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The interaction of a solitary wave with an interface formed by two strongly nonlinear noncohesive

granular lattices displays rich behavior, characterized by the breakdown of continuum equations of motion

in the vicinity of the interface. By treating the solitary wave as a quasiparticle with an effective mass, we

construct an intuitive (energy- and linear-momentum-conserving) discrete model to predict the amplitudes

of the transmitted solitary waves generated when an incident solitary-wave front, parallel to the interface,

moves from a denser to a lighter granular hexagonal lattice. Our findings are corroborated with

simulations. We then successfully extend this model to oblique interfaces, where we find that the angle

of refraction and reflection of a solitary wave follows, below a critical value, an analogue of Snell’s law in

which the solitary-wave speed replaces the speed of sound, which is zero in the sonic vacuum.
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The study of solitary waves has over the years led to a
paradigmatic shift in our understanding of many-body
phenomena characterized by anharmonic effects that mani-
fest themselves in exotic electronic [1] and mechanical
states [2,3]. A concrete and technologically relevant [4,5]
arena to study strongly nonlinear mechanical waves is the
sonic vacuum [6,7]—a paradigmatic example of which is
an aggregate of grains just in contact. Owing to the vanish-
ing speed of linear sound, even the tiniest strains propagate
as supersonic solitary waves, nonlinear periodic waves,
and shocklike waves depending on conditions of loading.
However, the differential equations describing the propa-
gation of mechanical disturbances around the state of sonic
vacuum are both nonlinear and generally not integrable,
making it difficult to solve them analytically. Moreover,
the continuum approximation itself may fail in the vicinity
of a sharp granular interface, where the discrete nature of
the granular medium dominates.

So far, most studies of strongly nonlinear granular inter-
faces have concentrated on what happens when a solitary
wave initially propagating in a chain with massm1 reaches
an interface where the particles mass suddenly changes
to m2. Depending on the ratio A ¼ m2=m1, qualitatively
different behaviors are observed. When the solitary wave
moves from a lighter to a denser medium (A > 1), most of
its energy gets divided into a reflected and a transmitted
pulse, whose respective amplitudes can be estimated by
using the conservation of linear momentum and energy
[2,6,7]. By contrast, when the incident solitary wave moves
from a denser to a lighter medium (A � 1), a train of
(multiple) solitary waves is generated in the lighter me-
dium [2,6]. In this case, a direct application of the two
conservation laws (momentum and energy) is not sufficient
to predict the amplitude ratios of the multiple solitary

waves. Experimental studies of granular chains comprised
of steel and polytetrafluoroethylene particles (A ¼ 0:27)
have shed light on the discrete mechanism responsible
for the generation of the train of solitary waves in the
polytetrafluoroethylene light chain. Most of the collective
motion carried by the incident solitary wave (propagating
in the chain of stainless steel particles) is converted into the
motion of a single interfacial steel particle whose subse-
quent motion generates a train of solitary waves [8–10].
In this Letter, we turn to the hitherto unexplored two-

dimensional problem of determining the reflection and
transmission of a strongly nonlinear solitary-wave front
incident upon an interface between two hexagonal lattices
both in a sonic vacuum but with different particle masses.
We treat the solitary waves as quasiparticles with an
effective mass and model the interaction with a two-
dimensional granular interface, by assuming an energy-
and linear-momentum-conserving scenario validated by
simulations. In the A � 1 case, the last row of ‘‘heavy’’
interfacial beads absorbs on a ‘‘fast’’ time scale the main
part of the energy and linear momentum of the incident
solitary-wave front (assumed parallel to the interface) and
subsequently decelerates on a ‘‘slow’’ time scale, generat-
ing a train of (asymptotically) separated solitary waves in
the ‘‘lighter’’ sonic vacuum. Crucial to understanding this
phenomenon is the role of contact breaking at the interface
and the resulting breakdown of the continuum approxima-
tion. When a strongly nonlinear wave is incident at an
oblique angle to the interface, we find that the angles of
refraction and reflection are surprisingly well captured by a
granular analog of Snell’s law that holds irrespective of the
solitary-wave amplitude.
Parallel interfaces.—In order to investigate solitary

waves scattering at two-dimensional granular interfaces,

PRL 111, 048001 (2013) P HY S I CA L R EV I EW LE T T E R S
week ending
26 JULY 2013

0031-9007=13=111(4)=048001(5) 048001-1 � 2013 American Physical Society

http://dx.doi.org/10.1103/PhysRevLett.111.048001


we performed molecular dynamics simulations of an
impact experiment performed on hexagonal packings of
104 frictionless spherical grains using periodic boundary
conditions. As shown in Fig. 1, an interface is introduced
by assigning a mass m1 to the rows of grains on its left
(shown in red) and a mass m2 to rows on its right (shown
in yellow). Both portions of the hexagonal lattice are
comprised of grains with zero initial overlap and equal
diameters. Two grains of radius R and masses fmi;mjg
at positions f ~xi; ~xjg interact via a one-sided nonlinear

repulsive potential following the Hertz law [11]

Vij ¼
Kij

�
�5=2
ij (1)

only for positive compressional strains �ij � 2R� j ~xi �
~xjj> 0; otherwise, Vij ¼ 0, when �ij � 0. Here, the

interaction parameter Kij ¼ ð2=3ÞRE�
ij is expressed in

terms of the effective Young’s modulus of the two parti-
cles, E�

ij; see Ref. [12] for more details. At t ¼ 0we impart

to the leftmost row a speed up and subsequently integrate

Newton’s equations of motion numerically subject to
periodic boundary conditions perpendicularly to the direc-
tion of propagation. The elastic moduli and radii for heavy
and light particles are considered to be the same.
As shown in Fig. 1(a), this initial condition leads to

the generation of a nonlinear wave front parallel to the

interface traveling towards the right with a speed Vs � u1=5p

analogously to solitary waves in granular chains comp-
osed of 5 particles width [2]. At later times shown in
Fig. 1(b), when the solitary wave has interacted with the
interface, we see a ruptured interface with one of the
interfacial rows of heavy (red) beads ‘‘dancing’’ (in a
somewhat oscillatory motion) in contact with the lattice
of lighter (yellow) beads, throttling the generation of an
oscillatory wave profile in the lighter lattice close to the
interface. This oscillatory wave is subsequently disinte-
grated into a sequence of separate solitary waves, as shown
in Fig. 1(c). The separate solitary waves propagate with
different speeds (dependent on their amplitude), while a
second collision of the dancing interfacial row of particles,
shown in Fig. 1(d), generates a second delayed solitary-
wave train with smaller amplitudes; see Fig. 1(e) and
Movie 1 in Supplemental Material [13].
Quasiparticle collision model.—We take advantage of

the isotropic elasticity of the hexagonal lattice to assume
that the dynamics of a solitary-wave front parallel to the
interface, as in Fig. 1, is effectively one-dimensional and
governed, in the continuum limit, by the nonlinear wave
equation [2]

�tt ¼ c2
�
�3=2 þ 2R2

5
�1=4ð�5=4Þxx

�
xx
; (2)

where c is a constant determined by grain material property
and geometry as well as their arrangements and �ðx; tÞ is
the strain field �ðx; tÞ ¼ �@xuðx; tÞ expressed in terms of
the particle displacement field uðx; tÞ along the x direction.
A strongly nonlinear solitary-wave solution of Eq. (2)

can be derived analytically [2], and it has been validated
by extensive simulations and experiments mostly on
granular chains [2,3,7,9,14–18]. Crucially, the total energy
E ¼ P2=2meff carried by the solitary wave depends
quadratically on its total momentum P, which allows one
to define an effective mass meff � 1:4m for the solitary
wave [2,6,7,9,19,20].
The notion of the solitary wave as a quasiparticle allows

one to construct a simple quasi-one-dimensional model for
the generation of the solitary-wave train, illustrated sche-
matically in Fig. 2. At t0, we assume that a chain of light
yellow beads is uncompressed and all the energy and linear
momentum P0, carried by the incident solitary wave, is
concentrated in the heavy red interfacial particles. At a

FIG. 1 (color online). Time sequence leading to the generation
of a solitary-wave train in simulations. The (red) beads on the
left of the interface constitute the heavier medium with mass m1,
and the (yellow) beads on the right of the interface constitute the
lighter medium with mass m2. The mass ratio A � m2=m1 ¼
0:125. The velocity field, overlaid in green, denotes the instan-
taneous speeds of the beads. An incident solitary wave (a)
collides with the interface of two sonic vacuums (b)–(d) leading
to the formation of a train of transmitted solitary waves (e).
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subsequent time t1 a single solitary wave is generated in the
light chain by reducing the energy and linear momentum of
the interfacial heavy particles which for simplicity we
will consider as a single particle with mass m1. We apply
conservation of energy and linear momentum to the
‘‘collision’’ process between the dancing bead with mass
m1 (mass of particles in the heavy chain) and the solitary
wave, treated as a quasiparticle with mass m2;eff . We cal-

culate the momentum of the dancing interfacial particle
P1;1 after the first collision as

P1;1 ¼ P0ðB� 1Þ
ðBþ 1Þ ; (3)

where B � m1=m2;eff . The momentum P2;1 carried by the

first leading solitary wave at t ¼ t1 is

P2;1 ¼ 2P0

Bþ 1
: (4)

At time t2, another independent single solitary wave is
generated in the light chain, further reducing the energy
and linear momentum of the dancing interfacial particle.
Upon applying conservation of energy and linear momen-
tum, as before, and assuming that the first solitary wave
does not participate in this process, we find the momentum
of the dancing particle at t ¼ t2, P1;2, and of the second

solitary wave, P2;2, as

P1;2 ¼ P0ðB� 1Þ2
ðBþ 1Þ2 ; P2;2 ¼ 2P0ðB� 1Þ

ðBþ 1Þ2 : (5)

Upon iterating this process n times, we find that the
heavy interfacial row of beads at t ¼ tn is left with a linear
momentum P1;n, while the nth solitary wave carries

momentum P2;n given by

P1;n ¼ P0ðB� 1Þn
ðBþ 1Þn ; P2;n ¼ 2P0ðB� 1Þn�1

ðBþ 1Þn : (6)

Figure 2(b) illustrates the favorable comparison of
P2;n=P2;1 ¼ ðB� 1=Bþ 1Þn�1 against numerical data

(red circles) for A ¼ 0:125. The amplitudes of the delayed
secondary sequence of solitary waves generated is
neglected in our approximate model.
Oblique interfaces.—The simulation snapshots in Fig. 3

illustrate the propagation and interaction of a solitary-wave
front with an oblique interface separating two hexagonal
granular lattices for the case A � ðm2=m1Þ< 1 in panel (a)
and for the case A > 1 in panel (b)—see also Movies 2(a)
and 2(b) in Supplemental Material [13]. From these simu-
lations, we have determined numerically the angle of
refraction �refr for different values of the angle of incidence
�i, as shown in the inset in Fig. 4(a).
Inspection of the main panel of Fig. 4(a) suggests that a

linear relationship exists between sin�refr and sin�i for
mass ratios A � 1 (squares) and A � 1 (circles). We
now show that the measured proportionality coefficient
is consistent with a nonlinear analogue of Snell’s law
V0 sin�refr ¼ V2;1 sin�i, where fV2;1; V0g denote, respec-

tively, the speeds of the (leading) refracted solitary wave
and of the incident one. To work out explicitly the depen-
dence of V2;1=V0 on the mass ratio A < 1, we employ a

FIG. 2 (color online). (a) Schematic illustration of our model
for the formation of a solitary-wave train, side view.
(b) Momentum ratios P2;n=P2;1 between the nth solitary wave

and the leading one in the train for A ¼ m2=m1 ¼ 0:125. Red
circles are the theoretical predictions, while the black squares are
the numerical values from the simulations of Fig. 1.

FIG. 3 (color online). Snapshot of the simulations showing a
solitary wave incident upon an interface separating two hexago-
nal lattices in a sonic vacuum. (a) For A � m2=m1 ¼ 0:125, the
transmitted disturbance propagates in the form of a nonlinear
oscillatory wave analogous to the train of solitary waves shown
for granular chains in Fig. 1 for A < 1. (b) For A > 1, we find
both a reflected and a transmitted solitary wave as shown in
Fig. 1 for A ¼ 8.
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reasoning similar to the one leading to Eq. (4) that accounts
for the discrete mechanism at play near the interface. Upon
making use of the scaling relation P�m3V5

s between the
total momentum P carried by a solitary wave and its speed
Vs [9], we find in the limit of small �i that

sinð�refrÞ
sinð�iÞ �

�
2

ðBþ 1ÞA3

�
1=5

: (7)

The right-hand side of Eq. (7) is the slope of the con-
tinuous line plotted for A ¼ 0:125 and A ¼ 0:9 in Fig. 4(a).
It matches the data (open symbols) obtained by numeri-
cally evaluating the left-hand side of Eq. (7). This agree-
ment corroborates the nonlinear analogue of Snell’s law.
Note that, for the case A < 1, the reflected wave amplitude
is negligibly small; see Fig. 3(a).

By contrast, in the case A > 1, Fig. 3(b) shows a train
of reflected waves with most of the energy concentrated in
the leading solitary wave, which allows us to neglect
rupturing at the interface. As shown in Fig. 4(b), the angle
of reflection �refl is not equal to the angle of incidence �i,
since the reflected solitary-wave speed Vrefl is not the

same as the incident speed V0. Instead, we evaluate the
ratio V1;1=V0 in analogy with the derivation of Eq. (7).

Since, in this case, the appropriate collision model is that
between two solitary-wave quasiparticles, the effective
mass contribution cancels out, and we obtain an equation
analogous to Eq. (3) with the replacement B ! 1=A
and a sign reversal. Thus, Snell’s law for reflection assumes
the form

sinð�reflÞ
sinð�iÞ �

�
A� 1

Aþ 1

�
1=5

: (8)

The right-hand side of Eq. (8) is the slope of the continuous
(blue) line plotted for A ¼ 3 in Fig. 4(b) and matches the
numerical data (blue circles) obtained from evaluating the
left-hand side of Eq. (8). An agreement is found also for
the angle of refraction in this case, as illustrated by the data
(black squares) and (black) continuous line in Fig. 4(b).
Despite the fact that our granular lattices are in a state of
sonic vacuum, the ratio between the sine of the angles in
Snell’s law is nearly independent of the amplitude of the
incident solitary-wave front (see Fig. S1 in Supplemental
Material [13]). This seemingly puzzling observation can
be rationalized by viewing the incident and (leading)
reflected or refracted solitary waves as quasiparticles scat-
tering at the interface whose speeds are proportional to the
incoming ones [21].
This analog of Snell’s law also implies the existence of

a critical angle of incidence �c, for which the transmitted
solitary wave will propagate in a direction parallel to the
line of the interface or �refr ¼ 90� in Eq. (7), with the
replacement B ! 1=A. Figure 5 shows the reflection of a
solitary wave for the case �i > �c. Note that, in this case,
the reflected solitary wave is ‘‘delayed’’ with respect to the
transmitted train, such that the reflected and transmitted
fronts cross the interface at different points.
Conclusion.—We have constructed a discrete model

that predicts the amplitudes of transmitted and reflected
solitary-wave fronts across a 2D granular interface.
We find that the angle of refraction and reflection provides
a novel granular analogue of Snell’s law where the solitary-
wave speed replaces the vanishing speed of sound and
could potentially stimulate further experiments.

FIG. 4 (color online). (a) Angle of refraction �refr vs angle of
incidence �i for the hexagonal lattice when A < 1. The square
(circle) symbols correspond to the case when A ¼ 0:125
(A ¼ 0:9) and compares the numerically obtained ratio of the
speed of the leading transmitted solitary wave to the incident
solitary wave against the analytical estimates given by solid
curves. (b) Comparison of numerical data (symbols) with the
analytical estimate (solid curves) for the angle of refraction
(black data) and angle of reflection (blue data) vs the angle of
incidence for the hexagonal lattice when A > 1. The top panels
of (a) and (b) describe the relevant angles, where the interface is
shown as the dashed (red) line and arrows represent the direction
of propagation of the solitary-wave front (thick dark region).

FIG. 5 (color online). Delayed reflection of a solitary wave for
the case �i > �c, when A ¼ 0:125 and �i ¼ 1:8�c.
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[17] L. R. Gómez, A.M. Turner, M. van Hecke, and V. Vitelli,

Phys. Rev. Lett. 108, 058001 (2012).
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