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Addendum to “Thin-shell wormholes supported by ordinary matter in
Einstein-Gauss-Bonnet gravity”’
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Thin-shell wormholes are constructed starting from the exotic branch of the Wiltshire spherically
symmetric solution of Einstein-Gauss-Bonnet gravity. The energy-momentum tensor of the shell is
studied, and it is shown that configurations supported by matter satisfying the energy conditions exist
for certain values of the parameters. Differing from the previous result associated with the normal branch
of the Wiltshire solution, this is achieved for small positive values of the Gauss-Bonnet parameter and for

vanishing charge.
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I. INTRODUCTION

The equations of gravitation admit topologically non-
trivial solutions, known as Lorentzian wormholes, which
connect two regions of the same universe (or of two uni-
verses) by a throat. In the case of compact wormholes, the
throat is defined as a minimal area surface [1,2].
Wormholes could present features of remarkable interest,
including the possibility of time travel (see Refs. [3]); but
there is an important objection against their actual exis-
tence: in Einstein gravity the flareout condition [4] to be
satisfied at the throat of compact wormholes requires ex-
otic matter, that is, matter violating the energy conditions
[2]. However, in the last few years it was shown that in pure
Gauss-Bonnet gravity [5] wormholes could exist even with
no matter (see also Refs. [6,7]). Moreover, in our recent
paper [8] we found five-dimensional Einstein-Maxwell-
Gauss-Bonnet spherical thin-shell wormholes supported
by ordinary matter, which were later proven to be stable
under perturbations preserving the symmetry [9]. But our
nonexotic construction presented two undesirable aspects:
it required a very large charge (about the critical value) and
a negative Gauss-Bonnet parameter «. Here we thus revisit
thin-shell wormholes in Einstein-Gauss-Bonnet gravity
starting from a different branch of the Wiltshire solution
[10], and we focus in the character—exotic or normal—of
matter on the shell in relation with the parameters of the
system. The Gauss-Bonnet terms of the equations of the
theory are associated with the geometry, and not to an
effective energy-momentum tensor; thus we work with
the Darmois-Israel formalism for thin shells [11] general-
ized to include the Gauss-Bonnet contribution [12], which
allows for a better understanding of the character of the
matter on the shell. We show that for certain values of
the parameters, thin-shell wormholes constructed from the
exotic branch of the Wiltshire solution can be supported by
nonexotic matter even in the case of a relatively small and
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positive Gauss-Bonnet constant and even with a vanishing
charge. We shall see that nonexotic wormhole configura-
tions are associated with a repulsive far behavior of the
mass term of the exotic branch metric.

II. JUNCTION CONDITIONS OF THE THEORY

The Einstein-Gauss-Bonnet equations of gravitation in
five spacetime dimensions have the form

1
R,, — igMVR + Agyy +2aH,, = KZTM,,, (D)

where A is the cosmological constant, k2 is proportional to
the Newton constant (set equal to unity in the units used
here), and « is the constant of dimension (length)? multi-
plying the Gauss-Bonnet terms
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The matching conditions relating the metrics at the two sides
of a given surface 3 with the character of matter on this
surface (the energy-momentum tensor of the shell placed at
3,) are given by the Darmois-Israel conditions generalized to
Einstein-Gauss-Bonnet gravity. They were obtained in
Ref. [12] starting from the equations above and read
2<K’J - Khl]> + 4C¥<3J” - Jhl] + 2Piklekl> = —KZSU,

3)
where (-) stands for the jump of a given quantity across the
surface 3 and h; ; 18 the surface-induced metric. The extrinsic
curvature K;; is defined as
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where n, are the components of the unit normals to 2,

& (Latin indices) are the coordinates on this
surface, and X* (Greek indices) are the coordinates of the
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(4 + 1)-dimensional manifold. The divergence-free part of
the Riemann tensor P;;; and the tensor J;; are defined as
follows:

Piiyi = Riju + (Rjxhy; — Rjhy) — (Rychy; — Rijhy;)

1
+ ER(hikhlj — hithy;), ©)

1
Jij 25[2KK,'1<K}€ + KKK — 2Ky K"K, — K*K;;] (6)

(see [12] and also [13]).
The equations of Einstein-Gauss-Bonnet gravity admit
spherically symmetric solutions of the form

ds®> = —f(r)de* + f~(r)dr* + rzdﬂg. (7)

A static wormhole throat can be defined by matching two
equal exterior metrics of this form at a static spherical
surface of radius a (see below). Starting from the expres-
sions above, a quite long but straightforward calculation
gives that the non-null components S/ of the energy-
momentum tensor of the shell placed at r = a are
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where a prime denotes a radial derivative. Note that in the
Einstein gravity framework (o = 0), even in 4 + 1 dimen-
sions, the energy density could never be positive, thus
forbidding wormholes supported by nonexotic matter.
However, the second term within the bracket of Eq. (8)
changes this drastically.

III. WORMHOLE CONSTRUCTION AND
CHARACTERIZATION

The metric function f(r) of the general solution of the
Einstein-Maxwell-Gauss-Bonnet theory is given by [10]

2 2
=1 +4ra[1 :\/1 + 16M4“—8Q “+4A“J, (10)
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where Q the is charge. In the case of the — sign in Eq. (10),
for both vanishing Q and A we obtain the far behavior

2M
f(r)=1—ﬁ, an

which allows one to identify M as the Arnowitt-Deser-
Misner mass. Instead, the metric corresponding to the +
sign in (10) is usually denoted as the exotic branch, be-
cause for Q = 0 and A = 0 its far behavior is
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2M
fr)=1+—7+_—. (12)
wrt 2«
Thus for this solution the energy M enters in the geometry
with the “wrong” sign; consequently, the mass term gives
an attractive force on rest particles if M <0, while for
M > 0 the force is repulsive. Besides, this solution would
not have the correct general relativity limit for a — 0;
instead, it acquires an effective cosmological constant pro-
portional to a~!. Note that for M >0 and a >0 this
geometry has no horizons, but it presents a naked singular-
ity at the origin. In Ref. [8] thin-shell wormholes were
constructed starting from the — branch of the metric;
though they could be supported by nonexotic matter, this
was achieved at the price of a negative value of « and a very
large charge. Therefore, here we shall explore the + branch.
To construct a thin-shell wormhole we proceed as usual
(see, for example, the related work [14] and references
therein): We take two copies of the spacetime given by (7)
and (10) with A = 0 and remove from each manifold the
five-dimensional regions corresponding to r;, = a. The
resulting manifolds have boundaries given by the timelike
hypersurfaces

20 =1{X/r, = a}. (13)

Then the identification of these two surfaces gives a geo-
desically complete new manifold M with a matter shell at
the radius r = a, where the throat of the wormhole is
located. Note that the throat does not connect two asymp-
totically flat regions,’ because the metric diverges for
r — oo, But there are no singularities at finite distance,
because the origin r = 0 is removed in the mathematical
construction.

We are interested in the possibility of matter fulfilling
the weak energy condition [2] 0 =0, ¢ + p; = 0 (non-
exotic matter), which in our case reduces to o =0, o +
p = 0. From Egs. (8) and (9) we obtain

o(a) + pla) = —ao'(a)/3, (14)

so that the energy condition is fulfilled if o(a) = 0 and
simultaneously ¢’(a) = 0. Replacing the metric for a van-
ishing cosmological constant in the expressions for the
surface energy-momentum tensor, we obtain the condition
for a positive energy density,
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We find that working with the exotic branch, for & > 0 the
possibilities of o = 0 are worse for Q # 0 than for Q = 0.
Consequently, in the subsequent analysis we shall consider
anull charge. Also note that if we impose M < 0 in order to

'"Thus some authors would object to calling the configuration a
true wormhole, but would speak about a geometry with a throat;
see for instance Ref. [15].
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FIG. 1. Energy conditions at the throat: The solid line shows
the energy density o and the dashed line shows the sum o + p,
as functions of the throat radius. The values of the parameters are
M =1 and o = 0.01.

have a far behavior of the mass term corresponding to an
attractive force on rest particles, then the condition o = 0
cannot be fulfilled.
From Eq. (15) we can see that o >0 imposes the
necessary condition
16Ma/(mwa*) > 1. (16)
However, a large « drags the energy density to negative
values because of the first term —8« of Eq. (15); then one
expects at most a narrow interval of the parameters to be
compatible with a positive energy density. Besides, the sum
o + p must also be positive to avoid exotic matter. From
these considerations, it turns out that the most natural
approach to answer the question about the existence of
wormbhole configurations supported by nonexotic shells is
to draw o(a) and —ao’(a)/3 for different values of the
parameters. We fix the scale with the mass and take M = 1,
and then consider different values of the Gauss-Bonnet
constant «. The results are illustrated in Figs. 1 and 2,
where the energy density and the sum of it plus the pressure
are displayed as functions of the throat radius for some
values of interest. In the mathematical cut-and-paste con-
struction the singularity is removed, while the absence of
horizons allows for the choice of a throat radius as small as
desired. We can see that for relatively small positive values
of a the weak energy condition can be fulfilled, so that
wormbholes can be supported by nonexotic matter. Also, we
find that a smaller value of « reduces the range of throat
radii such that 0 =0 and o + p = 0. As pointed out
above, for M <0 there is no solution for o = 0 if we
take a >0, so that the energy condition could not be
satisfied. Thus if the geometry has a far behavior consistent
with an attractive force associated with the mass term, the
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FIG. 2. Energy conditions at the throat: The solid line shows
the energy density o and the dashed line shows the sum o + p,
as functions of the throat radius. The values of the parameters are
M =1 and a = 0.001.

shells supporting the wormholes must be exotic. Instead, if
the far behavior corresponds to a repulsive force associated
with the mass term, nonexotic shells supporting the worm-
holes are possible. We remark that this result is achieved
with a relatively small (compared with the mass) positive
values of the Gauss-Bonnet parameter (see the values in the
figures), and for a vanishing charge.

IV. SUMMARY

We have been able to mathematically construct worm-
holes supported by a thin layer of normal matter starting
from the exotic branch of the spherically symmetric solu-
tion of Einstein-Gauss-Bonnet gravity. We have found that
a far behavior of the mass term of the metric corresponding
to a repulsion on rest particles is the only possibility
compatible with a nonexotic thin-shell wormhole.
Besides, while in the case of the normal branch of the
Wiltshire metric a negative a and a large charge were
necessary to make an ordinary matter shell compatible
with the existence of a throat [8], here we have shown
that when the construction starts from the exotic branch the
charge does not help but, instead, makes it more difficult to
fulfill the energy conditions, and that they can be satisfied
with a positive Gauss-Bonnet parameter.
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