According to the discussion below Eq. (12), projection of |Ψ〉 onto the
state |1〉 of the detector results in an f-entangled two-fermion pure state. If no projection is performed, the reduced
two-fermion state ρff = TrM |Ψ〉 〈Ψ| is a mixed state, whose f-entanglement can be obtained by direct calculation of
the (fermionic) concurrence C(ρff ), which quantifies the f-entanglement between two fermions whose single-particle
Hilbert space has dimension 4, in a general (pure or mixed) state ρff [2]. The resulting fermionic concurrence is
C(ρff ) = 0, meaning that if no projection is performed (i.e., before the detector clicks), the fermions do not get
f-entangled. Therefore, even though the interaction of the fermions with the measuring apparatus is essential for
creating the fermionic entanglement, this entanglement cannot be actually extracted until the detector clicks on
1. The moral of these observations is that when dealing with identical parties the measurement of the number of
particles present at a given spatial location must not be considered as “neutral” or cost-free regarding fermionic
entanglement. The fact that f-entanglement can be created in these processes is hardly more surprising than the fact
that entanglement (in the standard sense referred to distinguishable parties) can be created when measuring the Bell
operator on a two-qubit system.

V. ENTANGLEMENT EXTRACTION IN N-FERMION SYSTEMS

The process just discussed has as its final result a state that can be construed as describing two effectively
distinguishable subsystems, at separated spatial locations, and each having a definite number of particles. This
final state is entangled in the standard (distinguishable parties) sense, and can be directly used to implement
quantum-information tasks such as teleportation. This final state, that clearly constitutes an entanglement resource
ready to be used, was obtained (after some labour) from an initial state of two electrons, described by a single Slater
determinant. In this Section we shall consider a generalization of this process to systems composed of N identical
fermions in a double-well potential. An initial Slater determinant of the form (4), corresponding to a situation in
which all N fermions are in the well A, transforms into another Slater determinant (a separable state in the fermionic
sense) once the splitting transformation is performed. However, projection of the evolved state onto states of fixed
number of particles in each well (e.g., M in mode A and N −M in mode B, with 1 ≤ M ≤ N − 1), leads to a
state that is entangled in the fermionic sense. This fermionic entanglement created in the whole process (splitting
plus detection) can be evaluated using the measure introduced in [34]. When Alice and Bob operate upon the
internal degrees of freedom of the fermions, they share a state with an amount of entanglement (in the standard,
distinguishable-party sense) that coincides with the Slater correlations of the initial state, a result similar to the one
obtained for bosons in [27].

As a first step to investigate this generalization we decompose a Slater determinant into its Schmidt form. The
Slater determinant can be written as∣∣ψsl

〉
=

1√
N !

∑
{i1,...,iN}
∈Sp(1,...,N)

εi1...iN |i1, i2, . . . , iN 〉

= f̂†1 · · · f̂
†
N |0〉 =

1√
N !
A(|1, 2, . . . , N〉), (22)

where we resorted to the second quantization notation, in which f̂†i is the fermionic creation operator [2], and A
denotes an (unnormalized) antisymmetric vector, defined according to Eq. (22).

In order to write
∣∣ψsl

〉
in its Schmidt form, we notice that it can be expressed as

∣∣ψsl
〉

=
1√
N !

∑
{i1,...,iN}

∈S(M)
p (1,...,N)

εi1...iNA(|i1, i2, . . . , iM 〉)A(|iM+1, . . . , iN 〉), (23)

where S
(M)
p (1, . . . , N) denotes the

(
N
M

)
different ways of choosing the first M indices with i1 < · · · < iM from the set

{1, . . . , N}. The condition iM+1 < ... < iN sets the remaining N −M indices of the second antisymmetric product
state of Eq. (23). We now write

1√
n!
A(|i1, i2, . . . , in〉) =

∣∣ψsl
i1,...,in

〉
, (24)
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so that Eq. (23) decomposes into its Schmidt form

∣∣ψsl
〉

=
∑

{i1,...,iN}
∈S(M)

p (1,...,N)

αi1...iN
∣∣ψsl
i1,...,iM

〉 ∣∣∣ψsl
iM+1,...,iN

〉
, (25)

with

αi1...iN =

(
N

M

)− 1
2

εi1...iN (26)

being the Schmidt coefficients, and
∣∣ψsl
i1,...,iM

〉 ∣∣∣ψsl
iM+1,...,iN

〉
their corresponding eigenvectors. In this way an N -fermion

Slater determinant decomposes into the sum of products of M - and (N−M)- fermion Slater determinants, that result
from a particular bipartition (M : N −M) of the complete system. For such a bipartition, the Schmidt rank of a

single N -fermion Slater determinant is thus S(M)
sl =

(
N
M

)
. From now on we shall denote by S(M)

φ the Schmidt rank

associated with the (M : N −M) partition effected upon the N -fermion system in the state |φ〉 (S(M)
sl corresponding

to the particular case of a global Slater state).
We now consider an initial state separable in the fermionic sense (Slater determinant) in which all N fermions are in

the well A. Thus what we previously called state |in〉 will be substituted by |Ain〉 = |A〉 |in〉. The splitting operation
associated to the unitary transformation in Eq. (4) corresponds to the following map involving the fermionic creation
operators,

f̂†Ain
→
√

(1− p) f̂†Ain
+
√
p f̂†Bin

. (27)

Under this operation the initial state

|ψinit〉 =
∣∣ψsl
A1,...,AN

〉
= f̂†A1

f̂†A2
. . . f̂†AN

|0〉 (28)

transforms into

|ψfinal〉 =

N∑
M=0

√
(1− p)MpN−M

∑
{i1,...,iN}

∈S(M)
p (1,...,N)

εi1...iN f̂†Ai1
. . . f̂†AiM

f̂†BiM+1
. . . f̂†BiN

|0〉 , (29)

where the sum in the last line runs over the
(
N
M

)
different ways of distributing theM (out ofN) indices i1, . . . , iM (taken

from the set {1, . . . , N}) among the A’s. The state (29) is a single Slater determinant, hence is non-entangled in the
fermionic sense. This follows from the fact that the splitting transformation does not create fermionic entanglement,
as discussed below Eq. (4), and can be easily verified by writing the initial state as

|ψinit〉 =
1√
N !

∑
{i1,...,iN}
∈Sp(1,...,N)

εi1...iN |Ai1 , . . . , AiN 〉 , (30)

so that under the splitting operation,

|Ain〉 = |A〉 |in〉 → |χin〉 = (
√

(1− p) |A〉+
√
p |B〉) |in〉 ,

|ψinit〉 transforms into

|ψfinal〉 =
1√
N !

∑
{i1,...,iN}
∈Sp(1,...,N)

εi1...iN |χi1 , . . . , χiN 〉 . (31)

Let us now project (29) onto states of fixed number of particles in each spatial mode (M in mode A, N −M in
mode B), thus obtaining

|ψproj〉 = N
∑

{i1,...,iN}
∈S(M)

p (1,...,N)

εi1...iN f̂†Ai1
. . . f̂†AiM

f̂†BiM+1
. . . f̂†BiN

|0〉

= N
∑

{i1,...,iN}
∈S(M)

p (1,...,N)

εi1...iN
∣∣∣ψsl
Ai1 ,...,AiM

,BiM+1
,...,BiN

〉
, (32)
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with N a normalization factor. Since each term in the sum involves one of the
(
N
M

)
different ways of distributing

M indices in (with {in} = {1, . . . , N}) among the A’s (which fixes the remaining N −M indices appearing in the
B’s), |ψproj〉 is a linear combination of Slater determinants, each of which differs from any other in at least one pair

of creation operators f̂†Ain
f̂†Bim

. Hence, the
(
N
M

)
Slater determinants appearing in Eq. (32) are all orthogonal, which

fixes N =
(
N
M

)−1/2
. Using Eq. (26), |ψproj〉 rewrites as

|ψproj〉 =
∑

{i1,...,iN}
∈S(M)

p (1,...,N)

αi1...iN

∣∣∣ψsl
Ai1

,...,AiM
,BiM+1

,...,BiN

〉
. (33)

In what follows we will demonstrate that, unlike (29), |ψproj〉 is entangled in the fermionic sense. This can be
verified by performing its Schmidt decomposition. To do that, we first resort to Eq. (25) to expand each of the
Slater states appearing in the sum (33) into a superposition of two Slater determinants with fixed number of particles,
namely M for the first one and N −M for the second, thus obtaining

|ψproj〉 =
∑

{i1,...,iN}
∈S(M)

p (1,...,N)

∑
{j1,...,jN}

∈S(M)
p (Ai1

,...,AiM
,BiM+1

,...,BiN
)

αi1...iNαj1...jN
∣∣ψslj1,...,jM 〉 ∣∣∣ψsljM+1,...,jN

〉
. (34)

It is worth mentioning that Eq. (34), describing the sum of Slater determinants each one in its Schmidt form, does
not represent in general the Schmidt form of the state |ψproj〉. In order to obtain such a representation we expand
the second sum of Eq. (34) into a sum in which each Slater has a fixed number of particles in the modes A and B,
that is,

|ψproj〉 =
∑

{i1,...,iN}
∈S(M)

p (1,...,N)

αi1...iN

M∑
n=0

∑
{j1,...,jM}

∈S(n)
p (i1,...,iM )

∑
{jM+1,...,jN}

∈S(M−n)
p (iM+1,...,iN )

αj1...jN

×
∣∣∣ψslAj1

,...,Ajn ,BjM+1
,...,Bj2M−n

〉 ∣∣∣ψslAjn+1
,...,AjM

,Bj2M−n+1
,...,BjN

〉
, (35)

where n denotes the number of particles located in mode A in the first Slater. The indices i’s and j’s appearing in
the other three sums of Eq. (35) can be reordered as follows:

|ψproj〉 =

M∑
n=0

∑
{i1,...,iN}
∈S(n)

p (1,...,N)

∑
{j1,...,jN−n}

∈S(M−n)
p (in+1,...,iN )

αi1...in,j1...jN−n

∑
{k1,...,kN−M}

∈S(M−n)
p (jM−n+1,...,jN−n)

αi1...in,j1...jM−n,k1...kN−M

×
∣∣∣ψslAi1

,...,Ain ,Bj1
,...,BjM−n

〉 ∣∣∣ψslAk1
,...,AkM−n

,BkM−n+1
,...,BkN−M

〉
. (36)

Because of the symmetry, we consider 1 ≤M ≤ N −M hereafter. From this condition it follows that the first Slater
state in Eq. (36), with M particles, is already written in the Schmidt basis, since its corresponding Hilbert space has
a dimension which is smaller or equal than the one corresponding to the second Slater determinant. Now, for fixed n,
we introduce a global index in to represent the indices i’s and j’s appearing in the first two sums of Eq. (36). This
global index denotes the M = N !

n!(M−n)!(N−M)! ways of partitioning the N distinct single-fermion states {1, . . . , N}
into the three the sets: {i1, . . . , in}, {j1, . . . , jM−n}, and {jM−n+1, . . . , jN−n}, with n, M − n and N −M elements,
respectively. In terms of the new index we write the first Slater determinant in Eq. (36) as∣∣ψin,(n,M−n)

〉
≡
∣∣∣ψslAi1 ,...,Ain ,Bj1 ,...,BjM−n

〉
. (37)

Since the last sum in (36) runs only over the indices k of the second Slater, the Schmidt basis of the (N −M)-fermion
subsystem is

∣∣ψin,(M−n,N−2M+n)

〉
≡
(
N −M
M − n

)− 1
2 ∑
{k1,...,kN−M}

∈S(M−n)
p (jM−n+1,...,jN−n)

εi1...inj1...jM−nk1...kN−M

∣∣∣ψslAk1
,...,AkM−n

,BkM−n+1
,...,BkN−M

〉
. (38)
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Finally, the Schmidt decomposition of the projected state reads

|ψproj〉 =

M∑
n=0

∑
in

λin
∣∣ψin,(n,M−n)

〉 ∣∣ψin,(M−n,N−2M+n)

〉
, (39)

with

λin = εi1...inj1...jN−n

(
N −M
M − n

) 1
2
(
N

M

)−1

. (40)

In [34], a pureN -fermion state |φ〉 was considered, and it was shown that for any bipartition of the formM : (N−M),

the M -fermion reduced density matrix satisfies Trρ2
M ≤

(
N
M

)−1
. It was further demonstrated that the equal sign holds

if and only if |φ〉 is a Slater determinant. On the other hand, by following the same arguments as exposed in [9], the

M -fermion reduced density matrix fulfils ρ2
M =

(
S(M)
φ

)−1

ρM if and only if the state |φ〉 is a single Slater determinant.

Therefore, from these two conditions, it follows that the state |φ〉 is f-entangled if and only if its Schmidt rank S(M)
φ

is larger than S(M)
sl . The state (39) is in the Schmidt decomposition form for the bipartition M : N −M , and it has

Schmidt rank

S(M)
proj =

M∑
n=0

N !

n!(M − n)!(N −M)!
. (41)

Since,

S(M)
proj

(
N

M

)−1

=

M∑
n=0

M !

n!(M − n)!
=

M∑
n=0

(
M

n

)
= 2M > 1, (42)

it holds that S(M)
proj >

(
N
M

)
, and therefore we conclude that the state |ψproj〉 is indeed entangled in the fermionic sense.

On the other hand, the eigenvalues of the reduced (M -fermion) density matrix

ρM = TrN−M |ψproj〉 〈ψproj| (43)

=

M∑
n=0

∑
in

λ2
in

∣∣ψin,(n,M−n)

〉 〈
ψin,(n,M−n)

∣∣
are given by λ2

in
, and consequently

Trρ2
M =

M∑
n=0

∑
in

λ4
in =

M∑
n=0

∑
in

(
N −M
M − n

)2(
N

M

)−4

(44)

=

M∑
n=0

N !

n!(M − n)!(N −M)!

(
N −M
M − n

)2(
N

M

)−4

.

With this expression, the amount of fermionic entanglement generated in the whole process (splitting plus detection)
can be determined resorting to the measure introduced in [34].

We now let independent agents in A and B have access to the particles in their corresponding wells, so that Alice
and Bob have M and N −M particles, respectively. Notice that though Alice’s particles are indistinguishable among
themselves, they all are effectively distinguishable from Bob’s. With this, the N -fermion Hilbert space H = Hf⊗N
splits into HA ⊗HB . Therefore, by projecting (33) onto states of the form |Aj1 , . . . , AjM 〉 ⊗

∣∣BjM+1
, . . . , BjN

〉
we get

|ψ〉=
∑

{i1,...,iN}
∈S(M)

p (1,...,N)

αi1...iN|i1, . . . , iM 〉A⊗ |iM+1, . . . , iN 〉B , (45)

where the subindices A and B have the same meaning as those in Eq. (8). The state |ψ〉, with Trρ2
A =

(
N
M

)−1
, thus

corresponds to an entangled state shared by two distinguishable entities (Alice and Bob), hence it is legitimately
entangled in the usual (distinguishable-party) sense. This entanglement is manifested in the internal degrees of
freedom, whose states are represented by the vectors {|in〉}. This effective entanglement between the particles of both
modes is the same as the correlations between M and N −M particles due to the antisymmetry of a single-Slater
state of N identical fermions, in consonance with results obtained in [27] for bosonic systems.
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VI. CONCLUSIONS

Our aim in the present work was to examine the surprising fact that useful entanglement between distinguishable
and spatially separated parties, having a definite number of particles, can be obtained from a pure state of N identical
fermions exhibiting only Slater correlations (i.e., correlations due purely to antisymmetrization), even though deep
theoretical reasons have been advanced over the years for considering such a state as non-entangled. To that end
we performed a critical analysis of an entanglement generating scheme based on a splitting-plus-detection operation
acting on an initial Slater state. Our analysis highlights the role of the detection process. We argue that entanglement
between distinguishable, localized parties, each of them having a definite number of particles at their respective
locations, can be obtained after the projective measurement only because a state entangled in the fermionic sense also
arises as a result of this operation. In fact, we show that the aforementioned entanglement, between distinguishable
parties with definite number of particles, cannot be obtained without generating at the same time fermionic
entanglement. Moreover, the final quantitative amount of entanglement obtained between the two distinguishable
and localized subsystems, is equal to the amount of fermionic entanglement generated. This implies that the fermionic
entanglement, which only appears after the measurement process, is essential for a complete understanding of the
origin of an entanglement-based resource ready to be used, for instance, to implement tasks like teleportation. It
would be interesting to extend the present analysis to the case of initial mixed states and to explore the generation,
through processes like the ones considered here, of other forms of quantum fermonic correlations, such as the ones
advanced in [35], based on a fermonic generalization of the measurement induced disturbances approach to quantum
correlations proposed by Luo in [36]. Any further developments along these or related directions will be very welcome.
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