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Abstract

We compute the gravitational effective action by integrating out quantum matter fields in a weak
gravitational field, using the Schwinger-Keldysh (in-in) formalism. We pay particular attention to
the role of the initial quantum state in the structure of the nonlocal terms in the effective action,
with an eye to nonlinear completions of the theory that may be relevant in astrophysics and
cosmology. In this first paper we consider a quantum scalar field in thermal equilibrium, in a
stationary gravitational field. We obtain a covariant expression for the nonlocal effective action,
which can be expressed in terms of the curvature tensor, the four-velocity of the thermal bath and
the local Tolman temperature. We discuss the connection between the results for ultrastatic and
static metrics through conformal transformations, and the main features of the thermal corrections

to the semiclassical Einstein equations.
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I. INTRODUCTION

The observation of the present accelerated expansion of the universe catalyzed a large
number of theoretical speculations, looking for natural explanations for the acceleration.
The aim of many theoretical constructions is to modify general relativity in the infrared, in
order to produce an effective cosmological constant at the late stages of the universal evolu-
tion. One kind of such modifications are nonlocal cosmological models, which have been the
subject of numerous works |. Nonlocality naturally arises when considering the back-
reaction of quantum fields on the evolution of the universe. Exact calculations for generic
spacetimes are very difficult, and therefore there have been several alternative methods to
suggest viable modifications. On the one hand, for weak gravitational fields, the effective ac-
tion resulting from the integration of massless or massive quantum fields is very well known.
Light or massless fields could introduce significant infrared modifications. Nonlinear com-
pletions of these effective actions have been considered by several authors (see | and
references therein). The nonlocal structure of the effective action is of the form RF(O)R
where R denotes the components of the Riemann tensor and F' is a non-analytic function
of the D’Alembertian. Related phenomenological proposals consider effective actions of the
form RF(ZR), where R is the Ricci scalar Hﬁ

The usual in-out effective actions obtained after the integration of quantum matter fields
produce nonlocal and noncausal equations of motion for the metric [9]. This problem is
generally avoided in the nonlocal cosmological models by using a procedure suggested many
years ago by Barvinsky and Vilkovisky [8], which consists in computing the effective action
in Euclidean spacetime, obtaining the field equations, and then replacing there the Euclidean
propagators by retarded propagators. It was proved there that this replacement produces
the correct field equations when the quantum state of the field is the ground state, and
when the metric is, initially, asymptotically flat. In more general situations the use of the
so called Schwinger-Keldysh or in-in/CTP formalism H, @] becomes unavoidable, and it
is in general advocated to justify the prescription of Barvinsky and Vilkovisky. Note that,
in the phenomenological models, the use of the retarded propagator is just an additional
prescription which is crucial to force the reality and causality of the equations of motion.

Another strong argument in favor of using the in-in formalism is that it provides more

information than its Euclidean counterpart, i.e. it includes the stochastic effects. Indeed,



the resulting field equations contain a stochastic noise source, whose statistical properties

are given by the imaginary part of effective action, accounting for fluctuation and dissipation
I}

So far in the literature most of the works regarding nonlocal modifications of general

effects

relativity induced by quantum fields consider the field to be in the vacuum state. However,
under general conditions the field is expected to be in a different quantum state, the most
reasonable of which being that of finite temperature. For this reason, in this paper we
will discuss the dependence of the effective action of a massless field with its quantum
state, focusing on stationary spacetimes in the limit of weak gravitational fields. Moreover,
for massless fields, the most interesting astrophysical and cosmological scenarios lie in a
regime where 7' > L', where T is the temperature and L a characteristic curvature scale.
Therefore, we will pay particular attention to the high temperature expansion of the effective
action and the resulting field equations. As we will see, the initial quantum state strongly
modifies the nonlocal structure. In addition to its intrinsic interest, we expect the results
to be useful for new proposals of in-in nonlinear completions of the effective action that
produce real and causal equations of motion.

The dependence of the nonlocal effective action with the initial quantum state of the
field has been discussed in previous papers. Indeed, Gusev and Zelnikov ] computed
the Euclidean effective action for a massless quantum field in a thermal state for an ultra-
static gravitational background (ie. in adequate coordinates the metric is goo = —1, go; =
0 and g;; = ¢;;(%)), using the covariant perturbation theory @] The in-in effective action
has been computed by Campos and Hu E—lh (see also [14]), in the limit of weak gravitational
fields. They obtained the effective action and the corresponding equations of motion for
the metric. The technical complexity of the calculation produces cumbersome results, and
therefore we found it relevant to compute the effective action for stationary metrics, using
an alternative procedure that allows us to find covariant expressions for effective action. As
expected, the covariant effective action will involve not only the Riemann tensor but also a
vector u* that describes the four-velocity of the thermal bath, as well as a local redefinition
of the temperature. Equivalently, it can be written in terms of the Riemann tensor and the
Killing vector x* associated to the stationary geometry.

The paper is organized as follows. We present the calculation of the effective action for

weak gravitational fields in Section II, where we obtain explicit expressions for the nonlocal



kernels. We also write the effective action in a covariant way, adapted to nonlinear com-
pletions. In Section III we describe the high temperature expansion of the effective action,
showing that the leading nonlocal contribution of the real part is linear in the temperature.
In Section IV we show that, for static metrics, the effective action can be derived from the
ultrastatic case, using a conformal transformation. In Section V we write the field equations,
and discuss qualitatively some features of the quantum corrections. Section VI contains the

conclusions of our work. In the Appendices we include further details of the calculations.

II. EFFECTIVE ACTION

In this section we compute the in-in effective action for a massless, minimally coupled
scalar field in a nearly flat spacetime. We follow Ref. ﬂﬂ], generalizing their approach to
the case of a thermal state. The classical action for a scalar massless quantum field with

minimal coupling is given by

1
Sulg 0] = =3 [ v/ =5 ¢ Bu0us (1

We are using the signature (— + ++) for the metric, and natural units A = ¢ = 1. For a

weak gravitational field we write a perturbation around flat spacetime as

g;w(f) = N + h;w(x) ) (2)

and expand the action up to quadratic order in A,

1
Sm:§/d4gg ¢<D+V(1)—I—V(2)+...>¢, (3)
where the perturbative operators in derivatives are
VW = 9,0 (2)0, — W' (2)0,0, , (4a)
V@ =9,0" ()0, + 1" (2)0,0, (4b)
and
_ 1
h“,,(x) = h;w(x) - ih(x)mwv (5a)
1 1 1
luu(z) = hua(x)hau(x) - §h($)huu(z) + §h2(x)77/w - Zhaﬁ(x)haﬁ(x)nuw (5b)



with h(z) = h® (z). The complete thermal in-in effective action reads

r= %Tr VIO(G__+Gr)+ VI(G__ +Gr)

1
V_,’(_l)(G++ + GT) + V_;’(_2)(G++ + GT) - §T’f’

— 177 [V (Cas + GOV (G + Gr) =2V (G + GV (G + Gr)

VNG + ) VIG_ +Gr)|, (6)

where G, (a,b = +, —) are the usual flat space propagators in the vacuum state, and Gr

the thermal contribution. Note that Gr does not depend on the CTP indices a,b , ]

Explicitly
d*q ia(me F1
G:Bl::t(xuy):/(2ﬂ.)4eq( y) qg:FzE ) (7&)
d* o )
GijF(x,y) :/(2734@211(:0 y)(—27rz)9(:FqO)5(q2)’ (7b)
and
d4q 1q(x— .
Gr = [ e (<2l 3 (). (7c)

where n(|go|) = (%1%l — 1)~ is the bosonic thermal particle distribution and 3 is the inverse
temperature.

In principle, one should compute the effective action in n-dimensions, and absorb the
infinities adding appropriate counterterms. However, in what follows we will consider only
the temperature-dependent part of the effective action I'y, which is finite due to the presence
of the Bose factor n(|qo|). Therefore we can omit the counterterms and the discussion of
renormalization. We split the thermal effective action as 'y = 'V + T'®) | with

~ Iy

VY + V)G | 3

0 = %Tr

as VEQ’)GT] : (8a)

1 l
1@ = TV G,V Gr) - S Tr(V GV Gr)

—%Tr(v_“)c:__v_“)GT) . %Tr(v_(l)GTV_(l)GT)

—%Tr(—2v+<1>G+_v_<”GT) - %Tr(—QVf)GTV_(l)G_JF)

1

—ZT’I“(—QV_S)GTV_(DGT), (8b)



where I'D and T'® are linear and quadratic in the propagator respectively. The zero temper-
ature part can be found elsewhere, for example in Ref. ] The main nonlocal contribution
is

1
(NL) _ iy [ g pal () _
MY = o [ @' [ @' 3R @R ) ~ R R()

_ d'p ip(z—y) P —ie
plr l
e )

Let us now elaborate on each of the two contributions to I'r.

A. Calculation of I'M)
The terms proportional to V) in Eq.(Bal) can be written in terms of h,,,, and read

r[VWGy] = d*z

e [ (=2mi (o )6 (—K3 + )]

6054/“[%0( )+ it >”§]. (10

Analogously, for the terms proportional to V)| we have

T V0] = - / di / %zw(@mv [(~2miyn (k)3 + )

_ /d4x [ _ hgo(@)  hoo(z)hij(x)n

6084 2 3
a M (77”77“” - 277”77”’”) + 5 hoi(2)ho; (af)n“] : (11)

The full action I'; is obtained by adding the above two equations evaluated at h,, — hfut)

and then subtracting the same expression evaluated at h,, — hf;,).

B. Calculation of I'®

The calculation of I'® is much more involved. Before presenting the details, it is useful to

take into account that, on general grounds [10, [11], the quadratic part of the CTP effective



action must be of the form

v~ [t [ { 2) [0 (2, ) + i (2, )| 1 ()

— 20, (x) [D’“’””(x, y) + iN*P (z, y)} P ()

— By () [H77 (@, ) = N7 (2, ) [ B () } (12)

for some real and symmetric kernels H (z,y) and N(z,y), and a real and antisymmetric kernel
D(z,y). The dissipation (D) and noise (N) kernels are related by a fluctuation-dissipation
relation. Moreover, for the particular situation considered in this paper, a stationary geom-
etry, there are no dissipative effects and the kernel D vanishes. Therefore, it is enough to
compute the +4 part of the effective action, and read from it the nonvanishing kernels H
and N. Furthermore, in terms of Fourier transform of kernels, the time-independence of the

metric translates into py = 0.

To evaluate the different terms of Eq.(8D]) let us first consider the trace

3
——TT[ G++V GT = ——/dt/d3 d®y / ’p eP(E=9)

x Wi () A% (0, ) <y>. (13)

The kernel A**5(0, p) reads

g (-1)
A B(O,p) _ / o) [(—2m)5((q ) ) (lq —p\)] . [q2 _ ie]pozo X

X <[n”””(q - p)qu] [nmﬁ (q— p)AQo:|) : (14)

po=0

where nPHTY = nPhy™" — %UWUPT-

The strategy for evaluating this kernel is as follows: we first perform the integration in ¢,
which is trivial due to the Dirac d-function and the fact that for a stationary metric pg = 0.
We then perform the angular integral in the plane perpendicular to p, and leave the answer

in terms of an integral in k = |k| = |¢ — p|, and in the remaining angular variable.

7



To exemplify, we schematically show the calculation of A%%(0,p):

am0.p) = [ 55 [(—m)a((q ~p?)nlla —p|>] [q({_lﬂel x

X (n”OTO[(q — ) )" (q — p)x%])

po=0
o s 0(=2+(7—Dp)*) n(lg—pl)
B (27r)3/d%dq —q3 + q* — ie x
2 2
S i i
X 2+2(q P)q 2+2(q P)CI]- (15)

As mentioned above, computing the integral in o is trivial. Then, changing to the k = §—p

variable, we arrive at

AD000( 5y — " / dO s 9/ dk k n( _
0P =gmy Jy PO f, k=

o o 1.
[/flkj KK 50+ KK R D 0500 4 < kR D D i | - (16)

4

At this point, we can rely on symmetry properties to simplify the tensorial structure (see

Appendix [A]), and find

7 I
A0, p) = 4—7T2|17|4 <% + I3 + [40)> (17)

where the result is now expressed in terms of the scalar integrals /,,, defined as

e 1 ka-{—l Ysl—a
Lotp) = [ [ i ), (18)

|PI* + 2k[plx — i€

with x = cosé.

In a similar way we can calculate every other contribution of A**%(p) (see Appendix [B)),

8



thus obtaining from Eq.(I3]) that

2 64

g I I I
—I—h((f)r) (z)|p|* PV < — % - % — % + Ly — [42) hg;r)(?j)

4 2 2 8 4 8 4 2

i Iy Iyt | Iss Iy I 1 e I
+hz(';_)(l’)hl(;)(y){|p|4P”le <£ -2 + i + 0 2 + ﬁ) + |p|4pzmpjl <ﬂ _ 2 +

) 1 o I
—Tr (Vil)GJrJrVJEl)GT) = 610 /dt/dgfdgy/dgp ew(m_y){h(()z)r)(ﬂf)l94 (% + I3 + [40> h(()?)r) ()

g)

+[p[*Pp’p™ _<% + I31> - <% + [33) + |p]*p'p P | — % <% + I33>

+|p[*PYp'p™ _ - % <% + I33> +p'pp'p™ % (% + Igs) } +pphly (f)hz(;‘r)(ﬂ”ﬂz <% + [33>
+ho! (@)hiy (9)IpI*p'p (120 + 2131> } (19)
where PV = n — ’%, PO = P% =0 and P% = % = —1. In this expression we identify

two kind of terms: those which are proportional to a pair of projectors P, = 1,, — ;’2’” and

those which are not. Since the former can be easily written in terms of the Riemann tensor
and the four-velocity u* (see Appendix [C), it is necessary to work out the latter, which are

all proportional to combinations of the form,

o] 1
Lo + Uiy = [k [ dxn(ireolp)
0 —1

1 /OOO dz n(z) Za-i-l [1 + (_1)7]

FreTl 1+7)
I NN By
B R e () 2

Note that this particular combination of integrals can be exactly evaluated, and that the
result vanishes for odd values of 7.

In order to complete the calculation of the ++ part of the effective action, it is neces-
sary to evaluate the term —T r(Vf)GTVS)GT) in Eq.(BL). Using the explicit form of the
propagators, Eqs. (7al) and ([7d), it is easy to see that Gp(k) = (—2mi)n(|ko|)Im(G, o (k))
then this trace is purely imaginary which can be related with the imaginary part of Eq. (I9)
replacing n — n?.

It is convenient to evaluate separately the real and imaginary parts of the ++ contribution

to I'®): the real part can be read from Eq.(IJ), just taking the real parts of the integrals Iop.

9



On the other hand, the imaginary part can be obtained from Eqs.(8D]) and (I9), replacing

1 3. 13 3, ip(@—7)
647T5/dt/dxdy/dpep Y) «
(5 (3 A ()15]4 b2 ¢ [ () (25 ) 7y 1514 Iy Isn s
hoo' (Z)hoo” (7)|D]" Im 1 + I3+ Lio | + oo (Z)hy” (@)D" Py Im | — — — — — =~

I,z — fag , giving the following result

i i
= Tr(V Im(G )V Gr) = (Vi GrVVGr) =

~

2 2 2

4 2 2 8 4 8

Sl PY Im (z . z)] } R

fasoh = [k [ D Gy ). 2

|PI? + 2k|plx — i€

Yy — 1) +h (@) (7)

Iy Iy Iz Lo ILip I
|]5|4P2]le [m<£_ﬂ+ﬁ+ﬂ_ﬁ+ﬁ)

fy o 0
Bl Pan Py T (f - f) + ! (@) ()

where

C. The complete effective action: covariant form

We now collect the previous results. The real and imaginary parts of the ++ effective

action read
7 7
Re(Tyy) = 577 [(V2 + VI)Gr| = 210 [VIVRe(G )V Gr | (23)

and

1 1
Im(Tsy) = =5 Tr [VS)Im(GH)VS)GT} T [VL”GTVS)GT} . (24)

First, let us notice that throughout the different contributions to Re(I'y. ), Eqs. (I0), ()
and ([9), we find explicit terms proportional to S~%. However, there will also be implicit
contributions coming from the I, integrals of Eq. (I9) that will surface only after an ex-
pansion in high temperatures is performed. This expansion will be discussed in more detail
in the next section, but for now we shall borrow these terms in order to treat them in the
same standing as the explicit ones. The crucial point is that, when combining all of the
contributions that go as 374, the resulting term is in fact local. This is also the case for the
terms proportional to 872, which in this case are all contained within the I,,’s. For this

reason we will separate both types of terms from the other, truly nonlocal, contributions.
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All the contributions proportional to 3~ in I'; | are

(Z)n"

2 ij 2 () (7))2 h(+)(7)h(+)
@_ T 4 (CorFN/ A a | (hoo' (T)) oo ()1
Re(l'.) 6%4/61 [h (@) + b ()3] 6054/61;5[ | :
ChP @ @) o 2 y
. (n”nlm - 277”77””) + 3hor (@)ho, (@)

1 - .
dt | Bz d3 43 ip(T—7) h(+) h(+) ijolm 9 il
1 .. B B B Ny
57y (@ (@) + hot (@)hes () ] ,
which, after comparing with Eq. (CTal), it is found to be the weak field expansion of

2 @
Re(l )@ = = / dir Y I

4 2
9053 9y

(26)

Under a similar analysis, the terms proportional to 372 combine to form the weak field

expansion of

1 —g(+)
2 — 4 (7
Re(I'y ) = R /d x e R'™(z). (27)
After separating both these contributions, and combining Eqgs.(I0]), (1), and (I9]), we obtain
Re(T / A 212 Y I po
++) 9OB4 gih? 144ﬁ2 g

+_ / dt / e / iy / zw{h%( )hss) ()Pl A(|p))

+hiy (@)hiy” (@)]pl P B(|p]) + hﬁj (@)his @)l | PP C(1p])

+ P PAD(p])] + niP(@)nf)) <yf>\ﬁ|4P“E<|ﬁ|>} , (28)
where
A(pl) = =2 + Iy + Lo — 1057T:|p|4 + 1867;2|p|2 , (29a)
Blipl) = _% - % - % o=t 45ﬁ7j|z7|4 - 36;7ﬁ\2 ’ (29)
G % _%JF%JF%_%jLEjL 90;44|p|4 72;22|p|2’ (29¢)
Dls = = 5+ - 45;4715% ’ 725722\]5\2 | (290)
B(pl) = 2T — 2 — 4 = T (200)

1564p[* ~ 725%|p?

11
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Note that the local terms in Eq.([28]) are multiplied by powers of the Tolman temperature
(B3/1g00(%))~ = B(z)~! [16]. These contributions have been correspondingly subtracted
to the nonlocal kernels, which now will not contain any terms that go as 3% or 372 when
expanded at high temperatures.

Thanks to the presence of the projectors P,, we can write the effective action in terms of
the Riemann tensor. However, as we are considering a quantum field in a thermal state, this
is not enough to obtain a covariant expression, due to the presence of a privileged direction
associated to the four-velocity u* of the thermal bath, as well as the space-dependent Tolman
temperature 3(z)~!. In order to be able to obtain a fully covariant expression, it is necessary
to also introduce the timelike Killing vector x* (k% < 0) related to the stationary nature of
the geometry , ] In terms of this vector, we have u* = r#/v/—k2 and goy = 2. Indeed,
using Eqs. (C4al) and (C2) we obtain

2
Re(I'y ) = %/d%ﬁ + ﬁ /d%ggR(x)

+i d4x/d4y{4Rw(:€)u“u”A1(m,y)Rag(y)uo‘uﬁ

82

2R, () As o, y)uu” Ry) + () As o, y) R(y)

+Ryap () As(w, y) R (y) + ARy, (2) As (2, y) R (y)utu” } (30)

where the nonlocal kernels read

M) = [ 5 e (Alp) ~ B+ C) = 3D0) + E) . (312
Aale) = [ B e (5(6) - 2009) (310)
Mo = [ S ), (310
Ag(z,y) = / (;ij; "V D(p) (31d)
Aolo) = [ S8 e (B(p) - 2000), (310)

and p = \/W . In order to simplify the notation, we omitted the superscript (+) for the
metric in Eq. (B0). Notice that these last expressions are valid in any coordinate system,
which is evidenced by the promotion of Z — x in Eqs. [B0) and (31), and |p| — p in Egs.
@I). Upon choosing the coordinates such that x* = (1,0,0,0) they reduce to the former

12



expressions for which the time-independence is manifest. However, it is worth remarking
that we expect additional terms in the effective action for a metric with a generic spacetime
dependence.

We can proceed in a similar way with the imaginary part of the effective action. The

result is

fwwr+»::g%i/d%r/l#y{4RmxxMWu%4mx4»wayﬁﬂuﬁ
+2R,,, () Ag (2, y)u'u” R(y) + R(x) As(2,y)R(y)

+Ruua6(x)A4(x> y)ijaﬁ (y) + 4R/u/ (l’)/i5(l', ?/)Rg(y)uuuﬁ} (32)

~

where the imaginary kernels A;(x,y) are obtained from the corresponding expressions in

Eq.(3T) replacing A, B, C, D, and E by

A

" I ~ A

Alp) = Im(% + I + ]40> ; (33a)
. Iy Iy Iy

B(p) = m(—%—%-%-i-ho—]Q), (33b)
~ - ]22 ]31 j33 j40 I42 I44

Co)=Im(F-F+ PP -+, (33c)
N I I I
Dp) = (2 — 72 4 1), (33d)
E(p) = QIm(f40 — f42) s (336)

The above Eqs. ([B0) and (B2) are the main results of our work. We have found a covariant,
nonlocal expression for the in — in effective action for stationary metrics, considering a
quantum massless, minimally coupled scalar field in thermal equilibrium. The nonlocal
kernels are nontrivial functions of the temperature, and the effective action is written in
terms of the curvatures and the timelike Killing vector. Our results generalize those of
Ref.[13], which are valid for Euclidean ultrastatic geometries (we will describe below an
interesting connection between the effective actions for ultrastatic and static situations).
Regarding the work of Ref. ], we have been able to write the effective action in a fully
covariant way, valid for stationary spacetimes.

It is interesting to remark that the local terms proportional to % and 572 can be
interpreted as a cosmological constant and an Einstein-Hilbert action, respectively, modified

by a local temperature. The same terms also appear when computing the effective action

13



using the Schwinger-DeWitt expansion for a massive field ﬂﬂ, E] However, for more general

metrics and massless quantum fields nonlocality could arise already at these orders.

III. HIGH TEMPERATURE EXPANSION

As the structure of the nonlocal kernels is rather complex, it is worth analyzing them
in the high temperature limit. The main technical point is to expand the integrals /., in

Eq.([OI8) in inverse powers of 5. After a change of variables we have

1 °°d zotl
Iy = —+— L, 34
g 2(2z0)0‘+1/0 e 1 (34)
with

1 v

X
A dy—————, 35
7 /_1 X(zo+zx—ze) (35)

and zop = pf/2. The expansion of I,, for small z; is rather involved and is described in
Appendix [Dl For the values of a and ~y relevant to the evaluation of the effective action, the
structure of the expansion is
I, = % + Qﬂ + d— + eqylog 20 + O(2), (36)
2 25

where aoy, Cay, doy and e, are constants. It is noticeable the absence of a term proportional
to f73. with p

We now replace the expansions into Eq.(28]). The main observation is that there are
no contributions proportional to 3~* and 572 into the kernels, i.e. we separated them on
purpose. However the 372 is not there from the beginning. For these reasons the leading
nonlocal contribution is proportional to 3~!. The result for this last term is
a, 3

1
mRaﬁ (y)u u
1

1 1
7 7T 7
Rg(y)u“uﬁ} , (37)

Re(Dy1)® ~

1024 d4x\/_/d4y\/_ \/_{HRW( Yutu”

~5(2) 0’ R(y) + TR S R0) + 5 Res(2) )

1
N

where the nonlocal kernel is a two-point function defined as

1 B dip eir(@=y)
wﬁ)n:/ e (38)

—4R,,, ()
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Note that the convolution of this nonlocal kernel with a time-independent function is equiv-
alent to the convolution of the function with the kernel §(t — #')/v/—=V2. As expected on
dimensional grounds, this leading contribution is a linear combination of terms of the form
R(BvV~0)"'R where R denotes components of the Riemann tensor eventually contracted
with the four-velocity u”.

The integrals /,, also have terms proportional to log(fp), which could potentially be
nonlocal subleading corrections to the effective action. An explicit evaluation gives that
these terms precisely cancel the nonlocal zero temperature contribution (see Eq.(d])), leaving
only a local remainder that goes as log(/u), with p an arbitrary renormalization scale.

Following the same steps we find, for the imaginary part

Im(T'4s) = # / d'zy/=g / d4y\/_—9{43uv<$)u%”141(:67y)Raﬁ(y)uauﬁ

2R, (1) Ag(x, y)uru” R(y) + R(x)As(z, y)R(y)

s (1) Asl, )R (9) + ARy 2) As(, ) RS (y)“uuﬂ} W
where

M)~ G/~ ST TR s
Aol y) 10(575—_5)5 - 16(ﬁf/3—_D)3 ’ 128(;%)2 ' 256(;33) o
As(x,y) ~ 60(67:/5——D)5 + 32(55_—5)3 - 768(;%)2 - 512(571/3) (40c)
sl y) = 30(525—5)5 - 48(52/3—D)3 ’ 384(5%? B 256(571/5) o
As(zy) = 5(55@5 - 24(633)3 - 64(ﬁ%)2 i 128(&7;@ ' o
40e

Note that the nonlocal kernels A, (x,y) are linear combinations of (8v/—0) "

IV. CONNECTION WITH THE EFFECTIVE ACTION FOR ULTRASTATIC
SPACETIMES

The structure of the effective action I'[g,,] for a static metric g,,, (i.e. go; = 0) can in fact

be recovered from the effective action I'[g,,, 2] for an ultrastatic metric g,, (also oo = 700)
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through an appropriate conformal transformation

() = QX(2) G (), (41)

where Q2 = |goo|. However, since the action is not conformally invariant, the corresponding
effective action T'[g,,, Q)] for the ultrastatic metric is associated to a different operator.
Indeed, if we consider a static metric in Fuclidean signature, we have for the Euclidean

effective action
e—F[g,w} — /D(b 6—5[¢79uu} ~ det (—D + m2 + 51,—_2)—1/27 (42)

where £ is the coupling between scalar curvature and the field. Upon applying the transfor-

mation Eq.( 1)) it turns into

A J[Q]e_f[gﬂuvg}
) ) 1 1-1/2
~ J[Q] det [—D + *m? +ER — (5 — 6) AR] ) (43)

where AR is related to the transformation of the scalar curvature and is defined in Eq.([ET).
The Jacobian J[€)] adds a local contribution to the effective action, that produces the trace
anomaly. The effective actions for Euclidean ultrastatic metrics were obtained previously
up to quadratic order in the curvature R, by means of heat kernel methods for a wide class
of operators of the form —J — P + %, with P(x) a generic potential that may include the
curvature as well as interactions. In particular, the effective action at finite temperature
has been computed in Ref. |, where the nonlocal structure is encoded in temperature
dependent kernels v;(8v/—V?2), with i = 1, ..,4. By choosing the potential P appropriately
(see Appendix [E for further details), the effective action I'[g,,, ] is easily obtained, and
after carefully rewriting everything in terms of the static metric g,,,, the corresponding I'[g,, ]
arises.

There is an important feature of I'[g,,| that can be deduced from this picture. At high
temperatures the kernels 7; can be expanded in powers of 37!, leading to terms in the

effective action that are schematically of the form,

/ d' / d%ﬁﬁ(x)ﬁw—gﬁ(y), (44)

where we are using a covariant representation that reduces to the one of Ref. B] upon

specializing for an ultrastatic metric in the appropriate coordinates. The geometric objects
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have well known transformation rules under Eq.(Il), some of which are summarized in
Eqgs. (EI), however the nonlocal operators deserve a special treatment. Besides Eq. (35)),
and alternative definition for these operators is [20)],

1 2 nm < 1

The massive propagator G (z,y) = (=% + m?)~! is not conformally invariant. However,
up to corrections proportional to the curvature, it can be shown that in four dimensions it

transforms like
1 1

(—O+m?) ) (-0+4 m?Q-2)

and therefore, upon a change of integration variable m — m = mQ~!, we can obtain the

Qy) + O(R), (46)

approximated transformation rule for the nonlocal operator

[SIE]

(—0)72 =Q2)* 2 (-0) 2 Q(y)* 2 + O(R). (47)
Putting this together with the transformation rules of the other geometrical objects, it can be

readily seen that a term like Eq. (d4]) contributes to the effective action I'[g,, ] schematically

as

iy [ gt \/_R ) 1 V=gR(y) ,
/d @y N2 (v=0) (B Q(y))"/2 +O(R). (48)

Going back to the case under con81derat10n, Eq. (@), this is what gives a spatial dependence

to the inverse temperature parameter [3,

B = B(x) = 5v/]g00(7)], (49)

i cinphance with our result Eq. (B0), as well as with other works in the literature @ l

There are limitations to this approach though. On the one hand, only a static metric can
be related to an ultrastatic through a conformal transformation, leaving stationary metrics
(i.e go; # 0) out of this treatment. Indeed, the kernel E(z,y) of Eq. (29¢) will never arise
from this approach.

On the other hand, it is necessary to know the ultrastatic effective action I'[g,,, Q)] for a
more general type of operator than the original one whose static effective action I'[g,,] we
aim to find. This might prove equally or more challenging than a direct calculation of I'[g,,,],

even for more general metrics. In our case, the known results from Ref. [13], which are able
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to accommodate a generic operator, were obtained for a Euclidean ultrastatic metric and
therefore allows us only to obtain the equivalent Euclidean effective action for a static metric,
which we can then verify to be equal to the real part of the CTP effective action Re(I'[g,.])
we computed in Eq.(30), after the high temperature expansion of Eq. (87). This means that
any imaginary contribution Im(I'[g,.]), i.e Eq.([39), is absent, and thus we are missing the
information on the stochastic properties of the system. In order to obtain this last ﬁt

B

that is, the CTP effective action for an ultrastatic metric associated to a generic operator,

from a conformal transformation, we would need to know the CTP equivalent of Ref.

but this is likely more difficult than to perform the full CTP calculation we presented in the

previous sections.

V. FIELD EQUATIONS IN THE HIGH TEMPERATURE LIMIT

In this section we compute the semiclassical Einstein equations by directly taking the
variation of Sy[gu| + Sm|9u] + I'g,] with respect to the metric, where S, and S, are the
gravitational action and the action for classical matter sources respectively. The semiclassical

Einstein equations read
MEIGW = T;flu + <T;w> + Juvs (50)

where Mgl is the Planck mass, G, is the Einstein tensor, T}, is the stress-energy tensor and
Juw @ stochastic noise source, i.e. (j,,) = 0. The stress-energy tensor of the classical matter
sources 1’ ﬁf/ is related with .S,, in the usual way, and analogously, for the expectation value

of the stress-energy tensor of the quantum field we have

2 0Re(I'y1[gu])
/_g 5gil/ gul’_gﬂu 9

L=

(Thw) = — (51)

where it has already been taken into account the fact that the in-in formalism ensures the
equations of motion are real, and thus it is only necessary to consider the variation of the
real part of I'[g,,]. Furthermore, for time-independent metrics we have Re(I'\_[g,.]) =
Re(I'_{[gw]) =0, as already discussed after Eq. (I2I).

We compute (7),,) by explicitly varying Re(I'yi[g,,]) from Eq. [28) with respect to

the metric. In this section we choose to work in coordinates for which the stationarity of
1

the metric is explicit and it does not depend on the time coordinate t, and thus —

A
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\/%Wé (t—t'). First let us consider the local contributions proportional to 37* and 372, whose
variations can be easily obtained from their nonlinear expressions. Indeed, from Eq. (20)

for 4~* we have

(T (2)) = p(@)uuu, + p(2) (g + wpun) (52)
where p(z) = %, p(z) = @ and u" are, respectively, the energy density, pressure
and four-velocity of an ideal radiation fluid with space-dependent temperature given by the
Tolman temperature 3(z)~!. It is worth noting that a source of this form in the Einstein
equations does not allow a static solution that also satisfies sensible boundary conditions
(such as decaying at spatial infinity). This has been thoroughly studied in the literature, in
particular regarding the stability of hot flat space [21]. We will not dwell on this subject,
but just note that a full treatment requires to consider a time-dependent scenario.

Similarly, from Eq. (Z1) for 372 we obtain,

_ 1 1
<T/u/(x)>(2) = YY) (Guv - Ruuuu) - (Vuvu - QWD)

"7 | Far )

1
B(z)?
The first parenthesis will have the effect of “renormalizing” Newton’s constant by a finite,
temperature and space-dependent amount, but in a noncovariant way, i.e. the ‘00’ equation
receives a different correction than the others. The second parenthesis survives due to the
fact that V,0(z) # 0.

We now consider the nonlocal part (NL), which starts at 37. We take the variation from
its expression in terms of h,,, given in Eq. (28) and valid when |k, | < 1, and then rewrite

the result in terms of the components of the Riemann tensor. This naturally separates the

different components of the equations,

1

B =~ [ dty| (140 82.9) + 28002, ) PRy (g

+B(t, t';2,5)V*R(Y) (54a)

1 R - - v
@)™ = =5 | & (mN2 - vivj) ((B(t,t .5) 4 2001, ¥:.2,5)) Ry (1)
+C<t,t/;f,y>R<y>> +2D(1,#:.5) V2 Ry (3) ~ D(t,t/;f,ywiij(y)}Mb)
1 P _
(Toi(z))VE) = — /d4y E(t,t;%,9)V?R(7)u” (54c)
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where (7),,) is explicitly dependent only on z, and

At =00 o7 W o) -p)|. (%
B(t,#:7,9) ~ 6(t — 1) mjﬁ 810 og (089G - 7). (G5
C(t,2,9) ~ 5(t — 1) '512 ; e Tl R S
Dt ti2.) = 00— ) | ot 1og<ﬁu>6<3 S
E(t,t;7, ) ~ —— log (Bp) d(t t)é“‘” (z — 7). (55¢)

480

Notice that the logarithmic term is local due to the cancellation of all log(p) parts with the

(NL) is purely local.

usual zero temperature contributions (see Eq. ([@)). Also, (Ty;(Z))

The expressions in Egs. (54]) show only contributions linear in the curvature to (7}, L, YWNE)
of the form [ V—=V2)"'V?R. This is due to the level of approximation used when computing
the effective action, quadratic in the metric perturbation h,,, and thus linear in the field
equations. If we consider any of the possible non-linear completions of the effective action,

its variation will contain further terms of higher order in the curvature R in the nonlocal

part of the field equations, of the form

/ Q“W%VJH & 5;W ( \/—I—VQ) R, (56)

where G, represents a generic variation of components of the Riemann tensor with respect

to the metric.

The full (7),,) is obtained by adding all the previous contributions,
(Thw) = <THV>(4) + <Tw>(2) + (Tw>(NL)- (57)

From the explicit expressions for each contribution it can be checked that the full stress-
tensor is conserved, i.e. V,(T") = 0.

Let us now discuss the stochastic contribution to Eq. (B0). The noise j,, accounts for
the fluctuations of the stress-energy tensor of the quantum field around its mean value. Its

self-correlation is related to the imaginary part of the effective action,

G (@) Gpo (1)) = (AT (2); ATy (Y)}) = Nyuwpo (2, 9), (58)
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where AT, = T,, — (T,), and the noise kernel N,,,,(x,y) is defined in Eq. (IZ). The
semiclassical approximation will be a good one as long as the fluctuations of the stress-

energy tensor are small compared to its mean value, that is,
(AT?) < (T,,)*. (59)

Note that since j,, (x) is of stochastic origin, it depends both on space and time coordinates.
This can be made compatible with a static metric if the dominant source of Eq. (B0) is the
semiclassical one and the solution is stable under small time-dependent perturbations.

We close this section by considering the ansatz of a static Newtonian metric, having the

form
ds® = —(1 +2¢(z))dt* + (1 — 2¢(z)) dz°. (60)

We first assume there is a mechanism by which the effect of the source (7},,)¥) is stabilized
such that a static metric can be a viable solution. The most striking feature is that for

(NL) proportional to 3! vanishes

this kind of metric the leading nonlocal contribution (7},,)
exactly, although this can be checked to be a special feature of the minimally coupled case
(¢ = 0), and not hold for more general cases. In the absence of both (7},,)®* and (T, )1,
the noise source j,,, becomes dominant. This would break the semiclassical approximation

for Newtonian metrics at high temperatures.

VI. CONCLUSIONS

We have computed the CTP effective action for a massless quantum field in thermal
equilibrium in a stationary background. Our main goal has been to obtain covariant expres-
sions for the real and imaginary parts of the effective action, which may be used to propose
nonlinear completions of the theory that are much more general than previous ones, based
on generalizations of the zero temperature case. The existence of a thermal bath picks up
a particular frame, the one in which the bath is at rest, and therefore the effective action
depends not only on the metric but also on the four-velocity of the bath and on the local
Tolman temperature. The nonlocal terms involve kernels that can be thought schematically
as non-analytic functions of the Laplacian F'(V?).

The high temperature expansion revealed some interesting properties. On the one hand,

and similarly to what happens in the ultrastatic case [13], the leading nonlocal correction
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to the real part of the effective action is proportional to f~!. By dimensional analysis, this
implies that the nonlocal structure should involve the kernel 1/v/—V2. On the other hand,
the imaginary part contains nonlocal contributions already at the S~°-level.

Another interesting aspect of our results is that the leading nonlocal contributions to the
semiclassical Einstein equations vanish when evaluated in a Newtonian metric, and therefore
do not produce thermal corrections in the large distance limit. However, we have checked
that this is true only for minimally coupled scalar fields.

In a forthcoming paper we will address the calculation of the effective action for the
case of time-dependent metrics. On general grounds, we expect the nonlocal terms found
in the present paper to become more complex functions F (V2 u#D,,), which involve both
spatial and temporal derivatives, in a combination that does not necessarily coincide with
the D’Alembertian. An interesting issue, with potential applications to the dark energy
problem, is whether there are nonlocal contributions at the leading 5~* order or not. We
have shown that this is not the case for stationary metrics, since in this case the leading term
is local and proportional to the fourth power of the Tolman temperature. The same local
term appears when considering massive fields, and the effective action is computed using a
Schwinger-DeWitt expansion E, |, which assumes that the mass m satisfies m? > R.
However, it is, in principle, possible that nonlocal terms emerge at leading order in the

opposite limit of massless fields, for time dependent metrics.
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Appendix A: Angular Integrals

In this Appendix we include some useful identities for the angular integrals needed to

compute the quadratic part of the effective action:

/ BEf (k, p)kkS = ppf

/ &k F(, |ﬁ\,x>x2]

+ [P

/ Pk (K], 1905 (1 x2>] (A1)
/ Bk f(k, p)ERE = pipy’ [ / @k (K], |p|,x>x3]

+<P”pl + Pip + P”ﬁ) [/dgk F(Ik], Ipl,x)%x(l =) (A2)

/ PR f (k)RR = ppiplp™ / &k F(IK], 171, )X

+ |p|2<P1]plpm +lep]pm +szp]pl

- o o 1
+ Pilpip™ + PImpipt 4 Pl’”p’ﬁ) /dgk F(Ikl, 121, x)§x2(1 —x%)

(A3)

. o . . 1
+ (P’Jle+P”PJm+P’mP”) /dgk (K] 1Pl 05 (1 - x°)?

where Y = cos and P* = n#" — ptp” /p* with py = 0.

Appendix B: Detailed calculation of hfj,;) (E)A””aﬁ(iz,gj)hgz) (¥)

Here we show details about the calculation of J,, = hflt) () Arveb(z, gj)hgg) (7).
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We have

Ty = / % [(—2m)5((q - p)2>n(|q - p|)] . [q(z__lzel - X

x b (7) (n”‘””[(q — 1)o7 [(q — p)x%]) hel) ()

po=0

X

_ 0 /dqo #a 6(—a5 + (a—p)») n(lg —pl)

- (2n)? —qy + P — e
2 2
_ e 1, __|law 1, _ _
X {h%)(fﬂ)h%)(y) 50+§(q—p)q 5°+§(q—p)q]

+hiy (2)hiE (@) %8 + %((1 - 17)(?] [(q —p)lq™ — %nlm( —q+(7— ﬁ)é)]

+h (@RS () | (4 — p)'e —

+R(@)R (@) (- p)'e —

x [(q —p)lq" - 577“”( — g5+ (71— ﬁ)é)]

+h$D @Y @) ad | d' + (g - p)’

7+ (q —p)j] } (B1)

The integral in qq is trivial because of the Dirac d-function. Then, changing variables as

k = q — p = k and performing the integral in ¢ we obtain

2

P2 P
3

1 m 0 n(k) e
Jiy = | A0 | dkk a B (2R
o (27T)2/o /0 B2+ 2.k —ic { o0 (%)hoo”(9)

- k.p 1 _
+his (2)hE () [ + 7]9 Kk 4 K — —nle.p]

2

S @) | K+ K — S| [R5

P e .
PN [+~ a0~ b

TR @G )R 28| 207 + | } (B2)
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We split the remaining expressions separating the terms proportional to k*, k3 and k?:

/ d9/ dk:k: ) K(“)(x 7, k) + K®(z,7,k)

??‘

+K®(z, 7, k;)] (B3)

where

KD (z,5,k) = KK EE™ [h @RS (@) nijim + By (@RS (G)nig + b (@) () 10m
+hiP (@) () + 4ns) (2 >hé?<y>nlm]
_ o L 1 L.
KO (2,5, F) = hig) (@)his) @)ngmnp™ KER + hig) ()b (9) [mjk%] K™ = Sk ke )

m]kpj

SR M

1 1 -
+hi(@)he) (7) [mmk‘lk‘mk"p] 1 KK K" §mmklpmk’k]]

+h (@R ()

klkjkl m o ;n nbrkb Tk‘lk’]—i—k’kmk‘zp] 1 Z]klkmnbrkb 7’]

2050 ()RS (G kK™ | K + K
@)~ ~ T Loy oy (9 igplom L () g (F) iilim L om b r
K9(z,9,k) == Zhoo (Z)hgg (y)mmzmk‘ Pk p" + §h00 (I)hlm (y)mjk p k™ — 577 Mo k"D

1
+§h§.j+>( B)hiy (7 )[k"p] 57 nbrkpr] k'™ + b (@) @)k kP

+hi (@) (7 )[k"p] -5 nagk‘“pg] [klpm !

2nl’”nbrk”p’”] (B4)

Hence, using the identities of Appendix A and defining the integrals

© 1 el
L(p) = [ dk [ do d (k) B5
A= [ [ 7+ e — e (B5)



we obtain

i I _

s = E{héo (@)lpl* <I + Iy + Lm)héz)(y)
+hiy (2)[pl" PV

+h2] ( )hlm( )

(222
e

R B P PR | o
HWPW”(9—£+4ﬂ+m@%W”

}4‘]92]?]}100 ( ) 2] | ‘2 <@+I33>

+hi (@) (@)1’ <120 + 2131) } (B6)

+|p|*p'p! P

Appendix C: Covariant Formulas

In this Appendix we relate the various expressions valid in the weak field approximation

up to quadratic order in h,, with covariant objects.

Some useful expansions of local geometric quantities are

1 1 | 1 o1 iy .
\/—_9(2) ~ 1 — cho + shin? — —hﬁo — —hoohi;n” + <hijhim [n“nlm - 277”77Jm
2 2 8 4 8
1 ,
+§h0ih0j77” (Cla)
RY ~ P 5 —h, 0 (C1b)
1
RSI/) ~ 57765 (hﬁu,m — hyw,gs — hgspw + hms,ﬁy) (Clc)
1
G;(,Lll/) ~ R;(}u) - 577,“,R(1), (Cld)
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For nonlocal kernels that involve the product of projectors P*” we have ﬂﬂ],

/d4x d'y R(z) K(z — d'z d'y h, (2)has(y) %

/d4p ezp(x y) 4K( )PuVPaB

[t d Bpuas(o) Ko=) R%(0) = [ a% 'y o @)has(v)

/ d'p PCIP R (p) PP (C2)

where K (p) is the Fourier transform of K(z —y). Schematically, the projectors are replaced

following the rules

Pty (@) hag(y) PP — R(w)R(y) (C3a)
P by (@) e () PP = Ry (x) R (y) (C3b)

However, as we have shown in the present work, for a thermal state the temporal and spatial
components of the projectors appear separately. Therefore, when written in a covariant way,
the expressions quadratic in h,, become more complex combinations of contractions of the

Riemann tensor with the four-velocity of the bath. The replacements analog to those of

Eq.(C3)) read

oo (%) Poo Poohoo (5)|PI* = 4Roo (&) Roo(§) = 4Ry (Z)uu” R (5)uu” (Cda)
hoo (%) Poo Pijhij (9) |P|* — —4Roo(Z) Roo(§) + 2Roo (%) R(7)
= 2R, (Z)u"u"R() — 4R, (T)uu” Rag (§)u’v”
hig () Py Punbum ()11 = (= 2Bo0(2) + R(2) ) ( = 2o0(5) + R(5) )
= R(2)R(y) = 2R(T) Ry (y)ufe” = 2R, (T)uu” R(Y)
+4R,, (T)utu” Rap (i) u®u” (C4b)
hig (2) PP by ()P = Rywas (1) R (§) — 4Ry (T)u"u” Rag(§)uu” — 8 Roi(7) R (7))
= Ruwas(Z) R () — AR, (T)u'"u” Rop (5)uu”
=8 ( R (2)wu” R (5)u"u + Ry () RY(5)u"u?)
— Ruas(@) R (§) — 12R,., ()0t Rogu®u”
~ SR, (T)RY(7)u” (Clo)
os(E) PP P hoy(5) Bl = 4Ry (2)uu” Ras (§)uu® + ARy, (2) RS (5’ (C4d)
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Appendix D: Details of the high temperature expansion

In this Appendix we present the high temperature expansion of the integrals /,, and fm

defined in Eqs.(I8]) and (22)), respectively.

1. Real part of [,

The integral of interest is

1
L,:/ dx Re
~1

1 k g
[ a\ e (e (G
Sz (-2) e (o) [ ()

The high temperature expansion corresponds to the limit zy — 0.

Il
IS
3*
~~
NS
~—

The strategy to proceed with the evaluation is as follows, we will first split the integration
range in two parts, and then in each part we will perform an series expansion of a certain
factor of the integrand such that it is convergent for the values of z in that range. Afterwards,
the summation will be commuted with the integration, and, after further manipulations, a
final expression in terms a power series in zy will be found. The idea is that many of the
initial series expansions will be able to be resummed back to exact expressions of known
functions.

The integrand is composed of two distinct factors, z*/(e* — 1) and a function f of the
quotient zp/z, so, since we are interested in finding an expansion for zy < 1, we shall split
the integration range in [~ — fol + /7,

2 L2 R A) . 7(B)
I, — 0 ds 1, = 0 de—1, + 1 dz L=IY+1®. (D3)

e? — e? — ez —1"7

In the first segment we expand the first factor for z < 1,
= B

_ Ja—1 k _k

=2z Z kR (D4)
k=0

where the By, coefficients are the well known Bernoulli numbers. In the second segment, the

ZO!

e —1

relation zg < z always holds, and therefore we can expand the second factor (i.e the function

f) in powers of zy/z.
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Let us now focus on the first part I&f;). Using Eq. (D2)) and the expansion given in
Eq. (D4), we have

(A) ' z* By, ' +k—1
| = dz——1, = E — dzz"
oy /0 Zez 11V 2 7 /0 2z [,

k=0 1=0 (v=1)
7-1 —11 1 a-l o0
(1= (=1 ]/ z N Br @tk
= E —2 + (—2 —1
z:o( g (v=1) o ¢—1 ) = k! '
_ Al A2
— [0 g,

where & = a — v and IC(;;‘” and [5{32) refer to the first and second term respectively. Also,

I7 can be written as a function of z, for a generic integer A > 0 as follows

(2 + 20)?
(Z — 20)2

1 1
Ig) = —/ dz 22 tlog
2 Jo

A—1 Zl
= %{ Z[l - (_1)l] ()\ E l) - [1 - (_I)A]ZS\ lOg(Z())

=0

+[1 — (—20)" ] log(1 + 20) — (1 — 23) log(1 — zo)}, (D6)

however, notice in Eq. (D3]) that we also need Ig]) = %2 — S = (=1)Yzh /12, This will
force us to treat the cases & > 0 and & = 0 separately.

For the first case, @ > 0, using Eq. (DG) we have

[ a—1+k
Bk 1 Zé

1Y = (‘20)7{;6:0 nam 2 e

=0

(S Be 2N (LO )+ o Be (=207 ( =0 )
W@k ) P\ 2R Gk )\ T s
=B, 1 1+ 2

L B . D
+<k:0 k! (d+k:)> Og<1—zo>} (D7)

The first line is the one that needs to be worked out the most. The idea is swap the sum-

mation order to be able to then resum the series of the Bernoulli coefficients. Schematically,

oo a—1+k 00 k=1  a+k-1 00 00 00
B ( +Z)=ZZ+Z | 08

00 B y—1 1—(—1 y—1 1 1 1 9
B k_{ Ty [5 [t <<z +20)



After some further manipulations, we arrive at

0o o L © &
192 — <_20>v{zu—<—1>l17°< / de—— —Z%@im)

=0

> 0o By 1
_Z[l_(_1)]Zoz;ﬁ(&Jrk:—lJrA)(dJrk:JrA)
S 4\ (B ()t [ ()"
(;(&_n)> (k:o k! (d+k)><n=0(d_ )>

20 > Bk (—Zo)d+k 20
1 — 1
Og(l—z0)+<k:0 M@tk ) B\11%

where A has been introduced as a regulator in order to avoid spurious divergences that have
been introduced by the splitting. These divergences will not be present when recombining

everything in the final result, for which the limit A — 0 can be safely taken.

For the case a = 0, we have a = v and thus

o0

By gy
10(22) = (—z)" Z ﬂlék) = (—2)" ]£0) + Z ﬁjék)]
k=0 k=1
_ v m - 1170 — By (k)
= (20 | T = Dol (1 S (D10)
=1 k=1

where now

We then have

l 1 > l
LY = {g + 11— (—M?/O by 22 A B;f(k‘ — 1+ i)(k +4)




The final part we need is Ic(ff). Similarly as before,

B = / PR
oy 1 z 1 v

er —

_ 00 P y—1 ZO (_1)’}/—/6] - @ v 0o [1 _ (_1)1] @ l
nx\z) ot > —
1 =0 (ry k) z =0 l <
= [(Bl) + [(ggm, (Dlg)

Finally, we put everything in the following way

Sl D
Iggl) + Iggl) = Z(—Zo)l(flf[a — Z]C[Oé — l], (D14)
= 7 =l)
where ((s) and I'(s) are the Riemann Zeta and Euler Gamma functions respectively. For

the other contributions we consider the two cases one by one. For & > 0 we have

o0

1% 4 15 = <—zo>v{2[1 —(—1)PRrfE— 4+ 14 Al — 1+ 1+ A

=1

[%S) l Bk 1
_Z[l_(_mzézﬂ(dw—z+A)(a+k+A)

2 By (—20)" | [ = (—20)" : %
(Z::k:_d )_nzo(@—”)_(_z) log<1+zo> }
while for @ = 0, we obtain
142 L 1BY) — (_ { Z % O — 14+ A1 =1+ A]
00 B l Bk 1
-2 - (_1)l]zf)k§ CECETENICESN (D16)

By, z; 20 2 By (—20)* 20
— 1 — 1
<k:1 klk>og<1—z0>+<k:1 ok ) %\ T

The final result is obtained by adding Eq. (DI4) with Eq. (D13) when o > v or with
Eq. (DI6) when o = 7. To achieve a given order in powers of zy, the formal expressions
must be truncated at a given order which depends on the particular values of o and ~. At

the end, the limit A — 0 is to be taken.

31



Recalling that zq = (|p|/2, we now show the results for the particular values of o and ~

needed, up to O(3°),

2 1 51|
Iy = lo — 2 —6log(2
= 1pfpP " 288 {6 ( 2 )+6 Blosl ”)}
2w 1 (A
Iy = — — |1 — log(2
2= 13550 * Togp] T 1 [Og ( ) 8 ”ﬂ
4 2 1 Blp|
I = — 6lo — | -6 24+ 6log(2
3 = T5ga 24/32us|2+576[ ( ) 7+ 2+ G log 7”}

I 7t N 2 2 N 1 [l < 4 ) N 1}
= — — — — — Og e — ’Y
BT 45ptpt T 24822 32ﬁlpl A|p|

”4 i 3l
Ly = 4510 45y — 9 — 45 log(2
= 305 TRl 14400 < ) Ty og(2m)
! m 1 Blp|
[ == 6log ( 27) 46y — 2 — 6log(2
2= 30510 | 18FE 1152[ Og( 5 )+ v og(2m)
il il m 1 5lp]
fua =~ - — |1 1 — log(2 D17
=~ T ot o [ (3 +1 1 hstem)| o

2. Imaginary part of fag

The imaginary part of fag reads

1

(2m)Im [Ls(15)] = (27) / ak k2 (k) + n()?) / dz & Im

0 |p| -1

2_17 oo
:L/ £y 5o+
20

2 ([pl A

1
k2 + 2k|p|x — z'e]

1 1
pr e e 1)2] (D18)

In order to expand this expression in powers of zy(8 — 0), we define

a—+y 1 1
f(z) == [ + o= 1>2] , (D19)

and split the integral in Eq. (D18) as

00 e > ak
[T CEN R ORD O
k=0

20

E+1
20

RCESVS

(D20)

z0=
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Then

m @ T 270 B w3 n Hr m n 9

4 T sl 128%pP T 966%[p>  648]p] | 10240

jgg f31 f33 27T5 ™ ™ 1197

Im| —— —— — B I = — —
T Ty Ty e 42) 530 962 p2 | 6435 92160

jgg f31 f33 f40 f42 j44 7T5 7T3 37w ™ 2417
Im[ 2 -2+ 24222 = — + — — - — +

4 2 2 8 4 8 6085(pl>  32B3|p|>  T68B2|p|>  5128|p| 737280
Im E_E_ﬁ_g _ 7T5_ B 7T3_ . 117?_ _ ™ 4 97

4 2 4 3085|pl° 48pB3|p|3  38452%|p|*>  2568|p| 40960

. . 27® e 5 197
Im| Iy —1 = — — D21
e ) BEIE  245%pP  9652Jpf 92160 o2

Appendix E: Details of the conformal transformation of the ultrastatic effective

action

Consider the conformal transformation of Eq. (#Il) in four dimensions. The relevant

transformation rules for transforming I'[g,,| are (see Ref. [23]), p.38)
_ Loy noe
R, = RY, 4+ 20V"V,(Q7) — 5%9 25(92)} : (Ela)
R=Q7(R+200(Q7") —207°0(0%) =Q* (R - AR) , (E1b)
¢ =019, (Elc)

where all the quantities with an overbar are evaluated on the ultrastatic metric g,,. It is also

useful to remember that a conformally coupled and massless field is conformally invariant,

(o fomrr(ont)s

and thus, the propagator for a conformally invariant field transforms as

hence

G(z,2') = QN (2)G(x, ) (2), (E3)

which can also be inferred from the transformation of ¢, Eq. (ELd).
With these transformation rules, it is straightforward to check that a more generic, non

conformally-invariant field with mass m and coupling to the curvature &, will see its inverse
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propagator change in the following way,
_ _ 1 _| -
(-O+m*+ER) p= Q772 l—D +Pm? 4 ER — (g — 6) AR} . (E4)

In order to profit from the known results for ultrastatic metrics of Ref. ], where they

R

&> we choose the

find the thermal effective action for operators of the form —O — P +

potential P to be

P —Qtm? — (5 _ %) (R— AR) = —02 [m2 " (g - %) R} , (E5)

where in the second equality we used the rule (EID) to find an expression in terms of
quantities defined for the static metric g,,. The same tactic is to be applied to the whole
ultrastatic effective action I'[g,,, ] in order to find its static counterpart I'[g,,].

Since we are working with the weak field approximation, it is useful to consider the

linearized versions of some of the rules ([EIl),

_ oY
RVM = RVM + 8”8Mh00 + %Vzhoo, (E6a)
R = R+ 3V?hy. (E6b)

For the ultrastatic metric we have hgy = 0. However, it is through the ’s coming from both
P and the trasformation rules, that hgy contributions arise. These must be such that when
combined with the rest of the elements they form geometrical objects associated with the

static metric g,,.

ACKNOWLEDGMENTS

This research was supported by Agencia Nacional de Promocion Cientifica y Tecnoldgica
(ANPCyT), Consejo Nacional de Investigaciones Cientificas y Técnicas (CONICET), and
Universidad Nacional de Cuyo (UNCuyo).

[1] M. Maggiore and M. Mancarela, Phys. Rev. D 90, 023005 (2014); M. Maggiore, Phys. Rev.
D 93, 063008 (2016); G. Cusin, S. Foffa, M. Maggiore, and M. Mancarella, Phys. Rev. D 93,
083008 (2016); Y. Dirian and E. Mitsou, JCAP 10, 065 (2014); M. Jaccard, M. Maggiore, and
E. Mitsou, Phys. Rev. D 88, 044033 (2013); M. Maggiore, larXiv:1606.08784! [hep-th].

34


http://arxiv.org/abs/1606.08784

2]

[10]

[11]
[12]
[13]
[14]
[15]
[16]
[17]
[18]
[19]
[20]

A. Codello and R. K. Jain, Class. Quant. Grav. 33, 225006 (2016); A. Codello and R. K. Jain,
Class. Quant. Grav. 34, 035015 (2017).

J. F. Donoghue and B. K. El-Menoufi, Phys. Rev. D 89, 104062 (2014).

D. A. R. Dalvit and F. D. Mazzitelli, Phys. Rev. D 50, 2 (1994); E. Alvarez and F. D.
Mazzitelli, Phys Lett. B 505, 236 (2001) ; A. Satz, F. D. Mazzitelli and E. Alvarez, Phys.
Rev. D 71, 064001 (2005); A. Satz, A. Codello, and F.D. Mazzitelli, Phys. Rev. D 82, 084011,
(2010).

H. W. Hamber and R. M. Williams, Phys. Rev. D 72, 044026 (2005).

T. Koivisto, Phys. Rev. D 77, 123513 (2008); A. Conroy, T. Koivisto, A. Mazumdar, and A.
Teimouri, arXiv:1406.4998| [hep-th].

S. Deser and R.P. Woodard, Phys. Rev. Lett. 99, 111301 (2007); S. Nojiri and S. D. Odintsov
Phys. Lett. B 659, 821 (2008); S. Jhingan, S. Nojiri, S. D. Odintsov, M. Sami, I Thongkool
and S. Zerbini, Phys. Lett. B 663 424 (2008).

A.O Barvinsky and G.A. Vilkovisky, Nucl. Phys. B 333, 471 (1990); A.O Barvinsky and G.A.
Vilkovisky, Nucl. Phys. B 282 163 (1987).

E. Calzetta and B.L. Hu, Phys. Rev. D 37, 2878 (1988); E. Calzetta and B. L. Hu, Phys. Rev.
D 35, 495 (1987); R. D. Jordan, Phys. Rev. D 33, 444 (1986); R. D. Jordan, Phys. Rev. D
36, 3593 (1987).

E. A. Calzetta and B. L. Hu, Nonequilibrium Quantum Field Theory, (Cambridge University
Press, Cambridge, UK, 2008).

A. Campos and B. L. Hu, Phys. Rev. D 58, 125021 (1998).

B. L. Hu and E. Verdaguer, Living Rev. Rel. 11, 3 (2008).

Yu. V. Gusev and A. I Zelnikov, Phys. Rev. D 59, 024002 (1998).

J.P. Paz, Phys. Rev. D 41, 1054 (1990).

A. Campos and E. Verdaguer, Phys. Rev. D 49, 1861 (1994).

R. C. Tolman and P. Ehrenfest Phys. Rev. 36, 1791 (1930).

C. Rovelli and M. Smerlak, Class. Quant. Grav. 28, 075007 (2011).

I. S. Kalinichenko and P. O. Kazinski, Phys. Rev. D 87, 084036 (2013).

P. S. Gribosky, J. F. Donoghue, and B. R. Holstein, Ann. Phys. 190, 149 (1989).

D. Lopez Nacir and F. D. Mazzitelli, Phys. Rev. D 75, 024003 (2007).

35


http://arxiv.org/abs/1406.4998

[21] J. S. Dowker and J. P. Schofield, Phys. Rev. D 38, 3327 (1988) ; D. J. Gross, M. J. Perry,
and L. G. Yaffe, Phys. Rev. D 25, 330 (1982).

[22] J. S. Dowker and J. P. Schofield, Phys. Rev. D 38, 3327 (1988); H. A. Weldon, Phys. Rev. D
26, 1394 (1982).

[23] N. D. Birrel and P. C. W. Davies, Quantum Fields in Curved Space (Cambridge University
Press, Cambridge, UK, 1982).

36



	Nonlocal effective actions in semiclassical gravity: thermal effects in stationary geometries
	Abstract
	I Introduction
	II Effective Action
	A Calculation of (1)
	B Calculation of (2)
	C The complete effective action: covariant form

	III High temperature expansion
	IV Connection with the effective action for ultrastatic spacetimes
	V Field Equations in the High Temperature limit
	VI Conclusions
	A Angular Integrals
	B Detailed calculation of h(+)() A(,) h(+)()
	C Covariant Formulas
	D Details of the high temperature expansion
	1 Real part of I 
	2 Imaginary part of 

	E Details of the conformal transformation of the ultrastatic effective action
	 Acknowledgments
	 References


