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Abstract

We consider an infinite family of non-rational conformal field theories in the presence
of a conformal boundary. These theories, which have been recently proposed in [I], are
parameterized by two real numbers (b,m) in such a way that the corresponding central
charges c(, ) are given by ¢,y = 1+ 6(b + b=1(1 — m))2. For the disk geometry, we
explicitly compute the expectation value of a bulk vertex operator in the generic case
m € R, such that the result trivially reduces to the Liouville one-point function when
m = 0. For the case m = 1 the observable we compute corresponds to the one-point
function in the SL(2,C)/SU(2) Wess-Zumino-Novikov-Witten theory (WZNW). In fact,
our calculation mimics the analysis recently performed in [2] for the case of the WZNW
theory, showing how the boundary action for Euclidean AdSs D-branes in Euclidean AdSg
space proposed therein admits a straightforward generalization to the whole family of m-
parameterized non-rational models. A difference with respect to the WZNW theory arises
in that, in contrast to the case m = 1, the CFT defined for generic m does not exhibit sl(2)
affine Kac-Moody symmetry but a Borel subalgebra of it, and this requires to implement
conformal invariant boundary condition in a sligthly different manner. We perform the
calculation of the disk one-point function in two different ways, obtaining results in perfect

agreement, and giving the details of both the path integral and the free field derivations.
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1 Introduction

Non-rational two-dimensional conformal field theories have important applications in physics.
Systems of condensed matter, lower-dimensional quantum gravity, and string theory are ex-
amples of this. In particular, the problem of considering non-rational models on surfaces with
boundaries has direct applications to the description of D-branes in string theory on non-compact
backgrounds.

The study of conformal field theory (CFT) on two-dimensional manifolds with boundaries
was initiated by J. Cardy in his early work on minimal models [3, 4] 5], and more recently it
was extended to non-rational models by the experts, notably by V. Fateev, A. Zamolodchikov
and Al. Zamolodchikov [0} [7]. The CFT description of branes in two-dimensional string theory,
both in tachyonic and black hole backgrounds, and in three-dimensional string theory in Anti-
de Sitter space (AdS), attracted the attention of the string theory community in the last ten
years. The literature on string (brane) theory applications of boundary conformal field theory is
certainly vast, and we cannot afford to give a complete list of references herein. Instead, let us
address the reader’s attention to the lectures [8 O] [10], to the list of renowned works [11]-[41],
and to the very interesting recent studies [42]-[46] on non-rational models on the disk geometry.

In this paper, we will consider the family of ¢ > 1 non-rational two-dimensional conformal
field theories recently proposed in [I]. This family of theories is parameterized by two real
numbers (b,m) in such a way that the corresponding central charges ¢, are given by ¢ m) =
14+6(0+071(1—m))2

The existence of this family of non-rational models was conjectured in Ref. [I] by S. Ribault,
who presented convincing evidence by performing consistency checks. The way of introducing
the new CFTs in [I] was constructive: These CFTs are defined in terms of their correlation
functions which, on the other hand, admit to be expressed in terms of correlation functions
in Liouville field theory. In addition, a Lagrangian representation of these new models was
also proposed (see (II) below), and this was employed in [47] to compute two- and three-point
functions on the topology of the sphere.

It was emphasized in [I] that, if these non-rational theories actually exist, then it would be
possible to study issues like their solutions on Riemann surfaces with boundaries. And this is
precisely the task we undertake in this paper: For the disk geometry, we explicitly compute the

expectation value of a bulk vertex operator in the generic case m € R. In the case m = 0 the



result trivially reduces to the Liouville disk one-point function. For the cases m = 1 and m = b?
the observable we compute corresponds to the one-point function in the SL(2,C)/SU(2) Wess-
Zumino-Novikov-Witten theory (WZNW), which was recently reconsidered in [2] in the context
of AdS3 string theory. In fact, our calculation generalizes the calculation of [2] to generic values of
m € R, showing that the boundary action for Euclidean AdS,; D-branes in Euclidean AdS3 space
proposed in [2] can be straightforwardly extended to the whole family of non-rational models of
[M]. This is the case even when the theory for generic m does not exhibit SAZ(Q)k x sl (2)y affine
symmetry but just the Borel subalgebra of it. Consequently, the implementation of conformal
invariant boundary conditions requires a condition on the stress-tensor explicitly. The boundary
conditions are discussed in Section 3.

We perform the calculation of the bulk one-point function in two different ways: First, in
Section 4 we give a path integral derivation. This consists of reducing the calculation of the
expectation value of one bulk operator on the disk geometry to the analogous quantity in
Liouville field theory, which, conveniently, is already known [6]. We closely follow the path
integral techniques developed in [49], also reproduced in [2 [50]. With the intention to make the
comparison with these reference easy, we aim to use a notation similar to the one used therein, up
to minor differences. In Section 5, following the steps of [2], we perform a free-field calculations
of the same one-point function, finding perfect agreement. As usual when dealing with the
Coulomb gas representation in non-rational CFTs, an analytic extension will be necessary for
the free field calculation to reproduce the result for generic m ¢ Z. Remarkably, the free field
approach turns out to exactly agree with the general expression, what is ultimately verified
by comparing with the path integral computation. In Section 6, we analyze some functional
properties of the formula we obtain, of which the one-point function in Liouville theory and in

the WZNW theory are particular cases.

2 Conformal field theory

The action of the non-rational conformal field theories discussed in [I] is given by

Qm

Shuk = % / d*2 g'/? (&b&b + B0y + BOY + "R + b (=pp)" 62b¢>) (1)
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where @Q,, = b+ b"'(1 —m), and where we are using the standard notation 9 = % =10, — L9,

and 0 = 83 = %835 + %6y. Here, the notation Sy is chosen to emphasize that we are not

including boundary terms yet (see () below).

Let us call T, the theory defined by the action (Il). Then, we notice that the case 7o
corresponds to Liouville field theory coupled to a free 5-v ghost system. On the other hand, the
case Ty ;,5=3 corresponds to the H;=SL(2,C)/SU(2) WZNW theory with level k = =2 + 2
written in the Wakimoto free-field representation [48]. Besides, T;_, /=5 also yields the H
WZNW theory, with level k = b*2 + 2; see [47]. In fact, the action above can be regarded as a
generalization of these well-known non-rational conformal field theories.

The free stress-tensor associated to () is given by
T(z) = —B(2)07(2) = (06(2))* + Qu 0°¢(2) (2)
and by its anti-holomorphic counterpart 7(Z). This yields the central charge of the theory
Com) = 1+ 6Q2,. (3)

The conformal dimension of the fields €2*?, 3, and v with respect to () are (hqa, ha) = ((Qp —
@), a(Qm — @)), (hg, hg) = (1,0) and (h,, h,) = (0,0), respectively. Therefore, the last term in
the (D) is marginal with respect to the stress-tensor @) if by = hy, = b(Qm —b) = 1 —m,
yielding the relation

Qm = b+ ——. (4)
The vertex operators we will consider are those of the form
D (p|z) = 2o |y |2+ en(2)=R7(3) 26 +1D)(=2) (5)

whose holomorphic and anti-holomorphic conformal dimensions are given by

hj = hy = (=0 +1-m)(j+1), (6)

and where p is a complex variable. The spectrum of normalizable states of the theory, which
is ultimately expressed by the values that j takes, is to be determined. The dependence on

0(z,z) in (@) was introduced because throughout this paper we will work in the conformal



gauge ds® = ¢*(*2)dzdz, and such dependence is the one required for ®7(u|z) to transform as a
primary (hj,ﬁj)-dimension operator under conformal transformations. We will later adopt the

notation |p(2)|> = €2?*? for convenience.

3 Boundary conditions

The boundary term we add to the action () to define the theory in a surface with boundaries

is the following

Sboundary = i dx 91/4 (QmK(b + %B (7 + f_y - éﬁmil ebd))) ) (7)

21 Jor
where ¢ is an arbitrary constant. This is the natural generalization of the boundary action
proposed in [2].

We will consider the theory on the disk. In turn, conformal invariance permits to chose I' as
being the upper half plane Im(z) = y > 0, with z = x + iy, and, consequently, the boundary is
given by the real line Re(z) = x.

Integrating by parts the -3 terms, we have

BOy + Boy = 9(By) — I8 + A(By) — 79p (8)

We see that the total derivatives change the boundary term; namely

D7) = 30:(87) + £3,(57) ©
257) = 50.(57) ~ 50,3 (10)

Integrating over the semi-infinite line Re(y) > 0, we see that the last terms in (@) and
(I0) contribute with a piece —%Bﬂyzo and +%B? |y—o respectively. This cancels the S(y + ¥)

contribution in (), and the total action takes the form

S - - / d*zg'? <5‘¢5’¢> 08 — 408 + 2 Ro + P(—BB)" ezb¢) +
2m Jp 4 (an
+ 2i dx g** (Qngb — %Bm eb¢)

™ Jor
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It is convenient to introduce bulk and boundary coupling constants (A, Ag) to control the
strength of the interacting terms. This is achieved by shifting the zero-mode of ¢ as follows
¢ — ¢ + £ In(\/b%) and redefining £ = 2ibAg/v/A. This makes the interaction term in the
action to take the form A [.(—88)"e*® + A\p [, 8™ e, which is useful to perform the free field
calculation (see Section 5) as in this way one has access to a perturbative treatment of the
screening effects.

As mentioned, the theory with m = 1 (and the theory with m = b*) corresponds to the
SL(2,C)/SU(2) WZNW model, which exhibits s/(2)), x s1(2) affine Kac-Moody symmetry. This
symmetry is generated by the Kac-Moody current algebra

J7(2) = B(2) (12)
T(z) = B(2)y(2) + b7 0¢(2) (13)
THz) = B)7*(2) + 207 "9(2)00(2) — (b7 +2) 0v(2) (14)

together with the anti-holomorphic counterparts 73’i(§), where b=2 = k — 2. In contrast, the
theory (Il for generic m preserves only the Borel subalgebra of (I2)-(I4]), which is generated
only by the two currents J3(2) and J~(2),

_ m

J(2) = B(2), T(2) = B(2)7(2) + 5-06(2) (15)

and by the pair of anti-holomorphic analogues. One can also consider the operator J© =

B2 + 2mb~ty0¢ — (m*b~2 + 2) O, which only represents a symmetry when m = 0 or m = b
Currents ([IH]) obey the following operator product expansion (OPE)

J ™ (w)

(2 —w)

(1+m2b2/2)
(- w)?

J(2) )3 (w) ~ + .. J3(2) 3 (w) ~ — J(2)J (w) ~ ...

where the ellipses stand for regular terms that are omitted; and this realizes the Lie brackets
for the modes J3>~ = ;L [dzJ% (2)z .
Varying the action in the boundary and imposing the condition §(3 + /3 )jz==z = 0, one finds

2mi

55|ar——/dﬂf[ 04 0)6— BB ) 5o+ (17— EmBT M) 68| (16)

From this, one reads the gluing conditions in 2 = z = x, which have to be



Ba) +B(x) == = 0 (17)
() s = EmAT(z) ) (18)
(<0 +0) §(x) joes = EbB™ (2)e® (19)

While (20) is evidently satisfied, condition (2II) can be checked as follows

Px) = Px) = —Bla)y(z) + Blx)y(x) — ﬂ(5’625(93) — 99(x)) =
= —fBx) (v(2) + 7(z) = Em BT (2)e") =0 (22)

where (I7)-(I9) were considered.

The other condition to be considered in the boundary is
T(x)— T(x) == 0 (23)

which guarantees boundary conformal symmetry. This classical analysis suggests that with these

boundary conditions one obtains a theory that preserves the conformal symmetry generated by

J=(z), J3(2), and T(z). The free field computation ultimately helps to prove this explicitly.
Now we have discussed the boundary conditions and proposed the form of the boundary

action, we are ready to undertake the calculation of the one-point function.

4 Path integral computation

The one-point function we are interested in is the vacuum expectation value (®/(u|z)) . of one

bulk vertex operator () in the disk geometry. This is given by



0 (2) = (¥ (pl2)), , = / DYDFDy e |p(z) [ 0D @D IE) 000,
| (24
with D28 = DBDB, and D>y = DyD7, |p(2)|? = €*#3) andthe action S is given by (II)).
Integrating over the fields v and ¥ we get

/nye% JdPwy0B guy(z) 5 (2i 55(11}) + /M5(2) (w — Z)) (25)
us

and, respectively,
o 1 _
/ Dy en/ETR I = 5 (2— 0p(w) — 16 (w Z>) - (26)
i

Using that 9 (1) =9 (1) = 210 (2) we can write

1 - 0wo= 1 B
%8ﬁ(w)+%8<w_z) =0 (27)
1

Then, in the boundary we impose

B+ B =z = 0. (29)

Now, we integrate over 3 and . Considering the conditions above, we get a non-vanishing

solution only if §(y + 1) = 0. The solution for 3 and /3 are thus given by

Bo(w) = _wliz_w[ii B (w_—luz(;(t_ui)i)’ (30)
Pol@) = wliz+wliz - (w_fz(/;(t_ui)z)' (31)

Now, we can follow the analysis of [49] closely. We consider the exact differential p(w)S,(w),

whose expression we can give in terms of its poles, up to a global factor u. Then, write

1 1

w—zw—2

p(w)Bo(z) = u (32)



Finding the residues of p(w)f3,(z), we obtain p(2)u = —p(2)n = u(z — z)~!, and therefore

u = p(z) (z —2) = p(z) p2iy. (33)

Evaluating 8 according to ([B2), the function to be computed now takes the form

1 _
Q0 (z) = /ngexp— (2— /de (0696 + b2[ul*™|w — 2| 2" |w — 2|~ | p(w)| " 62b¢)) x
™
i —-m \—m -m j m(j j 2,Z T
X exp (—ﬁ /dT u"(r—2)" (1 = 2) 7" plw) €b¢) |p(2) [P |01 20 DeER P (1) )
(34)

Now, consider the following change of variables (i.e. field redefinition)

é(w) = ¢(w) = 7 In lul,

which consequently gives e?®(®) — eb9() |y|=™  This induces a change in the linear ”dilaton”
term —- [ Pwg"? QnRo — = [, dr g"/*KQ,,¢, which now takes the form

1 1
5 [ g Quro - o [ g iKQue +
8T 21 Jor

1— 1 1
+ In|ulm [ 1+ Y= / Pwg'?R+ — | drg'*K (35)
b? 8w T 2w or

Using the Gauss-Bonnet theorem, which states that the Euler characteristic of the disk is

1 1
x(I) = —/deng + —/ dr¢""K =1, (36)
8 T 2 or

™ ™

we find

ng’b)(z) = /D(b exp — (% /dzw (6¢5¢ + b w — 2|72 jw — Z|2m|p(z)\2m62b¢)) X
T
u

X exp (—% <m)m / dr(t —2)™™ (r—2)™ pm(T)eb¢) % (37)

_ 1, 12m —m(2j+1+b2(m— ' 2,2
> 5(2)(M + 1) | p(2) |2 | pu] PO [q| I m=D) 26 D6 (2:2)

Now, let us perform a second change of variables,



m

Bw,®) = plw, @) + 2

(1n|w—z|2+ln|w—2|2+ln|p(w)|2) , (38)

which amounts to say

" — € lw — 2™ Jw — 2™ |p(w)|™ (39)
and

mim

096(w, @) — 0D (w, D) + %5@ (o = 2]) + 55=00) (jw — 2|) + %aé In|p(w)]®.  (40)

In the bulk action this change produces a transformation in the kinetic term —% fr d*wdp0e,

which becomes

1 = m
— | g2 | Pwos? _
27r/p w AP + Qb/F wed(Jw—z|) +

m

2 (2) _ 3
2b/rdwg05 (Jlw—2z|)+

2
+ d*w © 00 In |p(w)|? + i

0 /. e /Fde (In|w — 2> + In|w — 2> + In | p(w)[?) x

X (%8&0 + 76 (Jw — 2)| 4+ 76 (jw — 2|) + % 00 In |p(w)|2) : (41)

Using the regularization [49]

lim In |w — 2|* = In|p(2) %, (42)
w—rz
with 20(2,Z) = In|p(z)|?, and
ds* = |p(2)|* dzdz, VIR = —4001n|p(2)|?, (43)

one finds that the right hand side of (41]) takes the form

2 m2

1 9 = 1 9 m m m _ 9
- — - — — — —Injz — —1 . (44
27r/pd w Opdp 27T/Fd WG Re + pe(z) + o nle =2+ e nfp(2)[ (44)

The boundary action also suffers a change. Recalling how to write the extrinsic curvature
K in terms of 92 In |p(7)|?, we find that, under the change (BS), the boundary action changes as

follows

m

— VAR &, 45
2mb fo 9 ) (45)

5Sboundary =

9



In turn, the changes above induce a modification in the value of the background change @),,,

shifting it as follows

m 1 1
Qm—>Qm+3:b+T+?:b+g:Qm=0 (46)

which gives the Liouville background charge Qpiouwvine = b+ 1/b as the result.

With all this, the one-point function we are trying to compute takes the form

. m? 1 5
Q§m,b)(z) _ 52(,u—|—/])|u|m(1+1b2 )\z — Z|=»? /D(pexp {— (2—/d2w (890390 + b2€2b¢)>} X
™ Jr

X eXp SO / i (T =4 |T_%| PN o] pvtin) 2o o
4\ |ul ar T—z T—2 p(2)

. . . m2
% |/~L|2m(]+1) |Z o 5‘2m(j+1) |u|—2m(J+1)‘p<Z>|2h]~+ﬁ

Then, taking into account (@2),

eBUHDP(2) o B0(22) = o(BOHDT)e() | ()| 2mi+D), (48)

what amounts to extract the pole in the coincidence limit of the two operators e??U+1)#(:2) and

e (W) Then we find
_ _ 1 _
ng,b)(z) _ 52(M+ﬂ)|u|mb 2(b2+17m)(2y)mb 2(b24+1-m/2) /Dcpexp |:_2_/d2w (8@8@4‘872 62b<p) %
™ Jr
X exp —i—g(sgn(lm,u))m/ dr ebcp:| |p(z)|2hj+m(b2+1_m)/b2 6(2b(j—‘,—1)-|—m/b)go(z,z)
m ar
(49)

where sgn(Imy) is the sign of the imaginary part of u. Remarkably, the expression on the right
hand side of ([@9) corresponds to the disk one-point function in Liouville field theory multiplied by
a factor 62 (p 4 )| p|mb " 0P+ 1=m) (99 ymb™* (0% +1-m/2) “1yrovided one agrees to identify the Liouville

10



parameters «, b, i; and ppg as follows

v’ A
= _— = — 5
S m_ B
pp = - (sgn(lmu))™ = -, (51)
@ = bji+1)+5. (52)
m o, . m
he = @i —0) =hy+ on (P +1- 0, (53)
where we are using the standard notation; see for instance [I1], 30]. This is to say
(B0002)) =+ "5 o2 (V) (54
T, Liouville

m,b
where V,,(z) = €22¢(*?)_ This trick, which is exactly the one used in [2] to solve the case m = 1,

leads us to obtain the explicit expression for ng’b) in terms of the Liouville one-point function

(m=0,b)
Qj+m/2b2 :

theory is actually known [0, [IT]; it reads

In fact, the expression for the disk one-point function of a bulk operator in Liouville

Q—2«a
oo 2 re?) \ = 20 — Q
= |z—z|7HZ2Q) — h(27s(2a—Q)) I'(2ba—b*) T
<Va<2)>LiouviHe |Z Z| b ’ (Wur(l - b2)) o ( WS( “ Q)) ( b=t ) ( b
(55)
where s is given by
cosh(2mbs) = 15 sin(7wb?) (56)

VIiL
and where ) is an irrelevant overall factor we determine below (see Section 5).
Thus, by following the trick in [2] (see also [37, B8 ?]), we managed to calculate the expec-
tation value ng’b) of a bulk operator in the theory ([Il) on the disk by reducing such calculation

to that of the observable ngz%%q in Liouville field theory. The final result reads
b 2p2
01 1—m
2 1—m . F(l _ b2) -]+§7 252
(m,b) — m(1+=5%) —|—2h
Q= TQod(p+ )™ |z =2 (W T+ 1) 1)) X

1 1-—
x T <2j +1-— b2m) I (6°(2j + 1) + m) cosh (27rbs (2j +1— b2m))

11



with h; = =0%j(j + 1) + (j + 1)(1 — m) and

cosh(27bs) = & (sgn(Impy))™ % (58)

In the next section we will reobtain this result using the free field calculation.

5 Free-field computation

In this section, we compute the bulk one-point function in a different way. We will consider the
free field approach, which has proven to be a useful method to calculate correlation functions
in this type of non-rational models on the sphere [51, [52], [53].

Considering Neumann boundary conditions for ¢, 3 = —f and v = —7¥, the non-vanishing

correlators for the theory on the disk turn out to be

<gb(z,2)¢>(w,w)> = —In|z—w|lz —w|, (59)
Benw) = ——— (BERm) = - (60)
BEnw) = =2\ (BERw)= = (61)

where we see the mixing between holomorphic and anti-holomorphic modes due to the presence
of the boundary conditions.

Now, we have to verify that the boundary term we added to the action actually corresponds
to a theory that preserves the symmetry generated by J~(z), J?(2) and T'(z). Checking this at
the first order in Ap is actually simple, and it amounts to check that the following expectation

values vanish,
<(J—(z)+J—(z)) /aFdTﬁm(T)6b¢(T)...>lzz =0 (62)
<(J3(z)—J3(z)) /8 FdTﬁm(T)eb¢(T)...> =0 (63)

|z=2Z

Once again, this is completely analogous to the analysis done in [2] for m = 1. However, in
contrast to the case of the WZNW theory, where the condition J*(z) + J*(Z) = 0 in known to

12



hold as well [2], in the case of generic m we have to impose

<(T(z) —T(2)) /8 ) drp™(r)et*™ . .>Z:Z =0 (64)

explicitly. To verify that conditions (G2)-(64]) are obeyed, first we compute the following operator
product expansions (OPEs)

T ()" (1)~ 0 (65)
T ()" (r)e" )~ 0 (66)
and
. 7— mﬁ e ﬁmfl T eb¢(7’) mﬁm T ebd)(T)
J3(2)6 (T)6b¢( ) ( ) . _7(— ) _ Z<_>7_ ~ 0 (67)
- B(z)3m1 bo(7) m be(7)
J3<5)6m(7_)eb¢(7—) ~ _m6(2)67 (7_)6 o mﬁ 7(7)6 ~ 0 (68)
Z—T Z—T
where we considered that in the boundary 3(x) = —f(z), and where the symbol ~ 0 means

that the singular terms vanish when evaluating in the boundary.

Next, we have to impose condition (&4]). To do so, we have to compute the OPE

69
Z—T Z—T * (69)

T(Z)BW(T)ebqﬁ(T) ~ 0. (ﬁm<r)eb¢(ﬂ) B ibaa¢(T)/8m(T>€b¢(T)

where, again, the symbol ~ means that the equivalence holds up to regular terms and exact

differentials when evaluating in the boundary. Analogously, we have the anti-holomorphic part

T(2)™ (7)™ ~ 0, ( (70)

In the boundary we find that (69) and (Z0) contribute with the same piece and then we
verify that (64)) is actually satisfied.

5m<7>eb¢’(ﬂ) _ #0,0(7)8" (e
Z

Z—T -7

Then, we can proceed and compute the bulk one-point function using the free field approach.

This observable is given by

13



o — [Doptsmiy e | - o [ado o [05 4 5 [205 -8 [mo-

- [ompree - 2e [ g 2 5

M || 42U () -FAE) (2 +16(2:2)
o o

or
(71)

with Q,, = b+ 1_Tm The notation we use is such that z =z + iy and w = 7 4 0.

Splitting the field ¢ in its zero-mode ¢, and its fluctuations ¢’ = ¢ — ¢, and recalling that

the Gauss-Bonnet contribution gives

i 1/2 i 1/4 o
87T/I‘g RQm¢0+ o /arg K ngbo = quﬁo’ (72)

we find

m _q/ —b2 = / , /
Qlmb) — /D¢'d¢OD25D276 Sia=o exp —62b¢0/(—56)m62b¢ exp ﬁebqﬁo/ Bmeb | x
J 27 r 4w o1
x 200100 o= Qmao | | 2mU+1) our(2)=R7(2) (26(+1)'(2,2)
(73)

where S, _, means the free action, i.e. the action (II) with A = Ap = 0 evaluated on the field
fluctuations ¢'.
Then, we have to integrate over the zero-mode ¢,. The interaction terms in the actions give

the following contribution to the integrand

exp (;_626%(150 /(_66)m62b¢, + geb%/ Bm bqb’) (74)
I

s 47
while the vertex operator itself contributes with an exponential e(?*U+1)=Qm)%  There is also a
contribution from the background charge. To handle the integration over the zero-mode it is
useful to be reminded of what we do in the case of the topology of the sphere, ¢ = 0, where one
first rewrite the integrand in (74) as

v ex —ﬁv — A8 m62b¢’] v — e2b%0
/R>od p[ S (SR RICRTD (75)

™

14



and then arrives to the integral

= /d%/ dv pit1/2+m=1)/26% ~o82 [ (~BB)™ 2 5(v _ 62b¢o) (76)

R R>o
with 0 (v — €2b¢0) = ﬁé (qbo lgbv) Then, one can mtegrate out the zero-mode contribution
and use the integral expression of the I'-function I'(x fR dt t*~te~t to integrate over v. This

gives rise to an overall factor I'(—n), with n = —2] — 1+ (1 —m)/b? multiplied by n screening
operators fF(—BB)m e®9". The factor I'(—n) develops single poles for n € Z=, and the residues
of such divergent contributions are from what we extract the form of the "resonant” correlators.
For the disk geometry, where both bulk and boundary screening operators are present, it is
possible to show that a similar expression is obtained. Standard techniques in the free field

calculation yield the following expression for the residues of resonant correlators,

(mb)  _ i 2m(j+1) 2 (%)
Res € = Qb‘u‘ J 'Z'H/d wZH/ d7k<e‘” —RE) %

2j+1+ M5 =—n

2p+l n (77)
p 2 L.
A _ b _ o 13
2b(j+1)¢(z,2) m 2bp(w;,w;) m _bp(xy)
X — (— >
e Z‘IZI1 27r( BB)™e 1!:'1 Lo >

where, as mentioned, now both bulk and boundary screening operators, fF(—BB)mede’ and
far ™ appear. As shown above, the integration over the zero-mode ¢, gives a charge
conservation condition that demands to insert a precise amount of screening operators for the
correlators not to vanish; p of these screening operators are to be inserted in the bulk, while [
of them in the boundary, with 2p + [ = n. The precise relation is

1—m

2(j+1)+2bp+bl = Qu = b+——; (78)

thatism = 2p+1 =—-25—1+ (1 —m)/b*.
The correlator then factorizes out in two parts: the part that depends on ¢, and the contri-

bution of the v-5 ghost system. The Coulomb gas calculation of the ¢ contribution yields
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l —20%(j+1)

p l p
<62(j+1)¢(iy) He%qﬁ(wi@i) H eb¢(7'k)> _ [H(yQ + 7_2) H |y2 + wi2|2
i=1 k=1 i=1

k=1

X

—2b?
2 2
x |2y|~2°0+Y [Hm — o T lwi — wy]? H|wz wl|H|xk—xk/]

i<’ k<k'

(79)

On the other hand, for working out the ghost contribution -4 it is convenient first to consider
the OPE

<em(z>—m(z>5(w)> _ w“ SR O 1) Gl N (80)

-z wW-—Z (w—2)(w — 2)
This implies that the -3 correlator takes the form

<€pxy(z);w(z) H (5<w2)3<wl>)m> = ™ (2iy)*Pm (—1)P™ H e w2|2m

i=1
and

The full correlator is then given by

<ew(iy)w(iy) H b_;(ﬁ(wi)ﬁ(wi))m H %5(7k)m> =

= 20d(u+ ) (-1 (5 ) (st ) I2u|"m|u|"’”H‘y +wQWH T

(81)

Notice that, in principle, integral expression (7)) only makes sense for p,l € Zs(, what
translates into a restriction on the values of j. However, one can try to define the generic case
by means of an analytic continuation of the obtained expression. In addition to the analytic
extension in the number of screening charges n (which is already present in the calculation

performed for m = 0 and m = 1) the case of generic m € R demands to deal with making
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sense of non-integer powers of /3, i.e. a non-integer amount of fields  when computing the Wick
contraction of the ~-f contribution. Free field calculations with non-integer m were already
discussed in [51].

Returning to the form of the resonant correlators, for which p and [ are integer numbers, the

residues of these observables take the form

oo 00 2 l
mp _ T b S
Res ,9_1 =3 ZOZO i Sopti—no(—1)P™ (27?) (47r< sgn(Imp))™ ) X

2J+1+b—2:—n

wz dl‘k 9
/H\y 2 4 w? 26+ *2’”/1_[ (y2 + 22)PG+D+ [H|wl_$k| lel—wl| X (82)

1<i’

—2b2
x H w; —wg| [ | — 2w } 5+ )| (T (2| 7RG b,
k<k’

To solve this we use the following integral formula (see Ref. [2] for the computation in the

case m = 1)

d*w;
Ymp(a) = n_2p /H‘y +1’fl}]2|2a/]‘_[ y —|—.CL’ |:H|wz_xk|2£2[|wz_wz |2
—2b?
xH|w,—wl|H|xk—xk/}

k<k'

(83)

with @ = 2b%(j + 1) + m = 1 + b* — b®>n. The solution of this multiple Selberg-type integral is
given by

Y, (a) = |z — zr(1-2e- (1) (F<12f 62)) n!(sii(;bQ))p Iu(a) Jup(a), (84)
where

n—1

(85)

F1—(G—1)0)T(2a—1+ (n—1+1)b%)
I'2 (a + ib?)

I
[§am
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and

- P . T(n—p—i+1) sin(mb?(n — 2i + 1))
Jnpla) = Z<_1> IF'p—i+1I'(n—2p+1) sin(wb?(n —i+1)) 8

1=0

X T sin(mb?(n — 1)) sin(ra + 7b*(n — 1))
11 sin(wb?(r + 1)) sin(wa + xb?r)

(86)

For the case of our interest, a = 1 + b*(1 — n), and the function I,,(a) simplifies substantially,
taking the value I,(a) = T (1 —b*n). The sum over J, ,(a) also simplifies notably; see below.

Then, we find the expression

n 2
mbv _ T () o, 27 I'(1—b*n)
ot S <r<1_b2) s
b? i& Loog-2p (87)
’ Z " (32) (i Comtm”) gy ol
2p+l_n

with h; = 6255+ 1) — (j + 1)(1 — m).
We may try to simplify the expression above further. Following [2], for m odd we find
n/2]
Z(—l)p (2 cosh(27bs))" % J,, (1 +b*(1 —n)) = cosh(2mwnbs), (88)
p=0

where we replaced a = 1 + b? — b*n. According to the notation introduced in (G8)), we write

8bh?

¢ = i(—sgn(Imu))™ S (%) cosh(27bs), (89)

and this yields

(%(—sgn(lmﬂ))m) - <_i ﬂz) (cosh((2mbs)))" . (90)

47 \| sin(mb?

Replacing this into the sum in (87) we obtain

> bns 0 (L) (E ot} 2@ = o

p=0 [=0

= (=1)" 972 - (T = )1 +0%)) z cosh(2mnbs),
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which can be proven using, in particular, the relation 7/ sin(7b?*) = I'(1 — v*)T'(b?). It is worth
noticing that the formula above holds for m odd, as we needed to use (—1)P" = (—1)?. Nev-
ertheless, the final expression (after analytic continuation) turns out to be valid for generic
m € R.

Putting all the pieces together, the final result for the resonant correlators reads

_x _ o g (=D TA 40\ 2
Res QM) — 9-% E(S m(1+ 2 ) o 2h (

(92)
x T'(1 — b*n) cosh(2r nbs)

Analytic continuation in n is achieved by recalling that for n € Z~( it holds

. L1
g el(e =n) = D"y

which allows to replace the factor (—1)"/n! in (O2)) as follows

(=D"

eE) —T(2j+1+ (m—1)b72).

were we used (1 —m)b~2 — 25 — 1 = n. Written in terms of j, b, and m, the final result reads

F(l . bg))(2j+1+(m1)b_2)/2 .

Qi) _ (E)gﬁ N AR L =2k
} 5) 3 Ot )™z — 2 AT

1— 1—
xT (Zj +1-— b2m) I (b*(2j + 1) +m) cosh (27rbs <2j +1— b2m))

with h; = =0%j(j + 1) + ( + 1)(1 — m) and cosh(27bs) = i&(sgn(Impu))™/sin(rb?)/87b>.
And we see that expression ([@3)) coincides with the path integral result (57) if we chose the

numerical global coefficient in (57) to be €y = (7/2)™?. Therefore, we find exact agreement
between the path integral approach and the free-field calculation. This manifestly shows that
free field approach, if combined with the appropriate analytic continuation, turns out to be
a useful method to find the general expression of correlation functions in non-rational CFTs.
The path integral method actually reduced the problem to that of computing an observable of
Liouville theory, which may be done by different methods, e.g. the bootstrap method. The

relation existing between correlators of the conformal theories 7y, , defined by the action (II])
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and correlators of Liouville theory is a generalization of the so called Hy WZNW-Liouville
correspondence [56, 57, 58] 49]. The free field approach, on the other hand, gives a quite direct

computation of the disk one-point function.

6 Analysis of the one-point function

Let us first analyze some special cases of the general result (@3]). The first particular example we
may consider is clearly the theory for m = 0, namely 7;,,—0,. In this case, one-point function (Q3))
trivially reduces to Liouville disk one-point function (53]). Normalized states |«) of the theory
are created by the action of exponential vertex operators on the vacuum, lim,_,o €2*¢) |0) = |a),

having momentum a = Q +4P, with P € R and Q = b+b; see for instance [54, 30, 55]. Then,

Liouville one-point function reads

<Va(z)>mouvme = |z — z| e O%) v w ['(1+2ibP)T (1 - ?) (94)

where s given by cosh(27bs) = \/sin(wb?)u% /1, and where we have fixed the Liouville ”cos-
mological constant” p; to a specific value.
Next, we have the case m = 1, which corresponds to the H f’; WZNW theory with level £k,

m=1,b=(k—2)"1/2)

Tne1p=(k—2)-1/2- In this case, the observable Qg = (D;(14]2))yznw represents AdS,

branes in Euclidean AdS;3 space. This is

o
[\o}
~—

[\

' — — w2
<<I>j(u\z)>w szvk—Qé(u+ﬂ) lul [z =27 (Wﬁ> x
ZN k—

«T (ip) T (1 + %) cosh (2mipbs) . (95)

where j = —1/2+ip belongs to the continuous representation, with p € R, and where the string
coupling cosntant g2 = e 2W)X = =X/ V21 \was also fixed to a specific value to absorb Qg (here,
(1) represents the expectation value of the dilaton field, and y is the Euler characteristic of the
worldsheet manifold.) In terms of fields ¢, v and v we used to describe the theory (), AdSs3
metric is written in Poincaré coordinates as ds? = [? (d¢2 + e2¢’d7d7), where [ is the "radius” of
the space. When formulating string theory on this background, the level of the WZNW theory

relates to the string tension as follows k = [?/a’. Branes in Lorentzian and Euclidean AdSs
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space were extensively studied in the literature; see for instance [16, 22] 20] 24 [17, 19} 23|, 18|
21, [34) 2, B9] and references therein.

The case m = b? also yields the H? WZNW theory with level k = b2 + 2. The fact that the
WZNW theory is doubly represented in the family {7} is associated to Langlands duality [47].
In the free field approach this is related to the existence of a ”second” screening operator. In
this context, free field calculations using the Wakimoto representation with non-integer m were
already discussed in [51]. In fact, the computation we performed this paper can be regarded
as a generalization of the one in [5I] to the geometry of the disk and to the case where m is
not necessarily equal to b™2 + 2. In general, the computation in the cases m,n ¢ Z-( requires
a careful treatment of analytic continuation of the integral expressions in the Coulomb gas
approach. This is seen, for instance, in equations (7)) and (8], which makes perfect sense if the
amount of screening operators is n € Zso. The expressions for n ¢ Zs( have to be understood
just formally; see also equations (8] and (@I]).

Other case of interest is the theory for m = 2. In this case, correlation functions on the sphere
were shown to obey third order differential equations that are associated to existence of singular
vectors in the modulo [I]. This raises the question as to whether the existence of singular vectors,
which is ultimately related to d-function singularities in the correlation functions, can be used
to compute observables in the theory with boundaries by means of the bootstrapt approach
or some variation of it. It could be also interesting to attempt to compute observable in the
presence of a boundary by using a free field representation similar to that proposed in [62] to
describe the m = 1 theory. Such free field representation amounts to describe the H? WZNW
theory as a ¢ < 1 perturbed conformal field theory coupled to Liouville theory, resorting to the
H _?; WZNW-Liouville correspondence.

Now, let us analyze here some properties of the one-point function for generic m we have
computed in ([@3)). Important information is obtained from studying how ng’b) transforms under
certain changes in the set of quantum numbers (m, b, j) that leave the conformal dimension h;
unchanged. Looking at this gives important information about the symmetries of the theory.
But, first, a few words on the scaling properties of the one-point function (@3): The reason why
we previously said that the precise value of the overall factor )y in (B5) and (B7) was ”irrelevant”

was that, by shifting the zero-mode of the field ¢ one easily introduces a KPZ scaling A in the

21



bulk expectation value, and this yields

Q(m,b) . )\(2j+1+(m71)b*2)/2 Q(mb)
J 7o

Then, since 2 also goes as a power n/2 = —(2j + 1+ (m — 1)b=%)/2, its value can be absorbed

and conventionally fixed to any (positive value). In turn, we prefer to write (@3] by replacing

j m—1)b—2 j m—1)b—2
0 ﬂ_F<1 _ b2) (2j+14+(m—1)b"%)/2 R )\ﬂ_r(l _ b2) (2j+1+(m—1)b"")/2 (96)
"\'T(1+?) T(1+b?)

Now, we are ready to study the reflection properties of (@3). Using properties of the I'-

function, it is easy to verify that the following relation holds

2j+1+ 27t . —
Qmb) mb) _plmd) s pmd) 1 )\WF(l )\ (25 4+ 14 (m—1)b7?)
SO = BT o e \Mrae ) =@+ W~ (m— 1)’

where y(x) = I'(x)/T'(1 — x). It is remarkable that the reflection coefficient R;m’b), which is
given by the two-point function on the sphere, arises in this expression. This generalizes what
happens in Liouville field theory and in the Hy” WZNW model, and this is related to the fact
that one eventually associates fields ®; and fields R§m’b)®_1_j_b72(m_1).

Other functional property of the one-point function that is interesting to analyze is how it
behaves under duality transformation b — 1/b. Actually, one can show that ([@3]) obeys

(mb) _ ~(mb=2p71)
077 = D2y,

provided the KPZ scaling parameter \" associated to the function on the right hand side relates

to that of the function on the left hand side through

2
r(1-52)\" T(1— b
)\,77'7( ) = )\7T7< )
[(1+0672) (14 0v?)

Last, let us mention another interesting problem that involves the theories 7,,; formulated
on closed Riemann surfaces and that is in some sense related to the path integral techniques
we discussed here. This is the problem of trying to use the path integral approach developed
in [49] to define higher genus correlation functions for generic m, relating higher genus corre-
lators in 7,,; to higher genus correlators in Liouville theory. Correlation functions on closed

genus-¢g n-punctured Riemann surfaces in the theories 7,,; could be relevant to describe higher
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m-monodromy operators in N=2 four-dimensional superconformal field theories, according to
the recently proposed Alday-Gaiotto-Tachikawa conjecture [59) 60 [61]; this is because n-point
functions in 7, are in correspondence with (2n + 2g — 2)-point functions in Liouville theory
including 2g — 2 + n degenerate fields V,—=. Studying the relevance of the theories defined in

[1] for the AGT construction is matter of future investigation.

This work was supported by UBA, ANPCyT, and CONICET through grants UBACyT X861,
UBACyT X432, PICT-2007-00849 and PIP-2010-0396. The authors thank Lorena Nicolas for

discussions.
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