Experimental estimation of the luminosity of the Sun
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We determine the solar constant experimentally using two independent techniques that allow us to
study the dependence of the solar irradiation on the zenith angle and the characteristics of the light
extinction in the atmosphere. Our result for the solar luminosity agrees within 7% of the accepted
value. This value can be used to estimate the luminosity or power radiated by the Sun. The
experiment is inexpensive and conceptually easy to perform and understand. © 2006 American

Association of Physics Teachers.
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I. INTRODUCTION

A detailed understanding of how the Sun produces its en-
ergy is crucial for developing models of more distant stars.
In 1920 Arthur Eddington suggested that nuclear fusion pow-
ered the Sun, but efforts to confirm this hypothesis have
encountered important difficulties. At the core of this prob-
lem is the challenge to reconcile the total power produced by
the Sun and the number of nuclear reactions that take place
in its interior.

Each nuclear fusion reaction E)roduces a well-defined
amount of energy and neutrinos.' ™ Because the interaction
of neutrinos with matter is so weak, the neutrinos produced
in the core of the Sun can easily reach the Earth. The number
of neutrinos per unit time generated by the Sun (its neutrino
luminosity) can be directly measured and the rate of nuclear
reactions inferred. The solar envelope is opaque to electro-
magnetic radiation. Because the Sun is in steady state, the
power generated by the solar core balances the electromag-
netic radiation emitted by the solar photosphere (its luminos-
ity). The radiation generated in the photosphere can be mea-
sured on the Earth, giving a second, indirect way to estimate
the solar nuclear reaction rate. Hence, if the nuclear fusion
model for the solar energy production is correct, the rate
inferred by both ways should be equal.

In the late 1960s the first solar neutrino observations pro-
vided evidence for a discrepancy between the two measure-
ments. The nuclear reaction rate inferred from the neutrino
luminosity was about one-third of that expected from the
electromagnetic luminosity. This discrepancy gave birth to a
question whose answer eluded physicists for three decades.
Recent results from the Sudbury Neutrino Observatory
(SNO)'*** have given a satisfactory explanation for the
deficit of neutrinos that earlier experiments had found.

Understanding the way the Sun produces its energy is also
related to the possible long-term variation of the solar lumi-
nosity and its connection to current questions about the ori-
gin of global warming. It is important to establish whether
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the causes are natural, anthropogenic, or both, a point that is
still unclear.® Several ex;)eriments are under way to help to
elucidate this question.” Finally, the solar irradiance on
Earth, the amount of sunlight that reaches the Earth surface,
is an important source of energy. The study of its character-
istics is useful for many practical applications.

There are relatively few ways to measure the solar lumi-
nosity that are possible for undergraduate students.® In this
article we present a simple and low cost experiment to mea-
sure the solar luminosity. The method is based on measuring
the solar irradiance at the surface of the Earth and light ex-
tinction in the Earth’s atmosphere. By combining both results
we obtain the solar constant, the flux of solar radiation at the
Earth’s orbit outside the atmosphere, which is directly related
to the solar luminosity. In this way the value of the solar
luminosity can be obtained with an accuracy of about 7%.

The measurement of the solar irradiance has received rela-
tively more attention in the past, mostly because of the prac-
tical uses of solar energy.gf13 The measurement techniques
vary in sophistication from very simple and suitable to do at
home’ to more elaborate and precise ones.>'%'? An interest-
ing approach consists of using two identical blackened sur-
faces, one of which is shielded from the Sun. The measure-
ment of the electrical power needed to bring the shaded
sample to the same temperature as the exposed one gives an
estimation of the solar irradiance.'*'""?

In this paper we present a simple alternative to this tech-
nique that allows us to obtain an absolute estimation of the
solar irradiation with reasonable accuracy. It can be carried
out in a teaching laboratory and the relevant physics of the
problem emerges clearly.

II. THEORETICAL CONSIDERATIONS
A. Heating a plate exposed to the Sun

Consider a rectangular metal plate of area A and thickness
1, exposed to the Sun in such a way that its surface is per-
pendicular to the incident solar radiation. We let /,,4 be the
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solar irradiance, the total intensity of solar energy at ground
level. We denote by r the effective reflectivity of the face of
the plate exposed to the Sun. If the plate is prepared to mini-
mize heat conduction and if its temperature does not differ
appreciably from that of the surrounding media, then the
main mechanism of heat dissipation will be convection.'* In
this case, Newton’s law of cooling can be used to model this
energy dissipation,15

\d_Q

T
5 =—kmy,c,(T - T). (1)

=m,c,
convection mr dt
Here T represents the temperature of the plate, 7, the tem-
perature of the surroundings, m, and c¢ are the mass and
specific heat of the plate, respectively, k is the heat transfer
constant of the plate, 7 is the time, and dQ/dt is the rate of
energy loss. When the plate is exposed to the Sun, we have

dr
—=m C_t =—km,c(T = Tp) + Iypq€A, (2)

where e=1-r is the effective emissivity of the face of the
plate exposed to solar radiation. Equation (2) can be written
as:

dr A

o +kT=kT,+ Zslgnd, (3)
P

and because

m, = pyAt,, (4)

where p,, is the density of the plate, we can rearrange Eq. (3)
to obtain

dTr
— +kT=kTy+

Lona- 5
dt ppctps gnd ( )

Equation (5) can be expressed as

dT
— +kT=kT,, (6)
dt
where
1 el
T.= s_&j + TO (7)
pyct, k

represents the equilibrium temperature of the plate if it is
exposed indefinitely to the Sun.

The solution of the differential equation (6) with the initial
condition T(0)=T; is

T(t)=[(T; - T.,)] - exp(= k1) + T. (8)

Because T,,> T, if the plate is initially cooler than the am-
bient temperature (7,>T;), then for some finite 7,>0, T
=Ty, and from Eq. (2) or (5), we obtain

_dT(t ) _ iﬂzﬂi 9)
dt =ty PpC Iy

Hence, the slope of the curve T(z) when the temperature of
the plate is equal to the ambient temperature 7|, iS propor-
tional to the solar irradiance /,,q and inversely proportional
to the thickness of the plate. Equation (9) can be used to
obtain an estimate of the solar constant, independent of
the heat transfer coefficient k. By analyzing the energy
balance in Eq. (2), we see that Eq. (9) will hold even if we
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Zenith

ds=-dz/cos@

Fig. 1. The plane-parallel model for the local atmosphere; 6 is the angle
between the zenith and the direction of the Sun and ds is the differential path
traveled by solar light between height z and z+dz.

take into account radiation or other types of energy trans-
fer mechanisms. The physical reason is that when the tem-
perature of the plate equals the temperature of the sur-
roundings, the net energy flux between the plate and its
environment is zero, and the variation of the plate tem-
perature is due solely to the influx of energy from the Sun.
In this regard Eq. (9) is a more robust result than Eq. (7),
because the asymptotic temperature 7, depends on the
detailed energy dissipation mechanism, whereas Eq. (9)
does not.

The effective heat transfer constant k of the plate can be
measured by shielding plates from the Sun and measuring
how the plates cool once they have been heated to some
temperature 7),>T,,. For plates exposed to the Sun and tem-
peratures close to the ambient temperature, we can write ac-
cording to Eq. (3),

e lea o gy (10)
dt |1=1, PyC 1p

The last term on the right-hand side of Eq. (10) at T=T,
does not affect dT/dt, but causes the second derivative of the
function 7(¢) to be negative.

B. Light extinction in the Earth’s atmosphere

To obtain an estimate of the luminosity of the Sun by
measuring the flux at the surface of the Earth, it is necessary
to understand how solar light is absorbed as it travels
through the Earth’s atmosphere. Almost all of the absorption
occurs in the lowest, most dense layer of the atmosphere (the
troposphere), which is only about 10 km thick. The radius of
curvature of the troposphere is the Earth radius, 6371 km,
which is almost 103 times larger than its thickness. It is suf-
ficiently accurate for our purposes to consider the solar light
attenuation through a local plane layer of atmosphere (see
Fig. 1). Moreover, the spherical symmetry of the atmosphere
allows us to consider the properties of the atmosphere as
only a function of height above the Earth’s surface, indepen-
dently of the azimuth angle. The plane atmosphere approxi-
mation is not valid when solar light comes from points very
near the horizon, because this light travels a longer path
through the atmosphere rendering invalid any local approxi-
mation. Comparison to more accurate spherical models
shows that the plane-parallel approximation can be used up
to zenith angles of ~75°. Hence our discussion will be lim-
ited to these regions of the sky, which is large enough for our
purpose. The Appendix presents a more elaborate model.
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As we have discussed we assume that the air density var-
ies only with the vertical coordinate z. Air is a mixture of
different gases. The constants (T(T’) and n')(z) represent the
extinction (scattering plus absorption) cross section and the
number of moles per unit of volume of component i of the
air at height z above the Earth’s surface. According to the
Beer-Lambert law,'®

dl=- (2 ag)n(")(z)NAds>I(z) =—K(z)I(z)dz/cos 0,

(11)

where N, is Avogadro’s number and dI represents the
change of intensity of a pencil of light from the Sun as it
traverses the length of air ds. We denote by 6 the zenith
angle of the Sun. From the geometry of the system (see Fig.
1), ds=udz, where u=1/cos . We define the extinction
coefficient as K(z)ina(;)n(i)(z)NA. Equation (11) can be
integrated between z=0 and infinity to give

1(z=0) = Igyq=1I exp(= uKes), (12)
where

Keff:f K(Z)dZ=NAE Ugi)(f

0 0

[’

n“)(z)dz) . (13)

Equation (12) relates the Solar constant I, to the solar irra-
diation at ground level. Measuring the solar irradiation at
ground level, /g4, as a function of the zenith angle 6 al-
lows us to obtain I, and K. and avoids the need for an
independent determination of the latter.

III. THE EXPERIMENT

We used two independent but complementary setups to
measure the solar constant. Our first setup consists of alumi-
num plates 15 cm X 15 cm in size and thickness t,,=2, 2.6,
and 3 mm. A NTC thermistor (resistance at 25 °C=5 k()
was attached to the back side of each plate at its center with
silicon grease to improve their thermal contact. The ther-
mistors were connected in series to a 10 k() resistor and a
power supply of 5 V. The voltage from the thermistor was
monitored by a data acquisition system17 connected to a per-
sonal computer. The thermistors were calibrated so that the
temperature could be recorded. We could record the tempera-
tures of the three plates at the same time. To prevent gusts of
air that would alter the temperature of the plates, we built a
box of expanded polyurethane 20 cm high, 60 cm wide, and
60 cm long with an open front so that the solar radiation
could reach the plates that were located in its interior. A
schematic diagram of this setup is shown in Fig. 2. A 3 cm
slot allowed the plates to be placed inside and simulta-
neously achieve easy thermalization of the interior of the box
with the surrounding air. A conventional mercury thermom-
eter located close to the plates was used to monitor the am-
bient temperature. Up to three plates could be placed in the
box for evaluation. When the shadow of the walls on the
back face of the box vanished, it indicated that the plates
were perpendicular to the solar radiation.

The aluminum plates were painted using spray lacquer flat
black to reduce their reflectance. To characterize the reflec-
tance of the painted surface, we used an integrating sphere
attached to a Beckman UV5270 infrared-visible spectropho-
tometer. We obtained a reflectivity r=5.0£0.5% for the
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Aluminum plates with thermistor

Polyurethane Box

Fig. 2. Experimental setup, showing the expanded polyurethane box hous-
ing the aluminum plates conected to a thermistor on their back.

plates, in the range of 300—1800 nm. The total effective re-
flectivity of the plates, weighted by the solar spectrum, re-
sulted in r=5.4+0.3%.

Before each measurement the plates were cooled using dry
ice to a temperature of about 10 °C below the ambient tem-
perature. The temperatures of the plates were measured at
1 s intervals after the dry ice was removed to construct a
temperature versus time curve. We did our measurements on
clear days with no clouds in sight. We also avoided windy
days. Small pieces of yarn were used to visually monitor the
state of the air. We registered the local time of each measure-
ment, which along with the geographical coordinates al-
lowed us to obtain the zenith angle of the Sun.'

We also used a second experimental technique based on
using a photovoltaic solar cell as a detector, which directly
measures the solar irradiance. It consisted of a small piece of
commercial grade solar cell” with an aperture of about
10 mm?. The detector was located inside a blackened tube
that prevents scattered light from the sky from reaching the
detector. By using the shadow of the tube as a reference, the
detector was positioned before each measurement so that it
was perpendicular to the incident solar radiation. The voltage
in this device was measured with a digital voltmeter and is
proportional to the solar irradiation.*'? This type of detector
is sensitive mainly to the visible and near IR radiation.®'* To
obtain an absolute measurement of the solar irradiation, we
compared our results to Eppley Laboratory Pyrheliometer at
the San Miguel Observatory of Buenos Aires. The detector
gives a very simple and quick measurement of the solar ir-
radiation and is very adequate for studying the variation of
irradiation with the zenith angle of the Sun; however, a cali-
bration against a reference pyrheliometer is essential.

IV. RESULTS AND DISCUSSION

We first assess the validity of the hypothesis in Eq. (1),
namely, that the heat loss in the plates for temperatures that
are not very different from the ambient temperature is pro-
portional to T—T,. We warmed the plates using a heat gun.
Then we placed them inside the expanded polyurethane box
in the same manner as would be used in the actual measure-
ments, but shielded from the Sun. We measured their tem-
perature as a function of time, which allowed us to compute
dT/dt by numerical differentiation of the data. In Fig. 3 we
show the variation of d7T/dt as a function of 7—T, for two of
the plates, together with linear fits to the data. Figure 3
shows that the rate of change of the temperature of the plates
is proportional to 7—T,.

Next, we cooled the plates using dry ice to about 15 °C
below the ambient temperature 7,. Then we mounted the
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Fig. 3. The variation of dT/dt for two unexposed plates, previously heated
by a heat gun, as a function of the temperature difference 7—7,,. The ambi-
ent temperature was 7,=22 °C. The thickness of the plates was 2.6 and
1.6 mm, respectively. The continuous lines are linear fits to the data. These
results indicate that our plates follow Newton’s law of cooling. The slope of
these lines allows us to estimate the heat transfer constant k of the plates.

plates inside the expanded polyurethane box. They were
placed perpendicularly to the solar rays and their temperature
was measured. It took about 2 min for the plates to reach T,
when they were exposed to the Sun. In Fig. 4 we show the
variation of the measured temperature of the plates exposed
to the Sun as a function of time. For temperatures close to
the ambient temperature (within approximately 5 °C), a
straight line closely fits the data. The slopes of these fits were
used to obtain d7/dt at ambient temperature. According to
Eq. (9), these results allow us to estimate the solar irradiance
I4nq using tabulated values of the density p, and specific heat
¢ of aluminum, and our previously measured values of the
reflectivity  and thickness ¢, of each plate.

Our measurements were performed for different zenith
angles 6 of the Sun, which were calculated from the time and
date of the measurements and from the latitude of our site. It
took us about 20 min to perform the measurement of /,,4 for
each angle using our first setup. In Fig. 5 we present the
results of the solar irradiation I,,q () as a function of u

40.0

37.5

30| Ambrenttemperawe AL
g 325 3 mm thick plate

30.0 2 mm thick plate

27.5 A

25.0 T T T ; T T
0 20 40 60 80 100 120 140

t(s)

Fig. 4. The variation of the temperature of two plates, with thickness 2 and
3 mm, respectively, exposed to the Sun. The ambient temperature was
34.5 °C. The continuous lines are linear fits to the data. This measurement
was carried out in Buenos Aires on 25 September 2004 at 2:15 pm. These
data are consistent with a solar irradiation of 755 W/m?.
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Fig. 5. Experimental results for /g4 (6) as a function of u, using the heated
aluminum plates technique. The continuous line is an exponential fit to the
data using Eq. (14). If we extrapolate to pu=1/cos(6) —0, we obtain the
value of the solar constant. /,=1340+130 W/m?

=1/cos(6). The trend observed in Fig. 5 suggests that the
dependence of the plotted variables can be described by Eq.
(12). By a simple extrapolation to w=0, the value of the solar
constant J,=1340+130 W/m? was obtained from this set of
measurements.

We also performed the experiment using the technique
based on the solar cell detector. After calibrating the detector
we exposed it perpendicularly to the solar rays. We took
several measurements of /,,4 at different zenith angles of the
Sun, calculated in the same way as before. In Fig. 6 we
present the results of the measurement of 7,4 (6) as a func-
tion of w=1/cos(6). The trend described by Eq. (12) is again
well reproduced. The data obtained using the solar cell de-
tector have less dispersion than that obtained using the first
setup 1. The results of using the solar cell detector show a
systematic deviation from the naive model described by Eq.

10000

I Gnal@)(W/m’)
S
o
o

100

Fig. 6. Measurement of I,,q (6) as a function of u=1/cos(6) using the
calibrated solar cell detector. The solid line is an exponential fit to the data.
The dashed line is the prediction taking into account the curvature of the
Earth as discussed in the Appendix. The value of the solar constant obtained
using this technique yields I,=1270+110 W/m?. The measurement was
done on 23 April 2005.
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(12) at large zenith angles. To reproduce the results of irra-
diance at large zenith angles, the effect of the shape of the
Earth has to be considered as discussed in the Appendix. The
value of the solar constant obtained using the solar cell de-
tector by fitting the model of the Appendix to the data and
extrapolating to u=0 is I;=1270+110 W/m?.

If we use the measured values of the solar constant and the
corresponding Sun-Earth distance dg, g, for the date on
which the measurements were made, we would obtain the
solar luminosity as

L= 47Td§un—EarthIO' (14)

The use of the value of dg,, g, at the date of the measure-
ment is important because the eccentricity of the Earth orbit
produces a variation in the Sun-Earth distance of about
+1.7%.® We included this effect in our calculations and com-
bined the results and errors associated with the two indepen-
dent measurements of the same quantity to obtain a weighted
average value of the luminosity of the Sun, L=(3.57+0.25)
X 1020 W. This result is consistent to within 1.1c of the ac-
cepted value, L=(3.842+0.015) X 100 W
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APPENDIX: LIGHT EXTINCTION IN THE EARTH’S
ATMOSPHERE INCLUDING THE CURVATURE
OF THE EARTH

A more accurate model for light extinction in the atmo-
sphere can be obtained by including effects associated with
its curvature. A schematic diagram is shown in Fig. 7, where
R represents the Earth radius, 6 is the zenith angle of the
Sun, and z is the vertical coordinate of the layer of atmo-
sphere of interest. We take the origin of our coordinate sys-
tem to be at the point of observation. From the geometry, the
equation of the circle that represents the surface of the Earth
is

¥+ (y+R)?*=R?, (A1)

and the corresponding equation for the layer of atmosphere

of height z is
¥+ (y+R)?=(R+2)>% (A2)

The distance s between the origin and point P is

(1+z/R)e™"

(0.-R)

Fig. 7. The Sun at the zenith angle 6. R is the radius of the Earth. The origin
of coordinates is the point of observation O. z is the vertical coordinate of
the layer of atmosphere considered.

2_2,.2_2
s*=x,+y,=2"+2Rz-2Ry,.

(A3)
We combine Eq. (A3) with y,=s cos 6 and obtain

s=Rcos 0|1 +z%/R>cos®> +2z/Rcos’> - 1], (A4)

and
dz 1+z/R
ds = .
cos 0| V1 + z%/R? cos® 6+ 2z/R cos* 6

(A5)

Note that for z<<R, ds—dz/cos 6, in agreement with the
expression used in Eq. (11) in the plane Earth approximation
(Fig. 1).

According to the Beer-Lambert law,

s (S|

p(z) dz
Po cos 6

i

== (S nom, |7

[ 1+2/R ]
x| = . (A6)
V1 + Z%/R* cos® O+ 2z/R cos®

where the density of the atmosphere at height z is given by
p(z). Here we assume that n'(z) =n?(0)p(z)/ py, where py is
the density of the atmosphere at ground level. As was indi-
cated in Sec. II, the superindex i represents the different
components that constitute the Earth atmosphere If we de-
fine the extinction coefficient K=%, 0' D70 (0)N, and assume
an isothermal atmosphere, p(z)=py exp( z/h), Eq. (A6) can
be integrated between z=0 and infinity to give

o dZ
(z=0) =1yq=1Ijex —Kf { : } '
e p{ =0 | V1 +z%/R? cos® 6+ 2z/R cos® §cos 6

Equation (A7) relates the solar constant /; to the solar irradiation at ground level /(z=0)=1y,q. The constant 71=8429 m.

(A7)

21,22

Equation (A7) cannot be expressed analytically in closed form, but can be integrated numerically. The assumption of an
isothermal atmosphere at low altitude, where the light absorption is more important, is reasonable and simplifies the calcula-
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tion. A more realistic model of the atmosphere, such as an adiabatic atmosphere, does not alter the results appreciably. Because
most of the contributions to the integral in Eq. (A7) occur for z<<R and #<<90°, Eq. (A7) can be simplified to

* e dz 7R R cos® 0 R cos® 0
I(z=0) = Iexpy - K ~\|—exp| —— Jerfe| \/| ———
=0 | V1 +22/R cos? gcos 0 2h 2h 2h
kn [ h Kh ,
~ [y exp) — 1-=sec® 0| =1Iyexpy — ——[1-0.0012sec® 6] (. (A8)
cos 6 R cos 0

Here erfc(x) is the complementary error function. The effect

of refraction in the atmosg)here can be included in Eq. (A8)
by taking R=(7/6)Rgum.”
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