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Abstract We consider QCD radiative corrections to vector-
boson production in hadron collisions. We present the next-
to-next-to-leading order (NNLO) result of the hard-collinear
coefficient function for the all-order resummation of log-
arithmically enhanced contributions at small transverse
momenta. The coefficient function controls NNLO contri-
butions in resummed calculations at full next-to-next-to-
leading logarithmic accuracy. The same coefficient function
is used in applications of the subtraction method to perform
fully exclusive perturbative calculations up to NNLO.

The transverse-momentum (g7 ) distribution of systems with
high invariant mass M (Drell-Yan lepton pairs, vector bo-
son(s), Higgs boson(s) and so forth) produced in hadronic
collisions is important for physics studies within and beyond
the Standard Model (SM).

The computation of these distributions in perturbative
QCD is complicated by the presence of large logarithmic
contributions of the form In(M 2/q%) that need to be re-
summed to all perturbative orders in the QCD coupling os.
The method to perform the resummation is known [1-8],
including recent developments on the discovered and re-
summed effects [9, 10] due to helicity and azimuthal cor-
relations in gluon fusion subprocesses. The structure of the
resummed calculation is organized in a process-independent
form that is controlled by a set of perturbative functions
with computable ‘resummation coefficients’. All the resum-
mation coefficients that are process independent are known
since some time [11-18] up to the second order in as,
and the third-order coefficient A®® has been obtained in
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Ref. [19]. The complete computations of the second-order
resummation coefficients have been carried out in Refs. [20]
and [21] for two benchmark processes, namely, the pro-
duction of the SM Higgs boson through gluon fusion and
vector-boson production through the Drell-Yan (DY) mech-
anism of quark—antiquark annihilation. The explicit ana-
lytic expressions for the (’)(ag) hard-collinear resummation
coefficients in the case of SM Higgs boson production in
the large-myop limit have been presented in Ref. [22]. This
paper parallels Ref. [22]: we concentrate on single vector-
boson production, and we present the corresponding ana-
Iytic expressions of the second-order hard-collinear coeffi-
cient functions H®.

QCD predictions for vector-boson production at hadron
colliders are important for present and forthcoming stud-
ies at the Tevatron and the LHC. Resummed calculations
of the g7 spectrum of vector bosons and of related observ-
ables are presented in Refs. [23—-39]. Calculations for vector-
boson production at the fully exclusive level with respect
to the accompanying QCD radiation have been carried out
in Refs. [21, 40—-43] up to the next-to-next-to-leading order
(NNLO) in perturbative QCD.

In this paper we compute the hard-collinear coefficient
function H® and, thus, the complete analytical expression
of the NNLO cross section for vector-boson production in
the small-g7 region. These results have a twofold relevance,
in the context of both resummed and fixed-order calcula-
tions.

The knowledge of H® can be implemented in re-
summed calculations at full next-to-next-to-leading loga-
rithmic (NNLL) order to achieve uniform NNLO accuracy
in the small-gr region. In the case of vector-boson produc-
tion, this implementation has been carried out in Ref. [33] by
using the impact-parameter space resummation formalism
developed in Refs. [44, 45]. This formalism enforces a uni-
tarity constraint and thus it guarantees that (upon inclusion
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of H?®) the resummed g7 spectrum returns the complete
NNLO total cross section after integration over g7 .

The subtraction method of Ref. [20] exploits the knowl-
edge of transverse-momentum resummation coefficients at
(’)(ag) to perform NNLO calculations at the fully exclu-
sive level. The Higgs boson coefficient functions presented
in Ref. [22] were used in the numerical computations of
Refs. [20, 46]. The coefficient functions presented in this pa-
per are precisely those that are needed for the actual imple-
mentation of this subtraction method in DY-type processes:
they are used in Refs. [21] and [47] for the NNLO numerical
computations of vector-boson production and of associated
production of a Higgs boson and a W boson. The diphoton
NNLO calculation of Ref. [48] also uses part of the results
of the present paper to treat the quark-antiquark annihilation
subprocess gqg — yy.

This paper is organized as follows. We first introduce our
notation and illustrate the NNLO calculation of the vector-
boson cross section at small values of g7. Then we recall the
transverse-momentum resummation formalism. Finally, we
present our NNLO results in analytic form and the relation
with the gr resummation coefficients at O(ag).

We briefly introduce the theoretical framework and our
notation. We consider the production of a vector boson V
(V = W%, Z and/or y*) in hadron-hadron collisions. We
use the narrow width approximation and we treat the vec-
tor boson as an on-shell particle with mass M. The QCD
expression of the vector-boson transverse-momentum cross

section! is

99 (v M., 5)
— s , §
dq72« qr

1 1
=Zf d“/ dz2 fam (21, M2) forny (22, M)
a.b 0 0

déap
qu

X (qT M, 5 =z1228; Ols(Mz)), (D

where fu/n,; (x, /,L%;) (@ =qyf,qf,g) are the parton densi-
ties of the colliding hadrons (2] and h») at the factoriza-
tion scale wr, and d6,p/ dq% are the partonic cross sections.
The centre-of-mass energy of the two colliding hadrons is
denoted by s, and s is the partonic centre-of-mass energy.
We use parton densities as defined in the MS factoriza-
tion scheme, and ag (V“%e) is the QCD running coupling at
the renormalization scale pg in the MS renormalization
scheme. In Eq. (1) and throughout the paper, the arbitrary
factorization and renormalization scales, (r and ug, are set
to be equal to the vector-boson mass M.

Ity = y* or if the vector boson V is not an on-shell particle, the
transverse-momentum cross section da/dq% has to be replaced by the
doubly differential distribution M2 do/dM? dq?, where M is the in-
variant mass of V.
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The partonic cross sections ddgp /dq% are computable
in QCD perturbation theory as power series expansions in
as(M 2). We are interested in the perturbative contributions
that are large in the small-gr region (¢g7 < M) and, even-
tually, singular in the limit g7 — 0. To explicitly recall the
perturbative structure of these enhanced terms at small g7,
we follow Ref. [22] and we introduce the cumulative par-
tonic cross section:”

%, ds
| e S ar .5 = 0 s ()

Z ZUL(?)VRca—ab(Z7 M/ Qo; OCS(MZ)), 2
c=qr.qy

where the overall normalization of the function RV is de-
fined with respect to aq((f))qf v» which is the Born level
cross section for the quark—antiquark annihilation subpro-
cess qrq s — V (the quark flavours f and f’ are equal if
V = Z, y*). The partonic function RY has the following

perturbative expansion:

RY. (2, M/ Qo; ats)
:Scaafba(l—Z)‘i‘Z((jT—S) (K,(’j_)ab(z M/Qy). )
n=1

The next-to-leading order (NLO) and NNLO contributions
to the cumulative cross section in Eq. (2) are determined by
the functions RV and RV @, respectively. The small-g7
region of the cross section dé,p/ dq% is probed by perform-
ing the limit Q¢ <« M in Eq. (2). In this limit, the NLO and
NNLO functions RV and RV® have the following be-
haviour:

RV

cc(—ah(z M/Qo) = (1 (D

cc<—ah(z) +lo Ccﬁab(z)

+ Riiﬁzb(z) +O(Q3/M?), @

V(2) (2;4) (2;3)
CC(—ab(Z M/QO) = lO cc(—ab(z) + lO cc(—ab(z)
2;2 2;1
+ IR0 @) +10RE L ()

+ R ci(g)ah(z) + O(Q%)/Mz), (5)

where [y = ln(Mz/Q%). In Egs. (4) and (5), the powers
of the large logarithm [y are produced by the singular
(though integrable) behaviour of d6,/ dq% at small values
of gr. The coefficients R(L:m) (withm < 2)and R@m) (with

2In our notation, the subscripts ¢ and ¢ denote a quark and an anti-
quark (or vice versa) that do not necessarily have the same flavour. The
flavour structure depends on the produced vector boson V and it is (im-
plicitly) specified by the specific form of the Born level cross section
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m < 4) of the large logarithms are independent of Q; these
coefficients depend on the partonic centre-of-mass energy §
and, more precisely, they are functions of the energy frac-
tion z = M?2/5. As is well known (see also Eq. (7)), the
logarithmic coefficients R™™ do not depend on the spe-
cific vector boson that is produced by gg annihilation and,
therefore, we have removed the explicit superscript V (i.e.,
I’éV(n;m) — I’é(n;m)).

In this paper we present the result of the computation of
the cumulative cross section in Eq. (2) up to NNLO. The par-
tonic calculation is performed in analytic form by neglect-
ing terms of O(Q%/Mz) in the limit Q¢ < M. Therefore,
we determine the coefficient functions R (z) in Egs. (4)
and (5).

To perform our calculation, we follow the same method
as used in Ref. [22] to evaluate the transverse-momentum
cross section for Higgs boson production. The g7 integra-
tion in Eq. (2) is thus rewritten in the following form:

/di 2 480
) QTd

5 (g7, M, $; as)
qr
+o00 d
E/ dq2 Gazh (gr, M, s;as)
0 dqr

+oo déap .
—/ dq; —5(qr, M, §; )
2 qu

%

=65 (M, 51 as)
+oo R dé’ b R )
—/ dQ%f dy —=>($.qr.M.5;0a5),  (6)
0} -0 dydqg

where G(Z)t) is the vector-boson total (i.e. integrated over

qr) cross section and do,p/dy dq% is the corresponding
doubly differential cross section with respect to the trans-
verse momentum and rapidity (3 is the rapidity of V in the
centre-of-mass frame of the two colliding partons a and b)
of the vector boson. The total cross section a(mt) (M, s; as)
is known [49, 50] in analytic form up to NNLO (i.e., up
to O(aéa‘(,o))). In the region of large or, more precisely,
non-vanishing values of g7, the differential distribution
d6a,/d$ dg? is also known [51-53] in analytic form up
to O(aéo‘(,o)). Using these known results and exploiting
Eq. (6), we can compute the cumulative partonic cross sec-
tion up to the NNLO. Note that gr > Qg in the last term
on the right-hand side of Eq. (6). Therefore the correspond-
ing integration of the expression dé6,p/dy dq% [51-53] over
y and q% is finite as long as Qo # 0: using the explicit
expression of do,p/dy dq% from® Ref. [52], we carry out
the integration in analytic from in the limit Qg < M (i.e.,

3We list some typos that we have found and corrected in some formulae
of Ref. [52]. In Eq. (2.12), BgG has to be replaced by BgG + CgG,

we neglect terms of O(Q(z) /M?) on the right-hand side of
Eq. (6)). The result of our calculation* confirms the logarith-
mic structure in Egs. (4) and (5), and it allows us to deter-
mine the NLO and NNLO coefficients R™ (with m < 2)
and R@m) (with m < 4) of the cumulative cross section in
Eq. (2).

The results of the coefficient functions R™) (z) are con-
veniently expressed in terms of transverse-momentum re-
summation coefficients. Therefore, before presenting the re-
sults, we recall how these functions are related to the pertur-
bative coefficients of the transverse-momentum resumma-
tion formula for vector-boson production [7]. This relation
also shows that from the knowledge of Eq. (5) we can fully
determine the NNLO rapidity distribution of the vector bo-
son in the small-g7 region.

To present the transverse-momentum resummation for-
mula, we first decompose the partonic cross section déap/
dq2 in Eq. (1) in the form d&,, = d6 3" + d6™®. The
singular component, d%b ne) , contains all the contributions
that are enhanced at small g7. These contributions are
proportional to S(q%) or to large logarithms of the type

l/qT ln’"(Mz/qT) The remaining component, da(reg) of

the partonic cross section is regular order-by- order in og
as gr — 0: the integration of d&;;eg)/dq% over the range
0 < g7 < Qg leads to a result that, at each fixed order in «g,
it vanishes in the limit Qg — 0. Therefore, do( cg) only con-
tributes to the terms of (’)(QO /M?) on the rlght hand side of
Egs. (4) and (5).

Inserting the decomposition dé,, = d&
in Eq. (1), we obtain a corresponding decomposmon
do =do"® 4 do @ of the hadronic cross section. The
transverse-momentum resummation formula for the singular
component of the g7 cross section at fixed value of the ra-
pidity y (the rapidity is defined in the centre-of-mass frame
of the two colliding hadrons) of the vector boson reads [7, 8]

560 4500

do ing)
2
dydqry

M2 +o00 b
=— D oy /0 db 2 Jo(bqr) S, (M. b)
c=qy.qy

XZ/ d21/ a’zz

ap,az

X far/m (X1/21, B /b?) fany iy (x2/22, B /b?), ©)

(y.qr. M., s)

2]cé;a1a2

and C;’ Y has to be replaced by Cg % I Eq. (A.4), two signs have to be
changed: B?G has to be replaced by —BiIG, and A7C has to be replaced

by —A9G  In the first line of Eq. (A.10), the term Cr(fy, — fs — ft)
has to be replaced by C4(fy, — fs — f1).

4Some technical details related to the limit Qo < M are illustrated in
Ref. [22].
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where the kinematical variables x; (i = 1,2) are x| =
etYM//s and x, = e"YM/\/s. The integration variable
b is the impact parameter, Jo(bgr) is the zeroth-order
Bessel function, and by = 2¢~YE (yg = 0.5772... is the
Euler number) is a numerical coefficient. The symbol
[HFC, C21¢é.a1a, briefly denotes the following function of
the longitudinal-momentum fractions z; and z»:

[H bY e 1C2]

cciayay
= H)Y (as(M?))Cea, (215 s (b5/57))
x Céay (Zz; as (b(z)/bz)), ®)

where HtPY(oes) and C¢,(z; as) (¢ =gy, qy) are perturba-
tive functions of ag (see Egs. (12)—(13)).

The quark form factor S, (M, b) in Eq. (7) is a process-
independent quantity [7, 8, 11-13]. Its functional depen-
dence on M and b is controlled by two perturbative func-
tions, which are usually denoted as A, (as) and B, (as) (see,
e.g., Ref. [10] that uses the same notation as in Eq. (7)).
Their corresponding nth order perturbative coefficients are
A% and BY". The coefficients A%, B{", A® [11-13] and
3,52) [14, 15] are known: their knowledge fully determines
the perturbative expression of S, (M, b) up to (’)(ozé).

The perturbative function H[}DY(aS) in Eq. (8) is pro-
cess dependent, since it is directly related to the production
mechanism of the vector boson through quark—antiquark an-
nihilation. However, H qDY is independent of the specific type
of vector boson V (V = W=, Z, y*), and we have intro-
duced the generic superscript DY.

The partonic functions Cy 4 and Cy,, in Eq. (8) are in-
stead process independent, as a consequence of the univer-
sality features of QCD collinear radiation. Owing to their
process independence, these partonic functions fulfil the fol-
lowing relations:

Cyrqp(z:as)

= Cyr, (2 a8)

= Cyq(z;08)8 ppr 4+ Cyqr (25 a5) (1 — 8 541), ©)]
Cysgp (T 0t5)

= Cirqp (T3 08)

=Cyq(z;a8)drp + Cygr(z; as)(1 — 8577, (10)
Cyre(zsas) = Cgpe(zs as) = Cge(zs as), (11)

which are a consequence of charge conjugation invariance
and flavour symmetry of QCD. The dependence of the ma-
trix C¢q on the parton labels is thus fully specified by the
five independent quark functions Cgy, Cyq'» Cyqg, Cyqq and
C,¢ on the right-hand side of Egs. (9)—(11).

We recall that the function H{?Y(as), the quark func-
tions Cy,(as) and the perturbative function B, (as) of the

@ Springer

quark form factor are not separately computable in an un-
ambiguous way. Indeed, these three functions are related by
a renormalization-group symmetry [8] that follows from the
b-space factorization structure of Eq. (7). The unambiguous
definition of these three functions thus requires the specifi-
cation® of a resummation scheme [8]. Note, however, that
considering the perturbative expansion® of Eq. (7) (i.e., the
perturbative expansion of the singular component of the gr
cross section), the resummation-scheme dependence exactly
cancels order-by-order in ag.

The perturbative expansion of the quark functions
Cya(as) and of the vector-boson function H[;DY (as) is de-
fined as follows:

o0 n
o
Cya(zi ) =8448(1 —2) + ) (;S) Ci(2),
n=1

(a=¢.9.9.4'.7). (12)

oo n
s
HYY (as) =1 +§ :(;> HPY®. (13)

n=1

The first-order coefficient function C, élg) (z) is independent of
the resummation scheme; its expression is [14, 15]

ci( ~La 14
P Z)_EZ( —2). (14)

The first-order coefficients C;;)/(z), C;g)(z) and C;g),(z)
vanish,

Dy _ Dy Dy —
qu/(Z) - qu (Z) - qu/(z) —_— 07 (15)

while the coefficients Cy (z) and Hy* " fulfil the follow-
ing relation [14, 15, 17, 18]:

1
Cod @+ S HY Vo1 —2)

_CF 7'[2
= 7((7 —4)8(1 —z)+1—z). (16)

The separate determination of Cc(];) (z) and H,? Y requires

the specification of a resummation scheme. For instance,
considering the resummation scheme in which the coeffi-

cient HqD YU Vanishes, the right-hand side of Eq. (16) gives

the value of Cfllq) (z), and the corresponding value of the

5The reader who is not interested in issues related to the specifica-
tion of a resummation scheme can simply assume that H;DY(oes) =1
throughout this paper. The choice H(?Y (as) =1 is customarily used in
most of the literature on g7 resummation for vector-boson production.
5The resummation-scheme dependence also cancels by consistently
expanding Eq. (7) in terms of classes of resummed (leading, next-to-
leading and so forth) logarithmic contributions [44].



Eur. Phys. J. C (2012) 72:2195

Page 5 of 9

quark form factor coefficient Béz) is explicitly computed in
Refs. [14, 15]. The computation of the second-order coeffi-
cients CC(IZq), C;zq),, C;zq), C;?,, Cy (2) and H, DY) is the aim of
the calculation described in thls paper

To the purpose of presenting the NNLO results for the
cumulative cross section in Eq. (2), we also define the fol-

lowing hard-collinear coefficient function:

1 1
Hoy (@i as) = H,?Y(as)/(; dzlfo dz28(z — z2122)
X Cqa(z1; as)Cgp(22; @s), (17)

which is directly related to the coefficient function in Eq. (8).
The function HPY depends only on the energy fraction z,
and it arises after integration of the resummation formula
(7) over the rapidity of the vector boson. Note that HPY is
independent of the resummation scheme [8]. The perturba-
tive expansion of the function HPY directly follows from
Egs. (12)—(13). We have

qu(_ab(z; as) = 84adqpd (1 — 2)
o0 as
(%)
n=1

where the first-order and second-order contributions are

Hog<ap(@): (18)

2PY()

Mo oy (@) = 84a8358(1 — 2) HPY

+84aC5p (2) +83C ) (2), (19)

2PY®

HY2) (@) = 8gabgp8 (1 — DV HPY® +54,CL) (2)

+855CS2 (2)
+ HPYD (8,4C5)) (@) +83C L) (2)
+(ch ®cly)@. (20)

In Eqg. (20) and in the following, the symbol ® denotes
the convolution integral (i.e., we define (g ® h)(z) =
fydz1 [y dz28(z — 2122)g (1) h(22))-

In the limit Qg < M, the perturbative expansion of the
cumulative partonic cross section in Eq. (2) can directly be
related to the resummation coefficients of Eq. (7). We refer
the reader to Ref. [22] for a concise illustration of this re-
lation and to Ref. [44] for more technical details. The NLO
and NNLO functions RV® and RV® in Egs. (4) and (5)
have the following expressions:

V 1

RyAD (2 M/ Qo)
DY(1;2)
qq<—ab

+Hyy L0p(2) +O(0F/ M), 21)

@+l X5 L) @)

= 10 qq<—ab

5V(2)

RyA? (2. M/ Qo)
=l Z 8 @+ BN @) + 15, %0 @)
+o(Z %) (@) — 16537 20 (2))
+ (Hpg 200 — 453 55 550 () + 0(03/ 7).

(22)

where we have used the same notation as in Ref. [44]. The
explicit expressions of the coefficient functions 2;);& ;rb")( )
in terms of the resummation coefficients are given in
Egs. (63), (64), (66)—(69) of Ref. [44] (we have to set
Ur=pnr =0 =M, where ug, ur and Q are the auxiliary
scales of Ref. [44]) and are not reported here. The coeffi-
cients H 43 S; » and HD;(jt)lb are exactly those in Egs. (19)
and (20) (they are also given in E(fs (65) and (70) of
Ref. [44]) The first-order terms P PO ab and Z‘DY((_l a}?) de-
pend on the quark form factor S, (M b). The second order
DY (2;m) DY( )

qq<ab qq<—ab

factor S,(M,b) up to (’)(ag). The numerical coefficient
3~ 1.202 ... (& is the Riemann ¢-function) on the right-
hand side of Eq. (22) originates from the Bessel transfor-
mations (see, e.g., Egs. (B.18) and (B.30) in Appendix B of
Ref. [44]).

We now document our results of the NNLO computation
of the cumulative partonic cross section. Using Egs. (21)
and (22), the results for RV and RV® allow us to ex-
tract XPY05m) and HPY™W yp to O(aé). The explicit re-
sult of the NLO function RV (z) confirms the expressions
of E%Yﬁﬁ) (2), E%YS;},) (z) and Ht?ggib(z), as predicted
by the g7 resummation coefficients at O(as). At NNLO,
the present knowledge [11-15] of the g7 resummation co-
efficients at (’)(ag) predicts the expressions of the terms

FPY@m) oy \with m = 1,2, 3, 4. Our result for the NNLO

qq<ab
function RV® (z) confirms this prediction, and it allows us
to extract the expllclt expression of the second-order coeffi-
cient function H>"
We obtain

terms X depend on H and on the quark form

qq <—ab( 2).

DY(2)
qu%qq( 2)

_ 7¢ 101 1
_CACFK 2 27)(1—z>+

N 5923 1535+215n t 5(1—2)
18 192 ' 216 240 ¢

1+z2/ Lis(1—
n _Liz(1-2)
1—z 2

+ Liz(2)

_ Lix(2)log(z)

1 1,
5 — ELIZ(Z) log(1 —z) — 7 log”(z)

L 1og2(1 — 2)Tog(z) + =72 log(1 — 2) i
_ 1 Ao 1. T
p o8 TRl el mU T g
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1 1 2
+1TZ<—Z(11—3Z );3

1 2 2
— g (7 T2z + 1)log’@)

1 2
— — (832 — 362+ 29) log(2) + E)

36 4
+(- z)<L12(Z) 4 llog(l e log(z))
2 2
z+ 100

1
77 + Zzlog(l — Z)}

e 11
MR 27\1=2),

1
—(192 1143 — 15272)8(1 —
+864(9;3+ 3—1527%)8(1 — 2)

(1+23)
72(1 —2)

log(z)(3log(z) + 10)

1
(=197 —37
TR )}

51 511 677x%  17x*
+Cry | -156+————+—— )81 —2)

4 16 12 45

1422 (Liz(1 —2) _ 5Li3(z)
2 2

-z
3Lix(z) log(z)

1
+7Liz()log( —2) + 5

3 1
+ 7 log(@) log*(1 — 2) + 7 log*(2) log(1 —2)

I, 5¢3
— — 7210e(1 — =
" og(l —z) + ) )

+(1-2) (—Liz(z) — %log(l —2)log(z)

22 29 1
-~ =z (1 log3
+ 3 4)+24( +2)log’(z)

1
<— (=222 +2z +3) log*(2)

1—2z\8

+ %(m2 — 13z +4) 10g(z)>
- ilog(l - Z)}
“FCF{%(I —2)(22* —z2+2)

Liz(z) 1 72
X < 5 + glog(l —27)log(z) — —)

36

1
— (1 —2)(136z% — 143z + 172
+216Z( 2)(136z 2+ 172)
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1

T (822 + 3z +3) log?(2)
1 2

+ %(321 — 30z +21) log(z)
1

+ 5,1+ 1og3(z>}, (23)

DY(2)
Hqé&qé’ (@)

_e g
_CF{12Z(1 (227 —z+2)

72
X (Liz(z) +log(1 — z)log(z) — 3

N——"

1
—— (1 —2)(1362% — 143z + 172
+432Z( 2)(1362 2+ 172)

1 1
— (1 +2)log*(z) — — (82> + 3z + 3) log?
+48( +2)log’(2) 96(Z + 3z +3)log”(z)

1
+ i(3222 — 30z +21) log(z) } (24)

1 1+ 2% (3Li3(—2)
DY(2) _ ! 3
H%HM(Z)_CF<CF 2CA){ 1+z < 2

1 B Liz(—z)log(z)
1+z 2
3 Liz (z) log(z) B 1

— 10g3(z) - llog3(1 +2)
2 24 6

+ Liz(z) + Lis (

1 5 2 3¢
+ Zlog(l +z)log”(z) + E10g(1 +27)— T)

Liy(2) 1 15
—log(l1 —2)1 —
> + > og(l —z)log(z) + A )

+(1—z)<

- %(1 + z)(Liz(—z) +log(z) log(1 + z))

72

1
+ ﬁ(2—3)+ §(111—|—3)log(z)}
1 2
+CF{1—2Z(1 -2(227 —z+2)

72
X (Liz(z) +log(1 — z)log(z) — ?>

1
—— (1 —2)(1362% — 1437 + 172
+4321( 2)(1362 2+ 172)

1
— —(8z% +3z43)log?
96(Z+z+)og(z)

1 2
+ i(32z — 30z + 21) log(z)

1
+ 51 +z)log3<z>}, (25)
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H
H

DY (2)
9949

DY(2)
q99<q8 (@)

DY (2)
9949

()=H (2),

= a1 - 9(112 — 2+ 2)Lin(1 — )
N 122 ’

Liz(1 —
+ (ZZ2 —2z+ 1)(713(8 2)

1 1
— gLiz(l —2)log(1 —z2)+ Ty 10g3(1 — z))

3Li3(—Z)

+(2z2+2z+1)< :

Liz(132)  Lix(—2)1 1
4 Bt)  Lb(D) Og(z)__10g3(1+z)

4 8 24
+ L log2(2)log(1 + 2) + — 72 log(1 + 2)
T og”(z)log z 48” 0g z
1
+ 721+ 2)Lia(~2) +zLis (2)
I )
- Elez(l —2)log(z) — zLi2(z) log(z)
3 14972
— (22 +1)ea —
8( z°+ )§3 216
1
— — (4472 =127+ 3) log?
96( z z+3)log*(z)
1
+ ﬁ(68z2 + 6712z — 30z + 21) log(z)

72z 437 43 1
—F =+ —+

—(2z+ Dlog?
21 T ag Tios; Tag BT DIeg@

1 1
— 52log(1-2) log?(z) — g - 2zlog?(1 - 2)

n %z(l +2)log(1 + 2) log(z)

1 35
+ E(S —4z7)zlog(1 —z) — E}
Liz(1 —
+CF{(2Z2—22+1)<§3— %

Li 1
— 138(Z) + gLiz(l —z)log(l —2)

N Liz(z) log(z) _ i
8 48

log3(1 —2)

1 2 1 2
+ —log(z)log” (1 — z) + Tz log“(z) log(l — z)

16

322 1, , 3
— (422 =274 1) 1log’(z

g 96(2 z+1)log’(2)

1
+ a(—8z2 + 12z + 1) log*(2)

(26)

1 2
+ 3—2(—81 + 23z 4 8) log(2)

11z

1
—(1 —7)zlog?(1 —
7 +8( Z)zlog™ (1 —z)

5 5
+ﬁ7[ (1—-2)z+
1
- 4_1(1 —2)zlog(l — z)log(z)
L3 —40)zlog(1 — 2) — = @
_E —4z)zlog(l — 2 _ﬁ}’
1
H?;f;g(z) = —g (1 —z+ 5(1 +2) log(z)>, (28)

where Cp = (N? — 1)/(2N,), Cao = N (N, is the number
of colours in SU(N.) QCD), nr is the number of quark
flavours and Lix(z) (k = 2,3) are the usual polylogarithm
functions,

. *dt
Lix(z) = —/(; s In(1 —1),
29)

1
Lis(z) = fo %n(r)ln(l ).

We comment on the vector-boson results in Egs. (23)—
(28) and on the ensuing determination of the second-order
: 2 ~@ 2 ~©@ (2 DY(2)
coefficients Cgy, qu,, Cqé, quw C4e and H, in
Egs. (12) and (13).
DY (2)

The parton matrix H 4G <ab is completely specified by the

six entries’ in Eqgs. (23)-(28): the quark—quark functions

DY(2)  ,DY(2) DY() 1 ,DY(2)
Myg ez Nagqa Mea<aq Magqq the qua;i?iluon

. DY (2) .
functlgn H 5 qe and the gluon—gluon function H 5~ .
Using Eq. (20), in the gluon—gluon channel we have

HAY® (@ =(ch @ c)@. (30)

We see that the second-order coefficient function H:,);fi; ¢ (2)

is fully determined by the g7 resummation coefficients at
O(as). Using the value of C;}g) in Eq. (14), the expression
on the right-hand side of Eq. (30) is in complete agreement
with the result in Eq. (28). Therefore, our explicit compu-
tation of the NNLO partonic function Ié;/q(a g Tepresents a
consistency check of the resummation formula (7).
Considering the quark—gluon channel, Eq. (20) can be re-

cast in the following form:
1
Cip @+ 3 H V@)

1
DY (2) DY (1) 1)
= Hyg g5 = 5 (Hygeqq ® Cgg) @) 31)

"The other non-vanishing entries are obtained by the symmetry rela-

tion HPY »= HPY __ Several entries of the second-order matrix
qq<a qq<ba
HqD;fflb are vanishing because of Eq. (15).

@ Springer
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DY (1) (2) = H;)Y(l)

1G<4qd (1 — z2) +
ZC;}]) (z) (see Eq. (19)). The relation (31) can be used to de-
termine C C(,? (z) from the knowledge of 'HE;LZ; ¢ and of the
qr resummation coefficients at O(«s). Inserting the first-
order results of Egs. (14)—(16) in Eq. (31), we explicitly

have

where we have used H

1
Cog @+ 7HVz(1 - 2)

8
C 1
= H?;f;g(z) — TF [z log(z) + 5(1 —2%)
2
n (% —4>z(1 —z)], (32)

where HqD;f()] p is given in Eq. (27). Note that the right-hand
side of Eq. (31) (or Eq. (32)) is resummation-scheme in-
dependent. Analogously to Eq. (16), the dependence of C;zg)
on the resummation scheme is thus parametrized by the first-
DY() o1 the left-hand side of Eq. (32).

order coefficient H,
The process-independent coefficient functions Cﬁ; (2),
C;zq),(z) C;? (z) and C;zq),(z) are obtained analogously to

Ctg? (z). Considering the flavour diagonal quark—quark
channel, Eq. (20) gives

3
22 (2) +8(1 — [ HPY? — Z(H;)Y(l))z]

1
+ —HDY(I)HD—Y(l) -(Z)

2 q 99 <4949
1
_1,DY(2) L DY(1) DY(1)
=H,5 45 4(qu(_qé ®qu<_qq)(z), (33)

where the right-hand side of Eq. (33) is expressed in terms
of resummation-scheme independent functions. Inserting
Egs. (14)—(16) in Eq. (33), we explicitly obtain

3 2
2 DY(2 DY (1
20;;<z)+5(1—z)[Hq @ —2(HD)

Cr, » DY(1) 1 DY (1)
+T(7T —S)Hq +§CFHq (I—Z)

(% —8)?

= HPYD (1) — Cr §(1—2)
q 4 4

q49+<q

+(n2—10)(1—z)—(1+z)1nz}, (34)

DY(2) .. _: : (2)
where qu Zgq is givenin Eq. (23). We observe that Cgy (2)

includes a resummation-scheme dependent part that de-
pends on H(}) YD and H;) Y2 We also recall [8] that the

resummation-scheme invariance relates Cézq), H;) Y and
the third-order coefficient B(?) of the quark form factor.

@ Springer

Considering the flavour off-diagonal quark—quark chan-
nel in Eq. (20), we obtain

2 _1/DY(2)
Cqé (@)= Hqéeqq(z)’

@y _ /DY
C2@) =HYD (), (35)

(@) _ 1/DY(©®)
Cqé’ (@)= Hqéeqq’ @),

DY (2) DY (2) DY (2) . .
where qu(_q-,, H i<qq° and ’qu(_qq, are glvefl in
Egs. (24)—(26). The off-diagonal second-order coefficients

C;? (2), C;?, (z) and C;Zq_), (z) are resummation-scheme inde-
pendent. From Eq. (26) we observe that we have C;i)/ ()=

C;?, (2). The equality between C,q/(z) and Cyg/(2) is ex-
pected to be violated at higher perturbative orders (i.e., we
expect qu), (z) # C[Si)/ (2)).

In this paper we have considered QCD radiative correc-
tions to vector-boson production in hadron—hadron colli-
sions. We have presented the analytic result of the NNLO
calculation of the vector-boson cross section at small values
of g7 (see Egs. (2) and (5)). The NNLO result is compared
(see Eq. (22)) with the predictions of transverse-momentum
resummation. The comparison gives a second-order cross-
check of the all-order resummation formula (7), and it al-
lows us to determine the previously unknown resummation
coefficients at O(ag). These are the coefficient functions

HqD; f_zglb (2) (see Egs. (23)—(28)) and the related coefficients

C,gzg), C;%I), C;i)/ (2), Cﬁ; (z) and C;?, (z) (see Egs. (32), (34)
and (35)), which control the dependence on the rapidity of
the vector boson. The knowledge of these second-order co-
efficients is relevant for phenomenological applications of
both resummed and fixed-order QCD computations. These
coefficients have been already implemented in resummed
calculations of the inclusive gr distribution at full NNLL
accuracy [33]. Using the method of Ref. [20], the same coef-
ficients have been used to perform the fully exclusive NNLO

perturbative calculations of Refs. [21] and [47].
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Note added Shortly after the Journal submission of this paper,
Ref. [54] presented an NNLO calculation of the vector-boson
transverse-momentum distribution at small gr. In particular, the

DY (2)

second-order quark—quark coefficient function -(2) or, equiv-

94449
alently, the quark-to-quark coefficient function C((,%,) (z) (after having

set HqD O HqD YQ 0) is computed by using a method (based

on transverse-momentum-dependent parton distributions) that is com-
pletely independent of the method used in our calculation. The result of
2 (2) obtained in Ref. [54] fully agrees with that in our Eq. (34). This
agreement is a relevant crosscheck of the result of the two independent
calculations.
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