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Abstract

In this paper we study two entropic dynamical models from the viewpoint of information geom-
etry. We study the geometry structures of the associated statistical manifolds. In order to analyse
the character of the instability of the systems, we obtain their geodesics and compute their Jacobi
vector fields. The results of this work improve and extend a recent advance in this topics studied

in [13].

1 Introduction

The evolution of some systems could be predicted with certitude, however in some cases, by the
complexity of the system, lack of information, etc, the predictions of final states can be done at the
best only by assigning probabilities. Examples of these system could be found in biology, ecology,
chemistry, physics, and economics. Some authors believe that quantum mechanics might be derived
by the laws of probability inference, as well as happens with thermodynamic (see for instance [5] and
[7]). Entropic Dynamics (see [§]) provided a tool that could be useful in the study of the dynamics
of certain complex systems. Roughly, given a system, the Entropic Dynamic make use of maximum
relative entropy principle in order to determine a statistical manifold that model it. This statistical
manifold represent the total macro-states of the system (i.e., probability distributions). To obtain this
manifold, firstly we have to determine the micro-states and the constraint of the system. For instance,
if we want to study the dynamics of k particles in a [-dimensional Euclidean space, the micro-states
could be the [k-random variables x = (x1,...,2%) € R* with z; = a:}, e ,xé and distributions p]
that represent the position of the particles. The constraints could be the expected values or the
variances of p!, or some extra knowledge, for instance, if these distributions are correlated or not.
These constraints are the only testable information that we can get from the system. In order to get
the family of distributions that better fit to the system we maximize the relative entropy functional
(see [7]) given a prior probability density (the uniform distribution). In the case that the constrains
are the expected valued u] and the variance v] of p! and assuming that 2/ are independent distributed
random variables, then we will get a statistical manifold S of dimension 2k parametrized by a function
¢ over some open set of R?¥

((u%,v}),...,(ui,vé)) — ¢<(u%,v}),...,(u2,vf€)) = (p%,...,pll,...,p,lg,...,pi) €s.
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We are going to consider the geometry of the manifold S induced by the Fisher information metric
g (see section [ for the definition). The evolution of the system can be seen as a continuous path
in S. The entropic dynamics principle claims that the system evolves followings the geodesics of
the Riemannian manifold (5, g). Therefore, the curvature of (5, g) encoded some information on the
dynamic of the system. So, the task is to study the geometry of (S, g) from the Information Geometry
viewpoint (see [I] and [2]) in order to understand the features of the system under consideration.
There are several references related with the study of entropic dynamical models from the viewpoint
of information geometry, see for instance [4], [5], [I1] among others.

Nevertheless, there does not exist a general standard procedure to set up the appropriated con-
straints for a given system. Most of the time this must be done by intuition or by some experimental
data. So, it seen important to understand the geometry of some statistical models. In the present
article we study some statistical manifolds that appear in several fields, such as physics, biology, social

sciences, economics, see for instance [10], [15], [16], [17], [18], [9], and [14], among others.

The aim of present article is to extend and study two entropic dynamical models introduced by
Peng, Sun, Sun, and Yi in [13].

In [13], the authors studied the character of the instability of two entropic dynamical models:

e Mj: with a statistical manifold induced by a family of a joint Gamma and Exponential distri-
butions

e My: with a statistical manifold induced by a family of a joint Gamma and Gaussian distributions.

From the study of the geometry of both models, they found out that M; have first order linear
divergent instability and Ms have exponential instability.

The first model that we consider is given by the statistical manifold induced by the k—joint one
parametric exponential family (it model a system of uncorrelated k particles). Second, we study a
system of two correlated particles modelled by the statistical manifold of the multivariate Gaussian
probability family. Finally, we discuss how these models can be combined in order to generalize the
obtained results to a large class of models.

The paper is organized as follows. In Section 2, we introduce a k-dimensional statistical manifold
induced by densities of a one parameter exponential family and we study its geometrical structure. We
analyse the character of the stability of this model when k = 4. In section 3, we study the geometric
structure and the stability of a Gaussian statistical manifolds with correlations. Conclusions and some
extensions are presented in Section 4.

2 Geometric structure and stability of k—dimensional statistical man-
ifold

We refer the reader to [I] and [I2] for definitions and standard results concerning to the geometry of
statistical manifolds.

We consider a system of k particles in a one dimensional space named x = (x1,...,x;). We assume
that all information relevant to the dynamical model comes from the probability distribution which in
this case is the joint distribution of k independent one parameter exponential family. More precisely,



we consider the following joint density function

k
p(x,0) = h(x) exp <Z(ns(08)Ts(xs) - 75(98)))

s=1
with @ = (01,...,0k), x = (21,..., k), Ts is a continuous function and 7, and 74 are twice-differentiable
functions for s = 1,..., k. Therefore, we can define the associated statistical manifold as follows

k
My, = {p(x, 0) = h(x) exp (Z(ns(HS)TS(wS) - 75(98))> s eRfors=1,...,k } .

s=1

We are going to consider My endowed with the Fisher-information matrix. This metric is proportional
to the amount of information that the distribution function contains about the parameter. Recall that
the local expression of the Fisher-information metric with respect to the coordinate system 6 is:

9ij(0) = E(0;1(6)0;1(0))

where 0;1(0) = %log p(x,0). It is easy to see that the Fisher-information metric on M} can be
computed as

9ij(0) = E ((mi(0:) T (i) — 7i(0:)) (11 (0:) T (5) — 7;(65))) -
Since the variables =5 (s = 1,...,k) have density function belonging to one parameter exponential
family, the expected value and the variance of Ty can be computed easily in terms of 75 and ~5. Indeed,

B '7;(93) ar _ VQ,(HS)U;(QS) - 7§(98)77g(98)
Bl =y Vortdd) CACAIE ‘

From the independence of the variables x5 we have
0:)m;(0:) — ~i(0:)m; (6s)
1;(0:) 7

where 0;; is the Kronecker’s delta. Note that we have assumed uncoupled constraints between the
micro-variables. This assumptions leads to a metric tensor with trivial off diagonal elements.

9:;(0) = 6, (n}(6:))* Var(T;) = &;; 7 (

The inverse matrix of ¢ is

- T 1(61) 173, (Or)
g~ =lg"] = diag ( n . ) :

A (O0)n, (01) — 1 (01)n7 (61)" 7 A (0r) ;. (0x) — Vi (Or )1yl (Or)

The length element is given by

 (0:)1;(05) — 7i(0i)ni(0:)
ds? = giydos0; = 3 2 O) = 3O 60) o
S 2@: ;(0:)

and the volume element is

//,/,_/,//,1/2
AV, = /g dby A - A dby, = (H i (9’)”1'(9’73,(9?(92)”2' (9’)) Ay A - A dby. (1)

where /g = \/det(gi;).



Recall that the Christoffel symbols Fﬁj is defined by Féj = Fijsg“ (4,7,l,s =1,2,...,k) where

1
Lijs = 3

For this model the Christoffel symbols that are not zero are:

(algjs + a]gsz - 8892])7 i,j,S = 17 s 7k'

77" (0:) (0 (6:))* — vi(0:)ni" (0:)m};(6:) — nf (8:) (v’ (6)7;(0:) — i (Bs)nf/ ()
2n;(0;) (v (0:)n;(0:) — i (0:)n; (0:))
1 <%(”(9i)77§(9i) — Aj(0)n" (0:) 77;’(@))
AL (0:)n;(0:) — i (0:)n (0:)  mi(6) )

i
i =

2

The Ricci curvature R;; is defined by R;s = Rijslgﬂ i,7,8,0l =1,...,k where
Rijq = (0,15, — OiTY,)gu + (Tjul, — Dinl%,).

S
Therefore, it is easy to see that the curvature tensor components are all zero and the scalar curvature
Sy = 0.
Recall that the geodesic equations are given by the following non linear system of second order
ordinary differential equations:

PO, 1 00,00, _

o2 T igr or -
From (2)) we obtain that the geodesics are determined by the following k differential equations:

920, . (00;\* .
ﬁ“‘rii(E) =0 for 1=1,...,k. (4)

0 fori,j5,0l=1... k. (3)

Remark [2l1: The entropic dynamical model M; studied in [I3] (Section 3) is a particular case
of the model introduced in this section. More precisely, taken k = 2 , n1(6;) = 5—1”, n2(02) = 5—21,
7 (61) = —pln(61), 72(02) = —In(h2) and h(x) = ﬁazp_l we get Mj. Therefore, the results given in
this section extend those ones obtained in [13] .

2.1 Instability

In this section we consider a system of 4 particles in a one dimensional space. We assume that
the particles x = (z1,...,24) (the micro-states) do not interact between them and are distributed
according to Poisson, Pareto, Laplace, and Weibull distributions, respectively. More precisely, the
joint probability density function is

b
07l e o oprry 1 bbbt T
p(x,0) = p Ora” 5 20, (2 o e % (5)
with 6; > 0 for ¢ = 1,...,4. This is a particular case of the entropic dynamic model introduced in the
previous section. Indeed, taking k = 4 and
m(61) = In(61) Y1(61) = 0
?’]2(92) = —(92 + 1) 72(92) = — ln(62) — 92 ln(a)
13(03) = —7; 73(f3) = In(263)
ma(0s) = =g V4(0a) = bIn(64) — In(b)

W



(a and b are fixed and known) M, modelled the system described above. From (@) we get that the
geodesic equations are

2o _ 1 (00’ “
R2r 20, \ or
9%0; 1 /06;\> .
2 5 <E> for i = 2,3, 4, (7)
whose solution is
01(1) = A1 (t+ B1)*  0i(r) = AieP™ for i=2,3,4 A;eR—{0},B; €R. (8)

Let A = (Ay,...,A4) (4; #0) and B = (By,...,Bs). We denote with aa B the geodesic obtained
from replace A and B in (). The arc-length of aa B between aa B(0) and aa B(7) is

T N\ 2 1/2 T
(" (apaB) = / (Z gii (%) ) ds = / (44, + B2 + B2 + v2B2)"* ds
0 z 0
= (44, + B2+ B2+ 1*B3)"* ~.

Note that the geodesic length is independent of Ay, A3, A4 and B;. The difference of the length of two
geodesics with close initial condition diverges. For instance,

D(7) = |07 (a(a,4s,...,40),B) — £ (@AB)| =700 +00.

From ([I), we have that the volume element is
1\"? 1
dVg = <0—1> b929394d01 AdbBy A dfs A\ dby.
Thus the volume of an extended region of My is
01(r) 02 04(7)
AV, (1 / / /3(0 /94(0 dV, = 21/ A; By B3By(1 + By)7°

and the average volume is

1 T B
T/AVM4 = 20/ A1 By B3 Ba( + 1)

This quantity encodes relevant information about the stability of neighbouring volume region. The
asymptotic behaviour of the average volume has diffusive expansion that increase as a polynomial
function.

Finally, we study the temporal behaviour of the Jacobi field equation which is a natural tool to
analyse dynamical chaos (analysing the geodesic spread). First, we recall that the Jacobi field equation

(see [3]) is

D%J; . 00% 90
D2~ g Ingy ©)

5



with J = (J1, Ja, Js, J4), Réml = 8mff;l — 8kfinl + Filfink — anlff;j and the covariant derivative is
defined as follows

) . s 9pk

D%*J;  9%J;
N tor or

RN e
D72 or? MRt or Ot

J.

In our case, the fact that the entropy dynamical model is uncoupled implies that R};ml = 0 for all
i, k,m,l. Therefore the relative geodesic spread characterized by the Jacobi field equation is given by
the following set of second order differential equations:

82Jl 8J1
(T+B1)2 87’2 _2(7—4‘31)?4—2(]1 = 0
2 7. :
83;22 _2Bi%+3i2ji = 0 for =234

Hence the coordinates of the Jacobi field are given by :

Jl(T) = a171(7'+B1)

Ji(r) = (al,i+a27i7)€BiT for ©=2,3,4,

where a; ; are integration constants. From this we can compute the square norm of the Jacobi field

(II711* = \/gijJiJ;). We have that

HJHQ _ i n a2+ ag 2T 2 n a3+ as 3T 2 (s Q1,4+ ag 4T 2
Ay Ao As Ay

This shows that the Jacobi vector field intensity diverges polynomially.

3 Geometric structure and stability of Gaussian statistical manifold
with correlations

In the previous sections, we analysed the geometry and the instability of a model of k particles with
no interaction between them. In this section, we will consider two particles that interact between
them with a certain correlation. More precisely, we will consider a Gaussian statistical manifold in
presence of correlations. Recall that the density function of two random variables with joint Gaussian
distribution is given by

(x,0) ! e !
= X e —
P 2102/1 — 12 P 202(1 — r?)

where @ = (g, pty,0), z,y € R and |r| < 1 is a known parameter. Let us denote with Mg the
statistical manifolds associated to p given by

(o — ) — 20z — 1)y — i) + (y — py)?] } . (0)

Mg = {p(x,0) : with pz,puy, € R, o> 0}.

Note that the system is really different than the one we have analysed in the previous section. The
coupled constraints would lead to a metric tensor with non-trivial off-diagonal elements given by the



covariance terms. We compute the matrix of the Fisher-information metric [g;;]a,, and its inverse
(9" ] M

> =% 0 ) 1 70
[9i5] = U% = 1_17,2 0 [g"]=0c*| 7 1 0
0 0 4 00 1
Then the non zero coefficients I';;;, of the Levi-Civita connection are:
g =T = m iz =Tz = I'g11 = I'go0 = ﬁ Fy33 = =3
oz =Thos = gmzs Tise = Tost = e = Daon = s
Therefore, the non zero Christoffel symbols are:
3 _ 13 _ 1 3 _pl 12 _pl 2 _ -1
Iy =15 = 1) g3 =Ty =153 =13 =13 =+
P3 _ F3 _ —r
21 = 112 T 10—2)0
The non zero components of the curvature tensor are:
Ry212 = Ro121 = m Ry291 = Ra112 = m
Rizps = Roziz = R332 = qoayor . Mazis = Rasas = Rz = ﬁ
The components of the Ricci curvature are:
Ri=Rp= -  Ry=Ry=-—"  and Ry=—
= = s = = an = —.
11 22 (1 = 12)o? 12 21 21 —1%)o? 3= 5

From this we conclude that Mg is a manifold of constant negative scalar curvature. More precisely,
Sne = —%. The sign of the scalar curvature is an expression of chaos. Negative scalar curvature is a
sufficient condition for the presence of local instability.

The geodesic equations for this model are:

82/.11 _ 28,U«z 6_0'

92t~ o Ot Ot

Ppy _ 201y do

2r ~ o or or (11)
L W% ES WY 77 S 77 R U Y

0%t — o \oT 4(1-12)o or or 4(1—r2)o O OT °

A set of solutions of the system (1) is given by

ot ot and e
- ml 4 20T’ 'uy(T) - yl 4 20T an U(T) - 1+ 20T

2 2_9 -
where O = 1,/G¥C2C:Cy

Let ac, ¢, be the geodesic obtained from replace C;, Cy and 7 in [I2)). The arc-length of ac, ¢,
between ac, c,-(0) and ac, c,.-(7) is given by

fhar(T)



T 1 o 2 o 2 2r o o o\ 2 12
T _ x Y _ x y vo
elac,.cyr) /0 (1—7‘2 <<87’> <8T> ) 1—r2 <8T> <87’> 1 <87’> ) ds

1
o
1/2
(1 4 (00\>
— /0 (1_r2((0m)2+(0y)2)02 1_ ——C, Cyo? +— <E> ) ds
T 1— 6207-)2 1/2
— 1 2 2 4 2(
/0 (600 +4C 7(14—607—)2 ds
T 20T 2071\2 1/2
_ 2 € o (1 —e”7)
= /0 <16C 7(14_607)2 +4C 7(1_1_607)2) ds
1/2
” T (4 20T 4 (1 — 6207—)2> / .
T (1+ eC7) ’
= 2C'T.

Therefore, if we consider the difference of arc-length between a¢, 15, and ac, ¢, r, it diverges when
7 — oo. Therefore, as in the example of the previous section, two nearby geodesics could differ
significantly in time.

Another useful indicator of dynamical chaoticity is given by the average volume elements on Mg.
The volume element on Mg is given by

4 1/2

Then the volume of an extended region of Mg is

AV pa () /uy(r / erey (1 207)4
MG 2 Juy0) 1 _ ,r,g e2CT(1+e2CT)

and the average volume is

17 —C,Cy (€207 — 7207 16 8
;/0 AV, () dt_8cm< - —T(1+6207)—120+;>.

Note, that the asymptotic behaviour of the average volume has a regime of diffusive evolution that
increase exponentially when 7 — oco. This behaviour is similar to the one obtained in [I3] (Section 6)
for the model with one Gaussian variable. Also, it is interesting to note that the diffusive behaviour
depends on the correlation r (through the constant C') but the asymptotic behaviour does not change
even when the two particles do not interact between them (i.e., r = 0).

Finally, we consider the parameter family of neighbouring geodesics

AC,,Cy,r = {/‘w(ﬂ Cm,Cy,r), /‘y(TQ Cm,Cy,r), U(T§Cw70yvr)}

where (i, (7;Cy, Cy, 1), piy(7; Cr, Cy, 1) and o(7; Cy, Cy, 1) are given in (I2). The Jacobi field equations
are:



0*J, 200 dJ,

2% <CO’+C +C,) a:) Jx+Cx<TCy_Cx 2, 90

9%t o 0T Or Cao 0 4(1 — 7’2)0 tor or
9%, 2 0o 9Jy 0o rCp—Cy o Oo
W p aT - 20 < C +C a > Jy +Cy<m0' + 8’7’) J =0 (14)
%, o e o 00y 2000, (), oo
82—T+m< Tor y@T) o or Or ( o2 |\Cx+Cy)E Jo
1 C? —7"02 + (r? — 2)C,Cy 9 do
+4(1 — T2) < 4 +(Cx - TCy)E Jx
1 Cz —rCE+ (r? = 2)C,Cy do
+4(1—r2) < 1 a+(Cy—er)E Jy =0 (15)
The technical details of this computation can be found in the Appendix. Note that li_)m o(r) =
do(r) Dotr)
lim =0 and lim —97— = —C. Therefore, if we assume as in [I3] that
700  OT =00 o(T)
. 8Jcr T T aJy o
Tlg)go O'(T)W = Th—>Holo o(T) _— Tll—>H010 O'(T)E =0 (16)
. 0o(T) do (1) do(t) .
dm e = i e = i =y =0,
and we consider the asymptotic limit as 7 — oo, the Jacobi field equations become,
0?J, 0J,
1902t —
o7 T2 =0
0%J, 0Jy
20— =0, (17)
0%, 0Js 9
20— > = 0.
52, +2C o +C%J, =0
In this case ([I7)) can be easily solved. Thus, the asymptotic solutions are given by
Jx(T) = Qg1+ ax,2€_2CT Jy(T) = ay1+ ay,2€_2CT JJ(T) = (CLU’]_ + a0727)6_07—, (18)

where a, j,a, ; and aq ;1 for j = 1,2 are real integration constants. Hence, we have that the square
norm of the Jacobi field is

”J”2 - ((ax,l + ax,2e_2CT)2+ (ay,l + ay72€_207)2—27‘ (a%l + ax72e_207) (ay,l + ay72€_207)>

1
a?(1—r?)

4 _
+ ;(aa,l + aa,2T)2e 207—'

Oo(r) _ 0
or
Even more, o(7) and 8‘3—(:) are asymptotically equivalent to e~ 2¢7. Therefore, the assumptions given

in (I6) are satisfied if J,, Jy, Jo, %ﬁ aa‘]y, and % are of order 0(e?“7). For instance, notice that

=
the solutions obtained in (8] satisfy these assumptions.

Remark Bl1: Note that the solution o(7) given in ([2I), satisfies lim; o 0(7) = lim, 00



Finally, it is easy to see that the main term of the asymptotic expansion has exponential behaviour
a%z—l-a%y—%"alxal,y

L e?CT. Note that when the particles do not interact between them,

equivalent to 2

the Jacobi field has the same asymptotic behaviour. On the other hand, if the particles are strongly
related (i.e., 7 — 1) the norm of the Jacobi field goes to infinity.

4 Final remarks and conclusions

In this paper, we investigate two entropic dynamical models corresponding to statistical manifolds
with different characteristics. The first one corresponds to a system of four uncorrelated particles
in a one dimensional space modelled by a statistical manifold of 4—joint one parameter exponential
density. The second one describes the behaviour of two particle interacting between them according
to a multivariate Gaussian distribution. For both models, we study their geometric structure from the
viewpoint of information geometry. In order to analyse the character of the stability for both models,
we obtain explicit parametrizations of the geodesics and we study their behaviour. Also, we compute
the volume of an extended region of each manifold and the Jacobi field associated with the geodesic
deviation equations on the manifolds. We concluded that both models show clear signs of instability.

Finally, we want to note that if we combine the studied models, we obtain a large class of statistical
manifolds that can be analysed easily using the results obtained here. More precisely, assume that we
have the following statistical manifold

M = {p1((z1,x2,x3,24), (01,02,03,04)) p2((x5,76), (Hag, fbz7,0)) ;i >0fori=1,...,4 and o > 0}

where p; and po are defined as in (@) and (I0), respectively. M modelled a system of six particle
x = (x1,x9,x3, x4, T5, T¢) in a one dimensional space with no interaction between them, except (x5, x¢).
We will not stop here in the details, however it is easy to see that the scalar curvature of M is _73, the
geodesic equations correspond to a system of seven equations given by (@) and (IIJ) and the square
norm of the Jacobi field is ||J||? = || Jaz, ||? + | Jase |2, where Jyr, and Jy, are the Jacobi fields of My
and Mg, respectively. The negative sign of the scalar curvature and the exponential grow of ||.J||?
show local instability of this system.

The progress presented in this work constitute an advance for characterize the chaos of the entropic
dynamical models and extend the important results obtained in [13].
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Appendix

In this section we sketch the steps to get the equations (I7). First step, we compute RZlm

Therefore using the fact that

3%22 = 3522 = R%ll = Wl—ﬂ) = —R%:n = —Rgsz,
Riry = Ry = By = g = —Riw = —Fn,
R133 = Rém = R§22 = 3233 = R§21 = 3331 = 3332 = % = —R331 3313 = R§32 =
R‘I)m = Rgu = R§21 = Wr_ﬂ)a

1
3322 = ma

2
R‘I)22 = ma

—r

R§32 = ma
1o 202(IT; r?)

2
D2J, ,C2 —rC,C, o 9o

C,Cy —rC? —C? +rC,C
2 2 x Ty —
* Jy(" -7 )”"(“ 11— ) "

2
D2J, ,C2—rCCy 9o 9o
Dz Jy<04(1r2) M 2l =

J 5 CaCy — 7‘C2 J 2—C§ +rC:Cy\ 0

AR S Trnr e Il R Tr )
D?J, R C2+ (r* —r)C,,Cy — 7’05 9o Co —1C,
D2 v 16(1 — 72)2 or 2(1 —r2)
J 205 + (r? = 1r)C.Cy —rC2% 9o Cy —rC;
A 16(1 — r2)2 ar 2(1 - 12)

11

—R

o ””( ) — = C,r0? and auay—T(T) = C’y0’2, the Jacobi field equations reduce to

323>

(19)



The expression of the second derivative of J,, J, and J, are

2
DJ, 520, 0Jo =N & A NTe Ly ten ey
D = Toar g v\ T ) T e
,7C2 — C,C, do
+ Jy <O’ 74(1 ) + Js 87_033,
2
D2J, 92 9] aJ, &g L C2 - rC,C
— _ 99tZ7W _ 9 Zva _or? L 9lor | _ 2y Mry 9
D72 o Or Cyo or +Jy o + o 7 4(1 —1r?2) (20)
2
,7C2 — C,C, oo
+ Jx <J 74(1_742) +J08Tcy,
D%J, B 2% 0J, n o(1—r)C, 0J, N o(1—r)Cy dJ,
D2 o Ot 2(1—1r2) Or 2(1—1r2) or
90 \ 2
5 1 oo 1 Oo
ot - -
+ Ja ( o > * 41 —1r?2) OTJm i 4(1 —1r2) OTJy'

Finally the equations (@) follow from (I9) and (20).
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