THE LIMIT AS p — oo IN THE EIGENVALUE PROBLEM
FOR A SYSTEM OF p—LAPLACIANS.

DENIS BONHEURE, JULIO D. ROSSI AND NICOLAS SAINTIER

ABSTRACT. In this paper we study the behavior as p — oo of eigenvalues
and eigenfunctions of a system of p—Laplacians, that is

—Apu = dau*" 1P Q,
—Apv = AputvP ! Q,
u=v=0, o9,

in a bounded smooth domain 2. Here a+3 = p. We assume that % - T

and % — 1—T"as p — oo and we prove that for the first eigenvalue A1
we have

1
maxgecq dist(z,00Q)
Concerning the eigenfunctions (up,v,) associated with A;, normalized
by [, |up|*|vp|® = 1, there is a uniform limit (teo, Vo) that is a solution
to a limit minimization problem as well as a viscosity solution to
min{—Acotoo, |Vitoo| — Aeotibovas " } = 0,
min{—AcoVoo, |Veo| — Aootibevis T} = 0.

In addition, we also analyze the limit PDE when we consider higher
eigenvalues.

A1p)YP = Aoo =

1. INTRODUCTION.

In this paper we deal with non-negative weak or viscosity solutions to the
following elliptic problem

—Apu = dau*" 1P Q,
(1.1) —Apv = AButvP1 Q,
u=v=0, 09,

when p is large. Here p > 1, Ayu = div(|[Vu[P72Vu) is the well-known
p—Laplacian operator, © is a smooth bounded domain in RY and « and 3
are real numbers greater or equal than one and verify

(1.2) a+ B =np.
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The limit of p—harmonic functions, that is, of solutions to —A,u =
—div(|Vu|P~2Vu) = 0, as p — oo has been extensively studied in the lit-
erature (see [3] and the survey [2]) and leads naturally to solutions of the
infinity Laplacian, given by —Ayu = —VuD?u(Vu)! = 0. Infinity harmonic
functions (solutions to —Asu = 0) are related to the optimal Lipschitz ex-
tension problem (see the survey [2]) and find applications in optimal trans-
portation, image processing and tug-of-war games (see, e.g., [5], [9], [19], [20]
and the references therein). Also limits of the eigenvalue problem related to
the p-Laplacian witth various boundary conditions have been exhaustively
examined, see [10], [14], [15], [21], [22], and lead naturally to the infinity
Laplacian eigenvalue problem (in the scalar case)

(1.3) min {|Vu|(z) — Au(z), —Asu(z)} =0.

In particular, the limit as p — oo of the first eigenvalue A, p of the p-
Laplacian with Dirichlet boundary conditions and of its corresponding pos-
itive normalized eigenfunction u, have been studied in [14] and [15]. It was
proved there that, up to a subsequence, the u, converge uniformly to some
Lipschitz function u, satisfying ||ueo||cc = 1, and that

. V] !
1.4 O S W .
(1.4) (A,p) P wewie@) Jlullo R

where Rq = max,cq dist (z,02). Moreover uq, is an extremal for this limit
variational problem and the pair #s, Aso,p is & nontrivial solution to (1.3).
This problem has also been studied from an optimal mass-transport point
of view in [6].

On the other hand, there is a rich recent literature concerning eigenvalues
for systems of p—Laplacian type, (we refer e.g. to [4], [11], [18], [25] and
references therein) but there does not seem to be, to our knowledge, work
concerning their asymptotic behaviour as p goes to infinity. The purpose of
this paper is to initiate such work by considering the asymptotic behaviour
of the first eigenvalue A, of the simple system of p-Laplacian type (1.1).

Existence of weak solutions to (1.1) can be easily obtained from a vari-
ational argument, see [18]. In fact, we just have to look for a minimizer of

the quotient
/Wurp /IWV’
(1.5) Aip= min Qp(u,v) where Qp(u,v)=

u,v S
(wv)e / fuJo]?

in S, := Wol’p(Q) X Wol’p(Q) to obtain the first eigenvalue \; , whose associ-
ated a pair of eigenfunctions (up,vp) is non-negative. Note that, up to our
knowledge, except in the symmetric case o = 8 where we recover the first
eigenfunction of the p-Laplacian, it is not known that the first eigenvalue
(1.5) is simple as it happens for a single equation.
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Theorem 1.1. Let (up,vp) be a minimizer in (1.5) normalized by

(16) [ il =1,
Q

Assume that
«
— =T as p — 0o

p
with 0 < T' < 1 (in view of (1.2), this implies that g —1-T asp— ).

Then, there exist functions s,V € C(§2) and a sequence p; — oo such
that
Up; — Uoo, and Up; = Voos
uniformly in Q. In addition,
1

Ay )L/P Moo = —
( 17]7) - RQ

where Rq is the radius of the largest ball included in ) that is
Rq = max dist(x,00).

The limit pair of functions (s, Veo) belongs to See = Wy ™ (Q) x Wy ()
and is a minimizer for the limit variational problem defined by

max { |Vl ()3 [ Voll (o) |

(1.7) min  Q(u,v) = min —
(0 O = N TP L

In addition, (ueo,Veo) 18 a viscosity solution to the following limit eigen-
value problem

min{ —A o Uoo, |Vloo| — Asottl vl T} =0,

(1.8)

min{ —AsVso;s |Veo| — Aot v T} = 0.

where Ao = szzl 0;jud;udju is the oo-Laplacian of u.

Remark that the limit of (Al,p)l/p as p — 0o Is given by Ao = RLQ. This is
the same limit as the one for the first eigenvalue for the usual p—Laplacian
(that is, for a single equation not for a system) and is known as the first
eigenvalue for the co—Laplacian, see [15]. Hence, we have the surprising
(except in the symmetric case o = f3) fact that the first eigenvalue for the
system converges to the same limit as for a single equation.

In addition, when € is a ball of radius R we have that there is a unique

IVulloe ()

weWy > (Q) Tullpoo(a)
R — |z|. Therefore, in this case it can be proved that the limit of u, and v,
coincide and is given exactly by the same cone ¢(x). Hence, we conclude that
for the ball the first eigenvalue is associated with a pair of eigenfunctions
that are quite close to each other for p large.

minimizer of Ao = inf that is given by the cone c¢(x) =
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Notice that any minimizer (u,v) of (1.7) must satisty ||Vl = || V]| co-
Indeed assume e.g. that |Vulls < ||[VU|loo. It is then easily checked that
we can decrease the quotient in (1.7) by consider a pair (u + €¢,v) where
e > 0 is small and ¢ € C°(Q) satisfy ¢(xg) = 1 for some maximum point
xo of |ul'|v]'~F. However we cannot assert that in general any minimizer
(u,v) satisfies u = v. To see this, notice first that if u and v are nonnegative
minimizer for A p in (1.4) that attain their maximum at the same point,
then (u,v) is minimizing. It follows in particular that (u,u) is minimizing
for any minimizer u of Ao, p. However it is not known in general if Ay p is
simple. It is the case for instance for a ball, an annulus, and a stadium (the
unique eigenvalue is then the function dist (z, 0€2) - see [24]) but not for the
planar dumbbell domain B(5e;,1) U R U B(—5ey, 1) recently considered in
[12] (here e; = (1,0) and R = (—5,5) x (=4, ) with § > 0 small). Indeed the
authors there proved the existence of a nonnegative normalized eigenvalue
v for Ay, p minimizing the quotient in (1.4) with u(5,0) = 1, but which is
not symmetric in the second coordinate, and therefore is not equal to an
eigenvalue v obtained as a limit of positive normalized eigenvalues for the
p-Laplacian. Since v and v attains their maximum value 1 both at the same
point (5,0), the pair (u,v) is minimizing in (1.7).

Notice eventually that we cannot assert that A, is the smallest positive A
such that the equation (1.8) has a nonnegative viscosity solution (u,v). This
seems to be a nontrivial problem due to the lack of comparison principle for
a system like (1.8) and also to the fact that, the infinity norm being non-
differentiable, we cannt affirm that a solution of (1.8) is a critical point of

0.

Next, we show that the limits of the eigenfunctions of the first eigenvalue
verify an uncoupled problem. To show this fact we use ideas from optimal
mass transportation, see [6], [21] for similar ideas and [23] for basic concepts
and definitions.

Theorem 1.2. Under the same conditions of Theorem 1.1, consider the

a—lvf;‘ dzx and g, = ugvgfl dx. Then, there exists foo, oo €

measures fp = uy

P(Q) (the space of probability measures on Q) such that up to a subsequence,
fpdx — fx and gpdr = goo.

In addition, we have that ((Uso, foo), (Voo, Joo)) 1S @ minimizer of the func-
tional Go, given by

u,v S W(}’OO(Q%
||VUHLOO(Q) S )\007
— [ uwo— | vt if ||Vullpeia) < Ao,
Goo((u,0), (v, 7)) = /Q /Q ! (Hf T LL]W(&)?)_
Jlol <1 [lrl <1
100 otherwise.
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Concerning higher eigenvalues we have the following result: for (1.1) with
fixed p, a, B it can be proved using topological arguments that there is a
sequence of eigenvalues A, , — oo with eigenfunctions (up,v,) that change
sign in 2. Note that since solutions change sign we have to write u® as
|u|® ' and analogously for v# in (1.1). The next result find the associated
limit PDE as p — .

Theorem 1.3. Let \,, be a sequence of eigenvalues with corresponding
eigenfunctions (up,vy) normalized by

/ |Up|a|vp|ﬁ =1,
Q

o}
— =T as p — 0o
p

with 0 <T' < 1 (note that (1.2) implies that % —1—T asp— o0). If there
is a constant C' independent of p such that

(Anp)'/P < C,

and assume that

then, there exists a sequence p; — oo such that
(/\n,pj)l/pj — A

and
Up; — Uoo, and Up; = Voos
uniformly in Q. The limit pair of functions (Uee,Veo) belongs to S =

Wol’oo(Q) X Wol’oo(ﬂ) and is a viscosity solution to the following limit eigen-
value problem

min{—Aooloo, |Vioo| — Aul, [vao|'7F} = 0, if Uoo > 0,
(1.9) —Agoliss =0, if UooUso = 0,
max{—Aosoloo, —|Viteo| — Aul_|ve|' 1} =0, if UsoVso < 0,

together with the analogous equation that holds for veo.

The condition (A, ,)/? < C holds, for example, for the eigenvalues con-
structed using topological arguments in [18]. We remark that it is not known
if this set of eigenvalues exhaust the whole spectrum. Therefore, we prefer
to state our result assuming ()\n,p)l/p < C and let \,, be any possible
eigenvalue.

The paper is organized as follows: in Section 2 we prove Theorem 1.1, in
Section 3 we collect some extra remarks concerning the limit problem for
the first eigenvalue and we prove Theorem 1.2, and finally, in Section 4 we
deal with higher eigenvalues and prove Theorem 1.3.
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2. PROOF OF THEOREM 1.1.

/p'

We first look for a uniform bound for )\1 To this end, let us con-

sider a Lipschitz function w € W1>°(€) that is a first eigenfunction for the
oo—Laplacian normalized according to |[w|| e () = 1. This function verifies

1
Vwl|pe) = =
[Vwl| oo () i
Using the pair (w,w) € S as a test-function in (1.5) to estimate A;p, we
obtain

(2.1) limsup(Aiyp) P < lim sup

p—o0 p—o0

( )”p Vol  IVwl=@ 1
p [wl[ e (o) lwllge@)  Ra

Therefore, there is a constant, C, independent of p such that, for p large,
(M)t <C

Recalling that (uy, vp) is a minimizer for A; , normalized by (1.6), we have

that
/|vup|P+/ Vo, = pAr,

from which we deduce with (2.1) that

1 1
(2.2)  limsup ||Vupl[zrq) < - and limsup || Vpl|zr) < 55—
p—r—+00 RQ p—+00 RQ

Now, we argue as follows. We fix r € (1,00). Using Holder’s inequality,
we obtain for p > r large enough that

1/r 1/p -
([1ve)" < ([ 19 " <
Q Q

Hence, extracting a subsequence p; — oo if necessary, we have that
Up — Uso

weakly in W17 (Q) for any 1 < r < oo and uniformly in . From (2.2), we
obtain that this weak limit verifies

1/r ’Q|1/r
Viso!|” < )
</Q’ | ) Rq

As we can assume that the above inequality holds for every r (using a
diagonal argument), we get that us, € WH*°(Q) and moreover, taking the
limit as r — 0o, we obtain

1
Vs < o a.e. x € Q.
Q

Analogously, we obtain the existence of a function v, € W1H*(Q) such
satisfying
Up = Uso
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weakly in W17 (Q) for any 1 < r < oo and uniformly in Q, with

1
|Vieo| < o a.e. x € Q.
Q

From the uniform convergence and the normalization condition (1.6), we
obtain that

o Jvoe|* ™ ll o () = 1.

Therefore, we get

maX{HVUooHLoo(Q); HV’UooHLoo(Q)}

1
< —.
laoo| " oo '~ [l o= (@) Ro

Now, let us point out that the limit for the first eigenvalue stated in
Theorem 1.1 can be also characterized as follows:

1
AVP 5 A i= inf max {[| V||, [ V0[loc} = ——
P RQ
where the inf is taken over all pairs (u,v) € Wy (Q) x Wy'*(Q) such that
[ul"|v|* T || Lo () = 1. Indeed, to prove that

. 1
inf max {||Vul|oo, || VV|loc } = Ra

we argue as follows. First, taking u = v we obtain that A, is less or
equal than the first Dirichlet eigenvalue of —A,, which equals 1/Rg. On
the other hand if (u,v) satisfies ||[u]"[v]'""||foc(q) = 1 then [|u|gs(q) > 1
or ||UHLoo(Q) 2 1. If e.g. ||U||Loo(Q) Z 1 then HVUHL‘X’(Q) Z ]./RQ so that
Ao > 1/Rq.

To prove the convergence of )\i/;f to Aso, we use the fact that for u,v €
L*>*(Q) (independent of p),

o 1/p B
([ ol o)™ =l ol o

as p — oo and argue as before.

In order to identify the limit PDE problem satisfied by any limit (e, voo),
we introduce the concept of viscosity solutions to each of the equations in
(1.1). Assuming that u, is smooth enough, we can rewrite the first equation
in (1.1) as

(23) [ Vupl ([Vup2Auy + (0~ 2)Ascry) = oy pus 0]

This equation is nonlinear but elliptic (degenerate), thus it makes sense
to consider viscosity subsolutions and supersolutions of it. Let z,y € R,
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z € RN, and S a real symmetric matrix. We define the following continuous
function

Hy(z,y,2,8) = —|z|p_4(|z]2trace(5’) +(p—2)(S -z z))

yl* 2yvp(a)”.

Observe that H), is elliptic in the sense that Hy,(z,y, z,S) > Hy(z,y, z,5") if
S < 5 in the sense of bilinear forms, and also that (2.3) can then be written
as Hy(z,up, Vuy, D2up) = 0. We are thus interested in viscosity super and
subsolutions of the partial differential equation

{ H,(z,u, Vu, D*u) = 0, in 2,

(2.4)

—Oé)\l,p

(2.5) u=20 on 0f2.

Definition 2.1. An upper semicontinuous function u defined in ) is a vis-
cosity subsolution of (2.5) if, ulan < 0 and, whenever xg € Q and ¢ € C?(£2)
are such that

i) u(zo) = ¢(x0),
ii) u(z) < ¢(x), if z # o,

then
Hy(wo, ¢(x0), Vo(xo), D¢ (x0)) < 0.

Definition 2.2. A lower semicontinuous function u defined in §2 is a viscos-
ity supersolution of (2.5) if, ulan > 0 and, whenever xo € Q and ¢ € C?()
are such that

i) u(zo) = (o),
i) u(z) > ¢(x), if x # xo,

then
Hp(l‘o, (}5(1‘0), v¢(x0)’ DQQZ)(CC(])) > 0.

We observe that in both of the above definitions the second condition
is required just in a neigbourhood of xg and the strict inequality can be
relaxed. We refer to [7] for more details about general theory of viscosity
solutions, and to [16] for viscosity solutions related to the co—Laplacian
and the p—Laplacian operators. The following result can be shown as in
[17][Proposition 2.4].

Lemma 2.3. A continuous weak solution to the equation

—Apu = aju|*2uv’ Q,
u = 0, 897

is a viscosity solution to (2.5).

(2.6)

Now, we have all the ingredients to compute the limit of the equation

Hy(x, up, Vuy, D2up) =0
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as p — oo in the viscosity sense, that is to identify the limit equation verified
by any limit us. For z,y € R z € RY and S a symmetric real matrix, we
define the limit operator Hy, by

(27)  He(z,y,2,5) = min{—(S - z,2), 2] = Asoly|' Pyvec (@) " }.

Note that Huo(z,u, Vu, D?u) = 0 is the first equation in the system that we
are looking for.

Theorem 2.4. A function us, obtained as a limit as p — oo of a subse-
quence of {up}, the first component of the eigenfunctions (up,vp) associated
with A1 p, that is, a solution to —Ayu, = )\pauo‘_lvﬁ, 18 a viscosity solution

P
of the equation
(2.8) Hoo(z,u, Vu, D*u) = 0,

with Hoo defined in (2.7), and v a uniform limit of vy,.

Proof. In the sequel we assume that we have a subsequence p, — oo such
that

lim w, =u
n—soo Pn &

uniformly in Q and (\,,)"/P* — Aw. In what follows we omit the subscript
n and denote as u, and A, such subsequences for simplicity.

We first check that us is a supersolution of (2.8). To this end, we consider
a point zg € Q and a function ¢ € C%(Q) such that us(79) = ¢(x) and
Uoo () > ¢(x) for every x € B(zo, R), © # o, with R > 0 fixed and verifying
that B(zo,2R) C Q. We must show that

(2.9) Hoo (w0, ¢(x0), Vp(x0), D*¢(0)) > 0.

Let z; be a minimum point of u; — ¢ in B(xg,R). Up to a subsequence
the x, converge to some point zo, € B(xg, R). Recalling that u, — us
uniformly in B(zg, R), we see that 2 is a minimum point of us, — ¢ so that
Too = X0

In view of lemma 2.3, u, is a viscosity supersolution of (2.5) so that
(210)  —|Vo(@,)lP~(|Ve(w,) PAd(z,) + (b — 2)Ac(ay) )
> gl ()26 (ap)up ().

Assume that ¢(xg) = uso(zo) > 0 and v(z9) > 0. Then for p large,
é(zp) > 0 and vy(xp) > 0 so that the right hand side of (2.10) is positive.
It follows that |V (zp)| > 0 and then that

B ( V() |*Ad(p)
(p—2)

(2.11) ar 1 T N
) (1“lvp>”’¢<ﬂfp>!wp<xp>v; (Ip)\v¢(xp)|1+p> .
(p—2)p

+ Acct(zy) )
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Note that we have

2

(212)  lim —(W’(f;)'_ ﬁf’(“‘f’) + Aoogb(xp)> = —Ad(g) < 0.
Hence

) ar 1 a-1 s 14t

limsup ————(A1p) 7@ 7 (2p)vp (2p)|V(zp)| 77 < 1.

pmee (p—2)7
Recalling that by assumptions % — I' as p — +0o0, we obtain
(2.13) Ao (w0) vos " (20) < [V (20)|
and
(2.14) —Asop(z0) = 0,

which is (2.9).

Assume now that either uo(zg) = 0 or veo(xo) = 0. In particular, (2.13)
holds. Note first that if Vo(xg) = 0 then Ayp(zg) = 0 by definition so
that (2.14) holds. We now assume that |V¢(zg)| > 0 and write (2.11). The

parentesis in the right hand side goes to 0 as p — 400 so that the right
hand side goes to 0 and (2.14) follows.

To complete the proof it just remains to see that u. is a viscosity subso-
lution. Let us consider a point zg € 2 and a function ¢ € C?(£2) such that
Uso(20) = ¢(x0) and us(x) < ¢(x) for every x in a neighbourhood of .
We want to show that

Hoo(w0, ¢(20), V(x0), D*¢(x0)) < 0.

We first observe that if Vé(zg) = 0 the previous inequality trivially holds.
Hence, let us assume that V(zp) # 0. Now, we argue as follows: assuming
that

(2.15) IVé(20)| — Aocd(0) 025" (0) > 0,
we will show that
(2.16) —Axp(z0) < 0.

As before, using that u,, is a viscosity subsolution of (2.5), we get a sequence
of points x, — xg such that

_(|V¢|2A¢(:vp)
(p—2)

(2.17) oL/p y ) e P
< ((p_2)()‘1,p) |p(xp)] Up ()| Vo (xp)| ) .

Using (2.15) we get

+ Ab(zy))

1/p p
lim sup | < (A1) /2 l(n) [P0 P (20) [V () 77 ) =0,
p—00 (p—2)
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Hence, we conclude (2.16) taking limits in (2.17) and we obtain that

(2.18) min{—Acd(20), [Vé(wo)| = Aeod(w0)" ve " (w0)} < 0.
Since we have obtained (2.9) and (2.18), the proof is now complete. O

In a complete analogous way we can prove that vy, is a viscosity solution
to

Goo(z,v, Vo, D*v) = 0
with
Goo(a:,y,z,S):min{—(S-z,z>,\z|— OOU' ( )’y‘ Fy}

3. A MASS TRANSPORT APPROACH. PROOF OF THEOREM 1.2.

Now we want to put our limit for the first eigenvalue in the context of
optimal mass transportation. We find the interesting fact that, from this
point of view, the system completely decouples in the limit.

Lemma 3.1. Let (up, vp) be an aigenfunction associated with A1 . Consider
the measures

fo=uy~ L ’Bd:c and gp = 5 Ldaz.

Then fp,gp € = 1(Q) and there exists foo, goo € P(Q) (the space of proba-
bility measures on Q) such that up to a subsequence,

Ip = f and Ip — YGoo-
Proof. We have

INA
A~
S~
<
TR
ﬁem
QU
S
—

o
- Q‘l
/~
S~
’ﬁe"s‘
o
N—
Q=

with

Here A\, p is the first eigenvalue of the p—Laplaman Wlth Dirichlet boundary
conditions. Then
pb—c P

. D ap . )\1 D a;;
lim sup vy < limsup | p—* <1.
P Q p Ap.D

Here we used that lim, s 1o00(A1p) Y7 = limp400(Ap.p)/? = Ao = 1/Raq,
and that % — I'. Hence

lim sup / fr <L
p Q
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In an analogous way we obtain

lim sup / gp < 1,
p Q

and therefore we can extract a subsequence such that

fpéfoo and 9p — Yoo,

with foo and g, nonnegative measures with total mass less or equal than

one. Moreover, we have
a,B
foup = [ uyv, de =1
p¥p / D Yp )
/, 0
whence

(3.1) /Quoofoo =1.

Now, we observe that, since we have

1
Vit || ooy < ——
[ o () o
we get
Vool 1,00
1 :)\OOSH Uso ||z @ 1/Rq
Rg [usolleo)  ~ luooll Lo (o)

and we conclude that
ool oo (@) < 1,

and therefore we conclude from (3.1) that the total mass of f is equal to
one.

In an analogous way we obtain that g is also a nonnegative probability
measure on ). 0

Let us consider the functional F), : C(Q) x C(Q2) — RU {+oc0} defined by

[Vul? - [Vol? , 1p
+ — (fpsu) — (gp,v) ifu,ve WP (Q
Fp(u’ U) — o p)\l,pa p>\1,pﬁ (fp ) (gp ) 0 ( )

+00 otherwise.

Here, given (u, 1) € X, we denote by (p,u) = [ udu. We have that (up,v,)
is a minimizer of F, with

pEToo Fp(up, vp) = —2.

In addition, using ideas as in [6] we can show that Fj I'-converge to the
functional F,, given by
~(foorw) = (900,v)  if u,v € Wy™(Q),
Foo(u,v) = and [|[Vu|| o (), [[VV][ Lo (@) < Ao
+00 otherwise.
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Then, (too, Voo) 1S @ minimizer of F, with
Foo (oo, Vo) = —2.

Now let X = C(Q2) x M () and we consider the functional G, : X x X —
R U {+0c} defined by

U, v € WOI’OO(Q)a
[Vl Lo (@) < Asos
— | uo— | vt if ||Vullpeora) < Ao,
Gool(1,0), (v,7)) = /Q /Q v ‘G‘LM(E’&f
Jlo| <1, [|r] <1
[ 400 otherwise.

Since (Uoo, Voo) is a minimizer of Fi, and we have (p,u) < 1 for any pair
(u, 1) € X such that |[|[Vul|pe (o) < Ao = 1/Rq (note that this fact implies
that [Jul|pe(q) < 1) and [ |u| < 1, we obtain that ((Uoo, foo), (Voos goo)) is a
minimizer of G5 and

2 = max —Goo<(uooafoo)7(vo<>7900))

=  max_ sup (o,u) — xc(u) + (1,v) — xc(v)
o, TEP(U) ||Vl oo, | Vtt] oo oo

where xco(u) =0 if w =0 on 09, and +oo otherwise. We then infer that

2
I — max sup (0', U) - XC(U)
Ao c€PU) ||Vul| oo () <Aoo
2
=2 max Wi(o,P(OU)) = ——
ceP(U) )\OO,D

using the computations in [6] to justify the two last equalities. Here Aoo p =
1/Rgq is the first eigenvalue for the infinity Laplacian and Wi(-,-) stands
for the the Monge-Kantorovich distance, see [23] for its definition and prop-
erties. We thus recover from these computations, as expected, that the
limit of (Al,p)l/ P Moo, Is the first eigenvalue of A, with Dirichlet boundary
conditions.

We want to highlight the fact that the limit pair (uso, Vo) together with
the limit pair of measures (fx, goo) give a solution to a variational problem
(minimize the functional G,) that is clearly uncoupled.

4. HIGHER EIGENVALUES. PROOF OF THEOREM 1.3.

We have assumed that there is a constant, C', independent of p such that,
for p large,
(Anp)? < C.

Recall also that we have normalized the eigenvalues according to

/ g [l = 1.
0
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This implies

1/p
</ |vup|p> = ()‘n,p)l/pal/p <C
Q

and analogously

1/p
(/ !wplp> = (M) P(B)VP < C
Q

for large p. Hence, for p large, we have
max {|[Vuy |l 1o); IVopll o) } < C,
with C independent of p.
Hence, arguing as in the proof of Theorem 1.1, we can extract a subse-
quence p; — o0 if necessary, such that
Up — Uoo
weakly in W17 () for any 1 < r < oo and uniformly in Q. In addition, we
get that us € W1°(Q). Analogously, we obtain that
Up = Voo
weakly in W1T(Q) for any 1 < r < oo and uniformly in Q, with vy €
wWhe(Q).
Now our aim is to show that u. is a viscosity solution to (1.9). Fix
xo € Q. First we consider the case us(xg) > 0. Then there exits p > 0 such

that w,, > 0 in B,(xo) for all p; sufficiently large, and we may proceed as
in the case of the first eigenvalue, to conclude that

min{—Aogtico, |V — Atk |ve] ™'} = 0.

The case uso(xg) < 0 is similar but we have to reverse the inequalities.

Finally for the case us(z9) = 0 we argue as follows. Let ¢ be such that
Uso — ¢ has a strict local maximum at xg. Since up; — U uniformly, there
exists a sequence r; — xg such that u,, — ¢ has a local maximum at z;.
Hence, assuming that V¢(xg) # 0, we get

_UV¢PA¢@0
(p—2)

al/p 1 1+4 !
< <(p_2)()\1,p) P21 (@n)|*/Pop/P (@) [V (an) |1 “’) :

+Am¢@m)
(4.1)

Now we observe that
al/p

(p—2)

as p — oo and we conclude that

—Asd(zg) <0.

() V216 (n) /P02 () [V )| 17 5 0
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Note that this inequality holds trivially when V¢ (xg) = 0. This shows that
Uso 1S & viscosity sub solution to —As.u = 0.

The fact that it is also a supersolution can be deduced considering —us
and repeating the previous argument.

Remark 4.1. The condition ()\n,p)l/ P < (C holds, for example, for the eigen-
values constructed using topological arguments in [18]. In fact, let us con-
sider

Ao = ot sup Q)

where K, is the class of compact symmetric (K = —K) subsets of VVO1 P(Q) x
VVO1 P(Q) of genus greater or equal than m. For such an eigenvalue A, , it
holds that there exists a constant C' independent of p such that (A, )7 <
C. To see this fact it is enough to consider the union of m disjoints balls of
radius r, B;, inside 2 and as K the set {span(é1,...,0m) N ST x {D_; di}},
where ¢; is an eigenfunction of the p—Laplacian in the ball B; C  and 5
denotes the unit ball in I/VO1 P(€1). Such set K has genus m and we have

/IVU\” /IVvlp

sup Qp(u,v) sup <
(u)eK (uv)eK /|u| ‘v[ﬁ p

>‘1 (Bl)v

where \1(B;) is the first eigenvalue of the p—Laplacian in B;. Now we just
note that from the results in [15] it follows that (A;(B;))Y/? is bounded
independently of p and we obtain the desired uniform in p bound for the
eigenvalues constructed using the genus argument at level m, ()\mm)l/ PLC.
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