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t\pppnt decays in the resonance effective theory
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t→pppnt decays are analyzed within the framework of the resonance effective theory of QCD. We work
out the relevant Lagrangian that describes the axial-vector current hadronization contributing to these pro-
cesses, in particular the locala1(1260)-r(770)-Goldstone interactions. The new coupling constants are con-
strained by imposing the asymptotic behavior of the corresponding spectral function within QCD. Hence we
compare the theoretical framework with the experimental data, obtaining a good quality fit from the ALEPH
spectral function and branching ratio. We also get values for the mass and on-shell width of thea1(1260)
resonance. In this way we are able to provide the structure functions that have been measured by OPAL and
CLEO-II and we find an excellent agreement.
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I. INTRODUCTION

The decays of thet lepton offer an excellent laborator
for the analysis of various topics in particle physics. In p
ticular,t decays into hadrons allow us to study the proper
of the vector and axial-vector QCD currents, and prov
relevant information on the dynamics of the resonances
tering into the processes. The hadronization of those curr
involves the strong interaction at low energies and, theref
nonperturbative features of QCD have to be implemen
properly into their evaluation. The effective theory fram
work has a long history of successful achievements in
task.

At very low energies, typicallyE!M r @M r being the
mass of ther(770), the lightest hadron resonance#, chiral
perturbation theory (xPT) @1,2# is the corresponding effec
tive theory of QCD. However the decayst→pppnt ,
through their full energy spectrum, happen to be driven
the r(770) anda1(1260) resonances, mainly, in an ener
region where they reach their on-shell peaks. As a con
quencexPT is not directly applicable to the study of th
whole spectrum but only to the very low energy domain@3#.
Until now the standard way of dealing with these decays
been to useO(p2) xPT to fix the normalization of the am
plitudes in the low energy region and, accordingly, to inclu
the effects of vector and axial-vector meson resonance
modulating the amplitudes withad hocBreit-Wigner func-
tions@4,5#. However, we will see that this modelization is n
consistent withO(p4) xPT, a fact that could potentially
spoil any outcome provided by this procedure.

In the past years several experiments have collected g
quality data ont→pppnt , such as branching ratios an
spectra@6,7# or structure functions@8#, and their analysis
within a model-independent framework is highly desirable
one wishes to collect information on the hadronization of
QCD currents. The effective field theory still provides t
proper tool to proceed in this study. At energiesE;M r the
resonance mesons are active degrees of freedom that c
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be integrated out, as inxPT, and they have to be properl
included into the relevant Lagrangian@9#. The procedure is
ruled by the chiral symmetry underSU(3)L ^ SU(3)R , that
drives the interaction of Goldstone bosons~the lightest octet
of pseudoscalar mesons!, and theSU(3)V assignments of the
resonance multiplets. Its systematic arrangement has b
put forward in Refs.@10,11# as the resonance chiral theo
(RxT). We will attach to this framework and we will com
plete it, when needed, in order to satisfy our requiremen

A complementary tool, thoroughly intertwined with th
RxT, is the large number of colors (NC) limit of QCD.
Strong interactions in the resonance region lack an expan
parameter that, as inxPT, could provide a perturbative trea
ment of the amplitudes. However it has been pointed out@12#
that the inverse of the number of colors of the gauge gro
SU(NC) could accomplish this task. Indeed large-NC QCD
shows features that resemble, both qualitatively and qua
tatively, theNC53 case@13#. Relevant consequences of th
approach are that meson dynamics in the large-NC limit is
described by the tree diagrams of an effective local Lagra
ian; moreover, at the leading order, one has to include
contributions of the infinite number of zero-width resonanc
that constitute the spectrum of the theory.

In this article we study thet→pppnt processes within
the resonance effective theory of QCD. We will evaluate
form factor associated to theJP511 piece of the axial-
vector current that is, by far, the dominant contribution
these processes. To proceed we will work out the effec
Lagrangian that endows the dynamics of the decay at
leading order in the 1/NC expansion, though we will conside
the lightest vector and axial-vector octets of resonances o
Moreover, we will provide these with a finite width, due
the fact that they do really resonate along the full ene
spectrum. In order to improve the construction of the effe
tive theory we will constrain the new unknown couplings
the Lagrangian by demanding the asymptotic behavior of
form factor ruled by perturbative QCD. The theoretical co
struction will be followed by the phenomenological analys
of experimental data.
©2004 The American Physical Society02-1
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The article is organized as follows: The resonance eff
tive theory is studied in Sec. II. In Sec. III we consider t
t→pppnt processes and calculate, within our approa
the relevant hadronic matrix elements. Section IV is devo
to discuss the constraints imposed by perturbative QCD
the form factors driven by the resonances, which lead to a
of relations between the coupling constants. The analysi
experimental data within our framework is presented in S
V, while in Sec. VI we sketch our conclusions. An Append
recalls the basic features of the very low energy domain
the t2→p1p2p2nt process withinxPT.

II. THE RESONANCE EFFECTIVE THEORY OF QCD

The very low-energy strong interaction in the light qua
sector is known to be ruled by theSU(3)L ^ SU(3)R chiral
symmetry of massless QCD implemented inxPT. The lead-
ing O(p2) Lagrangian is

L x
(2)5

F2

4
^umum1x1&, ~1!

where

um5 i @u†~]m2 ir m!u2u~]m2 i ,m!u†#,

x65u†xu†6ux†u, x52B0~s1 ip !, ~2!

and^ & is short for a trace in the flavor space. The Goldsto
octet of pseudoscalar fields

F~x![
1

A2
(
a51

8

lawa

5S 1

A2
p01

1

A6
h8 p1 K1

p2
2

1

A2
p01

1

A6
h8 K0

K2 K̄0 2
2

A6
h8

D
~3!

is realized nonlinearly into the unitary matrix in the flav
space

u~w!5expH i
F

A2F
J , ~4!

that transforms as

u~w!→gRu~w!h~g,w!†5h~g,w!u~w!gL
† , ~5!

with g[(gL ,gR)PSU(3)L ^ SU(3)R and h(g,w)
PSU(3)V . External Hermitian matrix fieldsr m , ,m , s andp
promote the globalSU(3)L ^ SU(3)R symmetry to a local
one. Interactions with electroweak bosons can be accom
dated through the vectorvm5(r m1,m)/2 and axial-vector
07300
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am5(r m2,m)/2 fields. The scalar fields incorporates ex-
plicit chiral symmetry breaking through the quark masses
5M1•••, with M5diag(mu ,md ,ms) and, finally, F
.Fp.92.4 MeV is the pion decay constant andB0F2

52^0uc̄cu0&0 in the chiral limit.
The final hadron system in thet→pppnt decays spans a

wide energy region 3mp&E&M t that is populated by reso
nances. As a consequence an effective theory descriptio
the full energy spectrum requires to include the resonan
as active degrees of freedom and, therefore, to cons
RxT. This recalls the ideas of effective Lagrangians fro
Ref. @9#. The interaction of the Goldstone bosons~the light-
est octet of pseudoscalar mesons! with the resonances is
driven by chiral symmetry, while the resonances enter
SU(3)V multiplets. In Ref.@10# the simplest1 couplings were
introduced using the antisymmetric tensor formulation to
scribe the vector and axial-vector resonances but kee
linear terms in the latter, i.e. allowing for the couplings of t
pseudoscalars to only one resonance. This formalism pro
successful in accounting, upon integration of resonances
the bulk of the low-energy coupling constants atO(p4) in
xPT with no need of the addition of local terms@11#. We will
attach to this antisymmetric tensor formulation and, acco
ingly, we will not include theO(p4) xPT couplings into our
effective action in order to avoid double counting of cont
butions. The success of RxT in the description of many ob
servables has been remarkable, in particular for the p
electromagnetic form factor enteringt2→p2p0nt @14#.

Therefore in order to introduce the octet of resonan
fields we define@10#

R[
1

A2
(
a51

8

laRa , ~6!

whereRa5Va ,Aa , stands for vector and axial-vector meso
fields, respectively, that transform as

R→h~g,w!Rh~g,w!† ~7!

under the chiral group. The flavor structure of the resonan
is analogous to the Goldstone bosons in Eq.~3!. We also
introduce the covariant derivative

¹mX[]mX1@Gm ,X#,

Gm5
1

2
@u†~]m2 ir m!u

1u~]m2 i ,m!u†#, ~8!

for any objectX that transforms asR in Eq. ~7!, like um and
x6 .

Let us now restrict the analysis to the case ofV(122) and
A(111) resonances, in order to describe the couplings

1These were including oneO(p2) chiral tensor in the interaction
operators. It is not possible to construct an interaction term w
lower order in momenta.
2-2



n-
-

he
s

La

l-
ti

A

-

-
tio

h

o
y,

on

a

n

a
eu

op-
vel

-

-

D,
a-

ec.
ng
is

nic
en

rix
g
i-
fore,

t-

t→pppnt DECAYS IN THE RESONANCE EFFECTIVE THEORY PHYSICAL REVIEW D69, 073002 ~2004!
r(770) anda1(1260) states, respectively. Moreover, we i
clude the lightestSU(3)V octet of both vector and axial
vector resonances only. Although the leading 1/NC expansion
requires to consider an infinite number of resonances t
contribution happens to be suppressed as their masse
come heavier.

The kinetic terms for the spin 1 resonances in the
grangian read, in the antisymmetric tensor formulation,

Lkin
R 52

1

2
^¹lRlm¹nRnm&2

MR
2

2
^RmnRmn&, R5V,A,

~9!

being MV , MA the mass of the octet of vector and axia
vector resonances, respectively. The lowest order interac
Lagrangian includes three coupling constants@10#,

L 2
V5

FV

2A2
^Vmn f 1

mn&1 i
GV

A2
^Vmnumun&,

L 2
A5

FA

2A2
^Amn f 2

mn&, ~10!

wheref 6
mn5uFL

mnu†6u†FR
mnu andFR,L are the field strength

tensors associated with the external right and left fields.
coupling parametersFV , GV andFA are real. Notice that the
O(p2) interaction Lagrangian~10! does not allow a tree
level coupling of the forma1(1260)ppp.

In the case oft→pppnt , in addition to one-resonance
exchange diagrams one has to consider the contribu
given by the chaina1(1260)→r(770)p→ppp, which is
mediated by both vector and axial-vector resonances. T
we need to go one step beyond the analysis in Ref.@10#,
including bilinear terms in the resonance fields that lead t
coupling of the forma1rp. For the processes under stud
we only need to consider terms that include a vertex with
pseudoscalar. This goal is achieved with oneO(p2) chiral
tensor. Hence the most general interaction Lagrangian
lowed by the symmetry constraints can be written as

L 2
VAP5(

i 51

5

l iOVAP
i , ~11!

wherel i are new unknown real adimensional couplings, a
the operatorsOVAP

i are given by

OVAP
1 5^@Vmn, Amn#x2&,

OVAP
2 5 i ^@Vmn, Ana#hm

a&,

OVAP
3 5 i ^@¹mVmn , Ana#ua&,

OVAP
4 5 i ^@¹aVmn , Aa

n#um&,

OVAP
5 5 i ^@¹aVmn , Amn#ua&, ~12!

with hmn5¹mun1¹num . We emphasize that this set is
complete basis for constructing vertices with only one ps
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doscalar; for a larger number of pseudoscalars additional
erators may emerge. As we are only interested in tree le
diagrams, the equation of motion arising fromO(p2) xPT,

ha
a5 ix22

i

3
^x2&, ~13!

has been used inL 2
VAP in order to eliminate one of the pos

sible operators.
In summary we will proceed in the following by consid

ering the relevant resonance chiral theory given by

LRxT5L x
(2)1Lkin

V 1Lkin
A 1L 2

V1L 2
A1L 2

VAP. ~14!

It is important to notice thatLRxT is not an effective theory
of QCD for arbitrary couplings in the interaction termsL 2

V/A

andL 2
VAP . These carry some symmetry properties of QC

implemented in the operators, that do not give any inform
tion on the coupling constants. However we will see in S
IV that well accepted dynamical properties of the underlyi
theory provide some information on those couplings. This
as far as we can go without including modelizations.

III. AXIAL-VECTOR CURRENT FORM FACTORS
IN t\pppnt

In this section we describe thet→pppnt decays in the
isospin limit and proceed to calculate the relevant hadro
matrix element within the resonance effective theory giv
by LRxT . The decay amplitude for thet2→p1p2p2nt and
t2→p2p0p0nt processes can be written as

M652
GF

A2
Vudūnt

gm~12g5!utT6m , ~15!

whereVud is an element of the Kobayashi-Maskawa mat
andT6m is the hadronic matrix element of the participatin
Vm-Am QCD currents. In the isospin limit there is no contr
bution of the vector current to these processes and, there
only the axial-vector currentAm appears:

T6m~p1 ,p2 ,p3!5^p1~p1!p2~p2!p6~p3!uAm~0!u0&,
~16!

being p1 the one int2→p1p2p2nt and p2 that in t2

→p2p0p0nt ~in the following we will omit the subscript6
when speaking generally!. The hadronic tensor can be wri
ten in terms of three form factors,F1 , F2 andFP , as@15#

Tm5V1
mF11V2

mF21QmFP , ~17!

where

V1
m5S gmn2

QmQn

Q2 D ~p12p3!n ,

V2
m5S gmn2

QmQn

Q2 D ~p22p3!n ,
2-3
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Qm5p1
m1p2

m1p3
m . ~18!

Now if G stands for thet→pppnt decay width, the
spectral functiondG/dQ2 can be written as

dG

dQ2
5

GF
2 uVudu2

128~2p!5M t
S M t

2

Q2
21D 2

3E dsdtFWSA1
1

3 S 112
Q2

M t
2D WAG , ~19!

wheres5(p11p3)2, t5(p21p3)2, and the hadronic struc
ture functionsWSA andWA are given by

WSA5~QmFP!~QmFP* !5Q2uFPu2,

WA52~V1
mF11V2

mF2!~V1mF11V2mF2!* .
~20!

The phase-space integrals extend over the region allowe
a three-pion state with a center-of-mass energyAQ2:

E ds dt[E
4mp

2

(AQ22mp)2

dsE
t2(s)

t1(s)

dt, ~21!

where

t65
1

4 s
$~Q22mp

2 !22@l1/2~Q2,s,mp
2 !

7l1/2~s,mp
2 ,mp

2 !#2%, ~22!

with l(a,b,c)5(a1b2c)224ab. We have neglected her
the mass of thent .

In the decomposition ofTm in Eq. ~17!, the form factors
F1 and F2 have a transverse structure in the total had
momentaQm and drive aJP511 transition. Bose symmetry
under interchange of the two identical pions in the final st
demands thatF1(Q2,s,t)5F2(Q2,t,s). MeanwhileFP ac-
counts for aJP502 transition that carries pseudoscalar d
grees of freedom. As a consequence, the conservation o
axial-vector current in the chiral limit imposes th
FPump5050, and the scalar form factor must vanish with t
square of the pion mass. Hence its contribution to the de
processes will be very much suppressed.

A. Evaluation of the matrix amplitude

We proceed now to calculate the hadronic amplitud
T6m as given by our resonance effective theory describe
Sec II. Within the large-NC framework, one should evaluat
all tree-level diagrams generated byLRxT that contribute to
the decays.2

2We remind that though large-NC enforces the contributions of th
infinite spectrum of QCD resonances, we only include the ligh
octet of vector and axial-vector mesons. The phenomenology se
to support this approach well.
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In the low Q2 region, the matrix element in Eq.~16! can
be calculated usingxPT. At O(p2) one has two contribu-
tions, arising from the diagrams~a! and ~b! of Fig. 1. The
sum of both graphs yields

T6m
x 5

2A2

3F F6S gmn2
QmQn

Q22mp
2 D ~2p32p22p1!n

2
k6mp

2

Q22mp
2

QmG
57

2A2

3F H V1m1V2m

2
mp

2 @3~u2mp
2 !2Q2~162k6!#

2Q2~Q22mp
2 !

QmJ , ~23!

where we have definedu5(p11p2)25Q22s2t13mp
2 ,

k151, k251/2. As expected from PCAC, it can be se
that the amplitude is transverse in the limit where the p
mass is neglected.

In the limit of low Q2 ~i.e. Q2!MR
2) the resonance fields

can be integrated out, and their contributions should red
to the corrections to Eq.~23! obtained from the effective
O(p4) interactions and higher order couplings in the sta
dard xPT Lagrangian. In hadronict decays, however, we
need to implement the resonance degrees of freedom ex
itly becauseQ2;MR

2 . As stated in Sec. II we assume he
that the resonancesr~770! anda1(1260) give the dominan
contributions tot→pppnt decays. Consequently, in add
tion to the usualxPT diagrams leading to Eq.~23! we in-
clude resonance-mediated contributions to the amplitude
be evaluated through the interacting termsL 2

V/A andL 2
VAP of

the resonance effective theory.
The relevant diagrams to be taken into account are th

shown in Fig. 2. Let us start by considering the contributio
given by the graphs in Figs. 2~a! and 2~b!, which involve
only one intermediate resonance. From the interact
Lagrangian in Eq.~10!, the sum of both graphs leads to

T6m
(1R)57

A2FVGV

3F3
$a1~Q2,s,t !V1m1a1~Q2,t,s!V2m

1@a2~Q2,s,t !1a2~Q2,t,s!#Qm%, ~24!

t
ms

FIG. 1. Diagrams contributing to the hadronic amplitudeT6m at
O(p2) in xPT. The crossed circle indicates the insertion of t
axial-vector current.
2-4
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FIG. 2. Resonance-mediated diagrams co
tributing to the hadronic amplitudeT6m

(1R) ~a! and
~b!, andT6m

(2R) ~c!.
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a1~Q2,s,t ![23
s

s2MV
2

1S 2GV

FV
21D

3H 2Q222s2u

s2MV
2

1
u2s

t2MV
2J ,

a2~Q2,s,t ![3
GV

FV

s

Q2

mp
2

Q22mp
2

u2t

s2MV
2

. ~25!

As expected, the pseudoscalar form factora2(Q2,s,t) is
found to vanish in the chiral limit.

The two-resonance contribution in Fig. 2~c! can be evalu-
ated taking into account the chiral couplings fromL 2

VAP in
Eq. ~12!. We obtain

T6m
(2R)56

4FAGV

3F3

Q2

Q22MA
2

3@b~Q2,s,t !V1m1b~Q2,t,s!V2m#, ~26!

where

b~Q2,s,t ![23~l81l9!
s

s2MV
2

1F~Q2,s!
2Q21s2u

s2MV
2

1F~Q2,t !
u2s

t2MV
2

, ~27!

with

F~Q2,s!52l0

mp
2

Q2
1l8

s

Q2
1l9,

l052
1

A2
F4l11l21

l4

2
1l5G ,

l85
1

A2
S l22l31

l4

2
1l5D ,

l95
1

A2
S l22

l4

2
2l5D . ~28!
07300
Notice that the form factorb(Q2,s,t) is written in terms of
only three combinations of the unknown couplings inL 2

VAP ,
namelyl0 , l8 andl9.

The final result from our evaluation gives, according
the addition of all the amplitudes considered here:

T6m5T6m
x 1T6m

(1R)1T6m
(2R) , ~29!

and, for later use, if we only consider theJP511 mediated
form factorsF1 andF2 we will specify T6mu11.

B. Implementation of off-shell widths

The form factors in Eqs.~25! and~27! include zero-width
r(770) anda1(1260) propagator poles, leading to diverge
phase-space integrals in the calculation of thet→pppnt
decay width as the kinematical variables go along the
energy spectrum. The result can be regularized through
inclusion of resonance widths, which means to go beyo
the leading order in the 1/NC expansion, and implies the
introduction of some additional theoretical inputs. Moreov
both contributing resonances, especially thea1~1260!, are
rather wide. Hence energy-dependent widths should be
cluded in order to handle their off-shell character. This iss
has been analyzed in detail within the resonance chiral ef
tive theory in Ref.@16#. For the case of spin-1 vector reso
nances, it is seen that one can define the off-shell width
taking into account the pole of the two-point function of th
corresponding vector current that arises from the resum
tion of those diagrams that include an absorptive contri
tion of two pseudoscalars in thes channel. The width is
defined then as the imaginary part of this pole. In the cas
the r(770) meson this procedure leads to the result

MVGr~s!5
MV

2s

96pF2 Fsp
3 u~s24mp

2 !1
1

2
sK

3 u~s24mK
2 !G ,

~30!

where sP5A124mP
2 /s, and u(x) is the step function. In

the case of thea1(1260) meson the construction followin
the definition above, though well defined, is much more
volved. It would amount to evaluate the axial-vector–axi
vector current correlator with absorptive cuts of three pio
within the resonance effective theory. This corresponds t
nontrivial two-loop calculation within a theory whose reg
larization is still not well defined. This calculation is far be
yond our scope. In order to perform the phenomenolog
analysis we will introduce a chiral-based off-shell width f
the a1(1260) resonance that endows the appropriate k
matical and dynamical features:
2-5
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MAGa1
~Q2!5MAGa1

~MA
2 !

f~Q2!

f~MA
2 !

S MA
2

Q2 D a

u~Q229mp
2 !,

~31!

where

f~Q2!5Q2E ds dt$V1
2uBWr~s!u21V2

2uBWr~ t !u2

12~V1•V2!Re@BWr~s!BWr~ t !* #%, ~32!

and

BWr~s!5
MV

2

MV
22s2 iM VGr~s!

~33!

is the usual Breit-Wigner function for ther(770) meson
resonance shape, and the energy-dependent widthGr(s) is
given by Eq.~30!.

In conclusion, while the off-shell width of ther(770)
meson does not introduce any additional free parameter
our result forT6m , the a1(1260) width includes two new
ones, namely the on-shell widthGa1

(MA
2) and the paramete

a ruling theQ2 behavior in Eq.~31!.

IV. ASYMPTOTIC BEHAVIOR AND QCD CONSTRAINTS

As commented at the end of Sec. II, our LagrangianLRxT
in Eq. ~14! does not provide an effective theory of QCD f
arbitrary values of its couplings. The only tool used in
construction were relevant symmetry properties of QCD,
it is clear that the full theory should unambiguously pred
the values of the coupling constants. Although it is n
known how to achieve this goal from first principles, seve
ideas based on matching procedures have been deve
@11,17#. In this section we show how to proceed in order
obtain information on the,a priori, unknown couplings in
L 2

VAP .
The QCD ruled short-distance behavior of the vector fo

factor in the large-NC limit ~approximated with only one
octet of vector resonances! constrains the couplings ofL 2

V in
Eq. ~10!, which must satisfy@11#:

12
FVGV

F2
50. ~34!

In addition, the first Weinberg sum rule@18#, in the limit
where only the lowest narrow resonances contribute to
vector and axial-vector spectral functions, leads to

FV
22FA

25F2. ~35!

In Ref. @11# it was also noticed that there is an addition
constraint coming from the axial form factor, namely

2FVGV2FV
250, ~36!

that is very well satisfied by the phenomenology. Howe
this relation is not necessarily true when we consider
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inclusion of vector-pseudoscalar-axial couplings as given
L 2

VAP . In the following we are going to enforce the relatio
given in Eq. ~36! and we will see what happens when w
relax this last condition. From Eqs.~34!,~35!,~36!, the three
couplingsFV , GV andFA in Eq. ~10! can be written in terms
of the pion decay constant:FV5A2F, GV5F/A2 and FA
5F. We will adopt these results throughout this paper, u
less stated otherwise.

An analogous analysis should be done in the case of
axial two-point function PA

mn(Q2), which plays in t
→pppnt processes the same role than the vector-ve
current correlator does in thet→ppnt decays, driven by the
vector form factor. The goal will be to obtain QCD-rule
constraints on the new couplings ofL 2

VAP , Eq. ~11!, similar
to those obtained above. As these couplings do not dep
on the Goldstone masses we will work in the chiral limit b
our results will apply for nonzero Goldstone masses too
the chiral limit thePA

mn(Q2) correlator becomes transvers
hence we can write

PA
mn~Q2!5~QmQn2gmnQ2!PA~Q2!. ~37!

As in the case of the pion and axial form factors, the funct
PA(Q2) is expected to satisfy an unsubtracted dispers
relation. This implies a constraint for theJ51 spectral func-
tion ImPA(Q2) in the asymptotic region, namely

Im PA~Q2! ——→
Q2→`

0. ~38!

Now, taking into account that each intermediate state ca
ing the appropriate quantum numbers yields a positive c
tribution to ImPA(Q2), we have

Im PA~Q2!>2
1

3Q2E dF~Tmu11!~Tmu11!* , ~39!

dF being the differential phase space for the three-p
state. The constraint in Eq.~38! then implies

lim
Q2→`

E
0

Q2

dsE
0

Q22s
dt

WA

~Q2!2
50, ~40!

whereWA is the structure function defined in Eq.~20!. It can
be seen that the condition in Eq.~40! is not satisfied in gen-
eral for arbitrary values of the coupling constants in the c
ral interaction Lagrangian. Indeed, onceFV , FA and GV
have been fixed by Eqs.~34!, ~35! and~36!, we find that the
constantsl8 andl9 appearing in the two-resonance cont
bution to the hadronic tensor are required to satisfy the r
tions

2l82150,

l950. ~41!
2-6
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Now we can come back to our results forT6m in Sec. III and
enforce the QCD driven constraints on the couplings of
effective theory as given by Eqs.~34!, ~35!, ~36!, ~41!. We
have

T6m
x u111T6m

(1R)u1157
2A2

3F F S 12
3

2

s

s2MV
2 D V1m

1S 12
3

2

t

t2MV
2 D V2mG ~42!

and

T6m
(2R)56

2A2

3F

Q2

Q22MA
2 @b~Q2,s,t !V1m1b~Q2,t,s!V2m#,

~43!

where

b~Q2,s,t ![2
3

2

s

s2MV
2

1F~Q2,s!
2Q21s2u

s2MV
2

1F~Q2,t !
u2s

t2MV
2

,

F~Q2,s!5S s

2Q2
2l0

mp
2

Q2 D . ~44!

Thus, it turns out that the hadronic amplitude can be writ
in terms of only one unknown coupling parameter, nam
l0.

As mentioned in Sec. II, the resonance exchange appr
mately saturates the phenomenological values of theO(p4)
couplings in the standardxPT Lagrangian. This allows to
relate both schemes in the low energy region, and provid
check of our results in the limitQ2!MV

2 . We have per-
formed this check~see Appendix A!, verifying the agreemen
between our expression Eq.~42! and the result obtained
within xPT in Refs.@3,19# coming from saturation by vecto
meson resonances of theO(p4) couplings:

T6m
xPTu1157

2A2

3F F S 11
3s

2MV
2 D V1m1S 11

3t

2MV
2 D V2mG

1chiral loops1O~p6!. ~45!

As an aside, it is worth to point out that this low-ener
behavior is not satisfied by all phenomenological mod
proposed in the literature. In particular, in the widely us
model by Kühn and Santamaria~KS! @4# the hadronic ampli-
tude satisfies

T6m
(KS) ——→

s,t!MV
2

7
2A2

3F F S 11
s

MV
2 D V1m1S 11

t

MV
2 D V2mG .

~46!
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Thus, while the lowest order behavior is correct~it was con-
structed to be so!, it is seen that the KS model fails to repro
duce thexPT result at the next-to-leading order. According
this model is not consistent with the chiral symmetry
QCD.

V. PHENOMENOLOGY OF t\pppnt PROCESSES

In this section we discuss the ability of our effectiv
theory to describe the experimental observations int
→pppnt decays, taking into account the data obtain
from the measurements oft→pppnt spectra, branching ra
tios and structure functions.

Before proceeding let us specify which are the parame
left unknown in our evaluation of the hadronic matrix amp
tude. To analyze the experimental data we will only consi
the dominatingJP511 driven axial-vector form factors, be
ing the pseudoscalars suppressed by pion mass fac
Hence we notice thatT1mu1152T2mu11 and, accordingly,
we have the same predictions for botht2→p1p2p2nt and
t2→p2p0p0nt processes in the isospin limit. As we hav
shown in the previous section, the requirement of the pro
asymptotic behavior of vector and axial-vector spectral fu
tions consistent with QCD imposes several constraints on
coupling constants of our LagrangianLRxT in Eq. ~14! and,
as a consequence, the hadronic amplitude for the decat
→pppnt only involves one adimensional unknown comb
nation of coupling constants,l0. In addition, we have three
remaining parameters, related with thea1~1260! resonance:
these are its massMA , its on-shell widthGa1

(MA
2) and the

exponenta, which has been introduced in Eq.~31! to ac-
count for the dominating energy dependence of the off-s
a1(1260) width. The mass of the vector octetMV , to be
identified with ther(770) mass, is better obtained from th
vector form factor of the pion@14,20# and we take here
MV5775.1 MeV. In this way, we deal with four free param
eters to fit the experimental data.

A. Fit to the ALEPH branching ratio and spectral function

In order to check the consistency of the available exp
mental results with the theoretical description provided
our chirally-based resonance framework we have carried
a fit of the unknown parameters entering the amplitudes.
have chosen to fit the experimental values for thet2

→p1p2p2nt branching ratio and normalized spectr
function obtained by ALEPH@6#, which quotes the unfolded
spectrum for the decay including the corresponding cov
ance matrix. The data are collected in 57 equally spaced
with a 3p squared invariant mass ranging fromQ2

50.275 GeV2 to Q253.075 GeV2. We have noticed tha
bins n52 andn554 produce anomalously highx2 contri-
butions, due to their tiny errors, and we have discarded th
In addition we have fitted the total branching ratio to t
value quoted by ALEPH @6#, BR(t2→p1p2p2nt)
5(9.1560.15)%, which has been introduced as an ad
tional fitting point. In order to control possible fake resu
the procedure has been carried out both with theMINUIT
2-7
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FIG. 3. Fit to the ALEPH data for the normal
ized t2→p1p2p2nt spectral function.
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package@21# and with an independent minimization proc
dure. As output of our fit we find the four parameter set

l0511.960.4,

a52.4560.15,

MA5~1.20460.007! GeV,

Ga1
~MA

2 !5~0.4860.02! GeV, ~47!

with x2/DOF564.5/52~these numbers include only statis
cal errors!. We find that the values of the parameters in E
~47! lead to BR(t2→p1p2p2nt)5(9.160.3)%. The the-
oretical spectrum arising from the central values of our
together with ALEPH data, are represented in Fig. 3. It c
be seen that the agreement is good, if one considers the
small errors in the experimental data. On the other hand,
values obtained for thea1(1260) mass and width are in goo
agreement with the world average values quoted by the
ticle Data Group@22#.

Taking into account the value ofa in Eq. ~47!, we have
carried out three additional three-parameter fits in whicha
has been fixed to the values 2, 2.5 and 3, respectively.
results are shown in Table I. Although the results clea
prefer a value ofa52.5, one can see that the quality of th
07300
.

,
n
ery
e

r-

he
y

fits is reasonably similar to that of the four-parameter ca
and the values ofl0 , MA andGa1

(MA
2) are not significantly

modified. Thus it can be concluded that a more sophistica
evaluation of the behavior of the off-shella1(1260) width
should not imply a major qualitative and quantitativ
changes in our global analysis.

To conclude this analysis, we take a closer look to the l
Q2 region of the spectrum. In fact, in our approach we ha
assumed thatO(p4) corrections arising from chiral logs ar
small, hence the dominant contributions to hadronic am
tudes arise from resonance exchange. Close to threshold~i.e.

for AQ2 well below MV) one is able to explicitly calculate
the contributions ofO(p4) chiral logs, therefore our theoret
ical prediction for the spectrum in this region can be im
proved, and the impact of chiral logs can be numerica
evaluated. In order to add these contributions to the hadro
amplitude, we have made use of the calculations perform
in Ref. @3# within standardxPT. The corresponding result
are sketched in Appendix A. The effect on thet2

→p1p2p2nt spectral function is shown in Fig. 4, wher
we display both the experimental values from ALEPH a
the curves for the spectrum with and without the inclusion
O(p4) chiral logs. It can be seen that the corrections prod
a slight enhancement of the spectral function. Howev
given the size of the experimental errors, the quality of
agreement with ALEPH data is unchanged.

When enforcing the asymptotic conditions of QCD
Sec. IV, we pointed out that the relation in Eq.~36! is not
TABLE I. Results of three-parameter fits to ALEPH data for fixed values ofa. MA and Ga1
(MA

2) are
given in units of GeV.

a52 a52.5 a53

l0 12.760.4 11.960.3 11.960.3
MA 1.24260.004 1.20360.003 1.17060.002
Ga1

(MA
2) 0.5560.02 0.4860.02 0.4460.01

x2/DOF 83.1/53 64.6/53 100.1/53
BR(t2→p1p2p2nt) 9.11% 9.13% 9.21%
2-8
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FIG. 4. Theoretical curves for t2

→p1p2p2nt spectrum atQ2!MV
2 , with and

without the inclusion of chiral logs, vs ALEPH
data in the lowQ2 region @6#.
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necessarily true when the vertices inL 2
VAP are considered

because the latter contribute to the axial form factor. If we
not take into account that constraint we can perform a fi
parameter fit to the ALEPH data that gives

l0511.061.7,

a52.5560.15,

MA5~1.1960.02! GeV,

Ga1
~MA

2 !5~0.4760.02! GeV,

GV

FV
50.4960.03, ~48!

andx2/DOF563.7/51. We see that the ratioGV /FV is con-
sistent with the value given by Eq.~36! within the error.
Hence we confirm that the experimental data favor theFV
52GV constraint.

Finally a word of caution has to be said about the value
l0. The only dependence of the amplitude on this param
is given by the functionF(Q2,s) in Eq. ~28! where, as can
be seen,l0 is multiplied by the squared mass of the pio
Hence the sensibility of the observables int→pppnt on l0
is very much covered up. Tau decays into kaons would p
vide a better testing field to find out onl0 and check the
results against the values from our fits. We consider that
result on this parameter has to be taken with care.

B. Description of structure functions

Structure functions provide a full description of the ha
ronic tensorTmTn* in the hadron rest frame. There are 16 re
valued structure functions int→P1P2P3nt decays (Pi is
short for a pseudoscalar meson!, most of which can be de
termined by studying angular correlations of the hadro
system. Four of them carry information on theJP511 tran-
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sitions only: wA , wC , wD and wE ~we refer the reader to
Ref. @15# for their precise definitions!. Indeed, for thet
→pppnt processes, other structure functions either van
identically, or involve the pseudoscalar form factorFP ,
which appears to be strongly suppressed above the very
energy region due to its proportionality to the squared p
mass.

Both CLEO-II and OPAL have measured the four stru
ture functions quoted above for thet2→p2p0p0nt pro-
cess, while concluding that other functions are consist
with zero within errors. Hence we can proceed to comp
those experimental results with the description that provi
our theoretical approach. In our expressions for the struc
functions we input the values of the parameters obtai
from the fit in Eq.~47!, getting the theoretical curves show
in Fig. 5. The latter are compared with the experimental d
quoted by CLEO and OPAL@8#. For wC , wD andwE , it can
be seen that we get a good agreement in the lowQ2 region,
while for increasing energy the experimental errors beco
too large to state any conclusion~moreover, there seems t
be a slight disagreement between both experiments at s
points!.

On the other hand, in the case of the integrated struc
functionwA , the quoted experimental errors are smaller, a
the theoretical curve seems to lie somewhat below the d
for Q2*1.5 GeV2. However, it happens thatwA contains
essentially the same information about the hadronic am
tude as the spectral functiondG/dQ2. This becomes clear by
looking at Eq.~19! if the scalar structure functionWSA is put
to zero @remember that it should be suppressed by a fac
O„mp

2 /Q2
…]. Taking into account thatwA is given by

wA~Q2!5E ds dtWA~Q2,s,t !, ~49!

whereWA is the structure function previously introduced
Eq. ~20!, one simply has
2-9
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FIG. 5. Theoretical values for thewA , wC ,
wD andwE integrated structure functions in com
parison with the experimental data from CLEO-
~solid! and OPAL~dashed! @8#. All of them have
been normalized to their respective branching
tios.
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5

GF
2 uVudu2

384~2p!5M t
S M t

2

Q2
21D 2S 112

Q2

M t
2D wA~Q2!.

~50!

In this way one can compare the measurements ofwA
quoted by CLEO-II and OPAL with the data obtained
ALEPH for the spectral function, conveniently translat
into wA . This is represented in Fig. 6, where it can be se
that some of the data from the different experiments do
agree with each other within errors. Notice that, due to ph
space suppression, the factor of proportionality betw
wA(Q2) and dG/dQ2 in Eq. ~50! goes to zero forQ2

→M t
2 , therefore the error bars in the ALEPH points beco

enhanced toward the end of the spectrum. Notwithstand
up to Q2.2.5 GeV2, it is seen that ALEPH errors are sti
smaller than those corresponding to the values quoted
CLEO-II and OPAL. On this basis, we have chosen here
take the data obtained by ALEPH to fit the unknown the
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retical parameters in the hadronic amplitude. Finally, not
that a nonvanishing contribution ofWSA ~which is a positive
quantity! cannot help to solve the experimental discrepa
cies, as it would go in the wrong direction.

In the analysis of data carried out by the CLEO Collab
ration @23# onto their t2→p2p0p0nt results it was con-
cluded that the data was showing large contributions fr
intermediate states involving the isoscalar mesonsf 0(600),
f 0(1370) andf 2(1270). Their analysis was done in a mo
elization of the axial-vector form factors that included Bre
Wigner functions in a Ku¨hn and Santamaria inspired mode
Our results in the effective theory framework show th
within the present experimental errors, there is no evide
of relevant contributions int→pppnt decays beyond thos
of the r(770) anda1(1260) resonances.

We also find interesting to study the integrated struct
functionswC , wD andwE , normalized towA . This quanti-
ties should be less sensitive to the parametrization of
a1(1260) width, and do not depend on the global normali
tal

e

FIG. 6. Comparison between the experimen
data forwA , from t2→p2p0p0nt , quoted by
CLEO-II and OPAL @8# and the values arising
from ALEPH measurements of t2

→p1p2p2nt spectral functions@6#. The solid
line is obtained from our four-parameter fit of th
spectrum~see text!.
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t→pppnt DECAYS IN THE RESONANCE EFFECTIVE THEORY PHYSICAL REVIEW D69, 073002 ~2004!
tion used by each experiment~which could be the origin of
the partial discrepancies in the values forwA). The corre-
sponding comparison between the theoretical and exp
mental results are plotted in Fig. 7, where once again i
seen that our predictions are in good agreement with
experimental data within their present errors.

VI. CONCLUSIONS

The hadronization of QCD currents yields relevant info
mation on nonperturbative features of low-energy quant
chromodynamics. AtE!MV , xPT has provided model
independent knowledge on the corresponding form fact
but when resonance degrees of freedom become activ
E;MV , they have to be properly included into the effecti
theory andxPT is no longer the appropriate scheme to wo
with. While thorough parametrizations of the hadron mat
amplitudes involving resonances have been used in the
most of them implement Breit-Wigner functions in order
provide the dynamical description of the resonances and
far as we know, there is no deductive connection betw
those functions and QCD. Hadronict decays take place in

FIG. 7. Experimental data forwC , wD andwE integrated struc-
ture functions, normalized towA . Solid ~dashed! bars correspond to
the values quoted by CLEO-II~OPAL! @8#.
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the bulk of the energy resonance region and, moreover,
eral experiments in the past years have payed attentio
them, supplying a good quality and quantity of data. The
fore they constitute an interesting subject of research
which we have turned over.

In this article we have proposed an effective theory a
proach in order to evaluate the dominant form factors int
→pppnt decays, and our results have been compared w
the experimental figures. To proceed to the construction
the relevant effective theory we have relied on the RxT pro-
posed in Ref.@10#, which has been improved here by impl
menting the necessary vector–axial-vector–Goldstone in
actions L 2

VAP in Eqs. ~11!, ~12!. The basic principles
underlying this procedure are the all-important chiral sy
metry of massless QCD, that drives the interaction of Go
stone bosons at low energy, and the unitary flavor symm
of the octets of resonances. Once we have specified ou
teraction Lagrangian, we have proceeded to evaluate
axial-vector current form factors int→pppnt processes. It
is clear though that, up to this point, the LagrangianLRxT is
not a proper effective theory of QCD for arbitrary values
the coupling constants. Hence we have implemented the
sequences of the asymptotic behavior of vector and ax
vector spectral functions of the underlying QCD into t
corresponding form factors. This procedure has fixed up s
eral constraints onto the couplings, yielding an effect
theory more germane to QCD.

After applying this method we are left with four unknow
parameters in our results for the axial-vector form facto
We have used the ALEPH data ont2→p1p2p2nt to per-
form a fit to its branching ratio and spectral function, rend
ing values for the mass and on-shell width of thea1(1260)
resonance. Once the parameters in the theoretical expres
of the form factors have been determined, we have evalu
the integrated structure functionswA , wC , wD andwE mea-
sured by the CLEO-II and OPAL experiments@8#. We have
found a good description of data, though there appear to
some inconsistencies between the results provided by
different experiments.

Though the fit shown in Fig. 3 is good within errors, the
is some room for improvement in the resonance peak (Q2

;1.3 GeV2). A better fit to the data could be easily obtaine
through the addition of a background contribution. A po
sible physical source could be directa1→ppp vertices,
which are absent in our Lagrangian but would appear if o
takes into account chiral structures with more derivativ
Thus, it would be interesting to investigate the compatibil
of terms of this kind with the short-distance QCD co
straints. The modelization of thea1(1260) width could also
be responsible for the slight disagreement on the peak of
spectrum. However, the proper construction of its width, f
lowing the ideas put forward in Ref.@16#, represents techni
cally a major task. Our work in this paper should be cons
ered as a starting point to study hadronic tau decays wi
an effective theory framework. Further progress in this dir
tion could be expected soon.

In summary we have provided an effective theory bas
evaluation of the axial-vector form factors int→pppnt
decays that gives an appropriate account of the main feat
2-11
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GÓMEZ DUMM, PICH, AND PORTOLÉS PHYSICAL REVIEW D69, 073002 ~2004!
of the experimental data. The procedure does not rely on
modelization of the form factors, as it has been done in
past, but in a field theory construction that embodies
relevant features of QCD in the resonance energy reg
showing that this is a compelling framework to work with
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APPENDIX: THE O„p4
… xPT RESULT

FOR tÀ\p¿pÀpÀnt

In the very lowQ2 region~typically E!MV), our results
for the hadronic amplitudes int→pppnt can be compared
with those obtained in standardxPT. Here we will rely on
the analysis in Ref.@3#, where these calculations have be
performed in detail up toO(p4).

The O(p4) hadronic matrix elementTm involves renor-
malized coupling constants, i

r(m), which have to be deter
mined experimentally at a given renormalization scale. I
seen that these couplings can be related to finite and s
independent quantities,̄ i @2# according to

,̄ i5S g i

32p2D 21

, i
r~m!2 ln

mp
2

m2
, ~A1!

where the coefficientsg i arise from the corresponding reno
malization group equations. In the resonance chiral effec
theory, the constants,̄ i are assumed to be saturated by re
nance exchange, which at low energies induces the l
xPT Lagrangian ofO(p4) for the light pseudoscalar meson
@10#. In this way, after considering the relations~34!, im-
posed by QCD, one gets
.

C.

07300
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,
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s
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e
-
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,̄15248p2
F2

MV
2

2 ln
mp

2

MV
2

,

,̄2524p2
F2

MV
2

2 ln
mp

2

MV
2

,

,̄452 ln
mp

2

MV
2

,

,̄6596p2
F2

MV
2

2 ln
mp

2

MV
2

. ~A2!

Now, from the expressions quoted in Ref.@3#, the JP511

piece of the hadronic amplitude for the decayt2

→p1p2p2nt is found to be

T1m
xPTu1152

2A2

3F
V1mH 11

3s

2MV
2

1
1

32p2F2 F2
2

3
s13t2u

23mp
2 2~s1mp

2 !F~s/mp
2 !1~3t22mp

2 !F~ t/mp
2 !

2~u22mp
2 !F~u/mp

2 !1~s23t1u2mp
2 !ln

mp
2

MV
2G J

2
2A2

3F
V2m$s↔t%1O~p6!, ~A3!

where

F~x!5s ln
12s

11s
, s~x!5A124/x, ~A4!

and the kinematical invariantss and t are defined as in Sec
III. The first two terms in the curly brackets are those expl
itly quoted in Eq.~45!.
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